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ABSTRACT

Mansoori, G.A. and Ely, J.F., 1985. Statistical mechanical theory of local compositions. Fluid

Phase Equilibria, 22: 253-275.

The concept of local composition has received much attention during the past few years,
much of which has been devoted to justifying the empirical model proposed by Wilson in
1964. In this report the concept of local composition is defined on statistical mechanical
grounds and expressions relating these compositions to thermodynamic properties of equi-
librium fluid mixtures are derived. In particular, different local composition approximations
are presented and new approximations based on molecular theories of mixtures are derived.
Sets of mixing rules consistent with these different local composition approximations result,
some of which are density' and temperature dependent. Also, relations for partial molar
properties in terms of local compositions are derived from the Kirkwood-Buff solution
theory. Finally the radius of the sphere of influence of local compositions is formulated on
statistical mechanical grounds.

INTRODUCTION

There has been a great deal of interest during the past few years in the
concept of local composition and its relationship to molecular characteristics
and macroscopic thermodynamic properties of mixtures (Wilson, 1964;
Renon and Prausnitz, 1968; Prausnitz, 1969; McDermott and Ashton, 1977;
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Nakanishi, et al., 1979, 1982, 1983; Mollerup, 1981; Kemeny and Rassmus-
ser, 1981; Whiting and Prausnitz, 1982; Fischer, 1983; Mathias and Cope-
man, 1983; Hu et al., 1983; Lee et al, 1983 Gierycz and Nakanashi, 1984;
Hoheisel and Kohler 1984). Many of thesé analyses have been based on
lattice theories of fluids and /or empirical interpretation of Tocal composition
(LC) and its relationship to the internal and excess Gibbs energy. An
exception to the lattice theory approach is the recent work of Lee et al.
(1983) which related liquid theory distribution functions and related poten-
tials of mean force to the local composition model of Wilson (1964). In
addition, the computer simulation studies of Hoheisel and Kohler (1984) and
Nakanishi et al., (1979, 1982, 1983) avoid any reference to a particular
theoretical model and provide data for molecules interacting with the
Lennard-Jones potential which can be used to test and improve LC models.

In this report, the statistical mechanical radial distribution function
approach is used to relate the concept of local compositions to various
thermodynamic properties. This work differs from that of Lee et al. (1983) in
that rigorous statistical mechanical expressions for the internal energy,
compressibility factor and isothermal compressibility are derived in terms of
local particle numbers (number of particles of a certain type within a
volume) which are closely related to local mole fractions. It will be shown
that the local particle numbers are the quantities which are of prime
importance in studying “local composition” effects on thermodynamic prop-
erties. No particular effort is made to-derive or justify the Wilson expression
in terms of these theoretical results. We do show, however, how common
liquid theory approximations such as the van der Waals one-fluid approxi-
mation can lead to different local composition expressions.

To summarize, the purpose of this report is to present a unified, theoreti-
cally consistent treatment of the local composition concept as applied to
fluid mixtures. In particular, the section entitled, definition of local composi-
tion, presents the basic definitions which relate local compositions to radial
distribution functions and to each other. The third section entitled, statistical
mechanical expressions, deals with the incorporation of the LC concept in a
theoretically rigorous manner. The method presented in that section provides
explicit relations for the internal energy, equation of state and isothermal
compressibility in terms of the local particle numbers. These results are
rigorous apart from the assumption of pairwise additivity in the intermolecu-
lar potential. In the fourth section entitled, local composition approxima-
tions, different phenomenological and statistical mechanical approximations
to local compositions are presented and compared. The fifth section headed,
development of mixing rules based on local composition approximations,
addresses the development of mixing rules for different LC approximations.
These mixing rules are derived by introducing the LC approximations
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discussed in the fourth section into the mixture equations derived in the
third section and equating the results to equivalent expressions for hypothet-
ical pure fluid(s). In the sixth section entitled, partial molar properties and
local composition approximations, expressions for the partial molar volume
and chemical potential of a mixture component in terms of local particle
numbers are derived. These expressions are obtained without recourse to
mixing rules or additional assumptions. Finally, in the seventh section
entitled, the radius of the sphere of influence of local composition, a
discussion of the “cut-off” parameter of “radius of sphere of influence” of
local compositions and its role in the calculation of mixture thermodynamic
properties is presented.

DEFINITION OF LOCAL COMPOSITION

According to statistical mechanical theory, the local structure or environ-
ment experienced by a molecule in a mixture is reflected in the n-body
correlation functions which are essentially the probabilities of observing a
certain configuration of n molecules. Of particular interest is the radial
distribution function g;;(r,[p,],T,[0,,][€s;]) which is proportional to the
probability of observing a molecule of type i a distance r from a central
molecule of type j in the mixture. If one assumes spherically symmetric
molecules, the radial distribution function depends upon the temperature T
as well as the set of component number densities [p,] and potential energy
size [0,,] and energy [¢,,] parameters for all pairs in the mixture.

Given these functions it is possible to calculate local particle numbers, i.e.,
the number of molecules of type i contained within a sphere of radius R;;
centered around a molecule of type j via the relation (Hill, 1956)

N,—8; (&,
"ij(Rij) 7 j_{) ./gij(r’[pk]’T’[Okl]’[skl])477r2 dr (1)

where g, ; is the radial distribution function for the ij pair, V' is the system
volume and N, is the total number of molecules of type i in the mixture and
8, is the Kronecker delta function. Normally N, is large compared with the
8,; in eqn. (1) so that N, —§,; ~ N,.

As mentioned above, eqn. (1) is strictly only valid for mixtures of
molecules whose intermolecular potentials are spherically symmetric. Exten-
sion of these definitions to angle dependent radial distribution functions is
straightforward. In this work, we have taken advantage of the previous
results (Lebowitz and Percus, 1983; Massih and Mansoori, 1983) which
indicate that one can effectively represent the properties of polar molecules
through angle averaging techniques which provide an effective spherical
potential.
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With these definitions in mind, the local composition about a central j
molecule is defined in terms of eqn. (1), viz.

u(R ) u(R )/an_l( ) (2)

where ¢ is the number of components in the mixture. ‘

Exact relationships between the x;;"and" x; as well as relationships
between the [x;;] and the bulk mole fractions [x; ] are not well known due to
the fact that the composition dependence of the radial distribution functions
in mixtures is not well known. It is possible, however, to derive several
relations between the local and bulk mole fractions and local particle
numbers which will be of use in later sections of the manuscript.

Generally R,; is a function of p and T and does not have to have the
same value for each binary pair. If, however, R, =R, or if R;; is a
universal constant, then since g;; = g;, we find

nij(Rij)/nji(Rij)=xi/x' (3)
ni (Ry)/my(Ry;) = xi/%,5 (4)
and combining (3) and (4) we find

nii(Rii)/njj(Rjj) = (xii/xjj)(xij/xji)(xj/xi) (5)

Finally, differentiating eqn. (1) and rearranging terms one obtains
) V 1 d n; i j

4nh, &, 4R, -6

STATISTICAL MECHANICAL EXPRESSIONS

Equation (6) can be used to re-express thermodynamic properties of
multicomponent mixtures which were originally defined with respect to
radial distribution functions. The statistical mechanical equations considered
here are the energy, virial and compressibility relations. In the case of the
internal energy, we start with the standard expression (Hill, 1956; McQuar-
rie, 1976)

-U
Ul 2o 8 % x5y (e ar ™)

i=1j=1

In this equation U? is the ideal gas internal energy of the mixture, p is the
molecular number density, k is the Boltzmann constant, N, is Avogadro’s
number, x; is the bulk mole fraction of component i and u,;(r) is the pair
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intermolecular potential energy function for molecules of kinds 7 and j. This
“energy equation” can be re-expressed with respect to local particle numbers
with the following result

U-U" & e (" ,
NAT ——2i§11§1ij n,(r)u;,; dr (8)

where the prime indicates differentiation with respect to the intermolecular
separation. In deriving this relation, eqn. (6) is substituted into (7) followed
by integration by parts.

A similar procedure for the virial equation yields

4 [4 o0

Z=1+37c17'.2:1 .Ele./(; ng (r)(up;+ ruf}) dr 9)
i=1 j=

where Z is the compressibility factor pV /N, kT.

The compressibility equation is somewhat more complex. Kirkwood and
Buff (1951) expressed the isothermal compressibility X;= (1/p)(dp/9p),
of a multicomponent mixture with respect to the mixture distribution radial
distribution functions by the following equation

1 p [ c
pkT K, = I—B—l E }: xile,.Blij (10)

2l i=1 =1

where B symbolizes a ¢ X ¢ matrix with its elements B,; defined by

B;; = px,[ 8+ x;0G,}] (11)

7]

and |BY;; is the cofactor of B;; in the determinant B|. In eqn. (11), §;; is the
Kronecker delta and G;; is defined with respect to the radial distribution
function g;;

G,«,.=f0°°[g,.,(r)—1]4w2 dr (12)

Equation (10) is commonly called “the compressibility equation” in statisti-
cal mechanics. Note that while the expressions for the compressibility factor
and internal energy with respect to g;;(r) are based on the assumption of
pairwise additivity of the intermolecular potential energy function, expres-
sion of the isothermal compressibility, eqn. (10) is independent of such an
assumption.

To express K, with respect to the local particle numbers we write eqn.
(12) in the following form

G =f0Rij(g,.j— 1)4nr? dr+f:(g,j - 1)4nridr
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Substituting eqn. (6) in the first integral and subsequent integration yields
_ L R R +[ 1)4ar?d 13
Gij—;);;["ij( ij)—<ni( ij)>] j;z”(gij_ ) wr-dr (13)

where (n,(R;))) = 477px,~R?j/3 is the average number of molecules of type i
in a spherical volume of radius R;;. To simplify further this expression one
must make some assumption about the magnitude of R,;. In this work we
will assume that R;; is chosen such that the integral remaining in eqn. (13)
vanishes. The details of this choice are given in the section entitled, the
radius of the sphere of influence of local compositions. We find, therefore,
that

Gij=_fA”ij(Rij) (14)

where An,(R;;)=n;;(R;;)—{(n,(R;;)). Note that for a pure fluid eqns.
(10-14) result in
pkT K;=1+ pG
=1+ An,(R)
where the subscript x denotes a pure fluid. Substituting eqn. (14) into (11)

one finds

Bij= pXx;

X
5,.j+;:An,.,(R,.,)} (15)

Equations (10) and (15) together express the isothermal compressibility of a
mixture with respect to the local particular numbers.

Other thermodynamic properties of interest to fluid phase equilibria
calculations, which can also be expressed rigorously with respect to the local
particle numbers, are the partial molar volumes and chemical potentials of
the mixture components. According to the Kirkwood-Buff theory of solu-
tions (see Kirkwood and Buff, 1951; Buff and Brout, 1955) the partial molar
volume of component i of a c-component mixture is given by the following
equation
Z X jIB l; J
— | (16)
Z X jxkllﬂ jk
j=1k=1 "

V=

RN

1

Likewise, the chemical potential of a component of the mixture can be
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expressed through the Kirkwood-Buff theory of solutions in the following
form

Op,
oN,

kT Iélij
= —_— 17
px;x; |4] (a7

) T,P,Nyy,

In this equation |A| symbolizes the determinant of the ¢ X ¢ matrix A with
elements A;; given by

_ 8; i1
and |4, | is the cofactor of A, ;. Substitution of eqn. (14) into (18) yields an
expression for A, ; in terms of the local particle numbers

1 X; *f;
A= ;x_i{aij + Anij(Rij) +Z[1 +Any(Ry) — Angi(Ry;) _Anlj(le)]}

(19)

It should be pointed out that the expressions for the partial molar volumes
and chemical potentials of components of the mixture with respect to radial
distribution functions are independent of the pairwise additivity assumption
for the intermolecular potential energy functions.

LOCAL COMPOSITION APPROXIMATIONS

In this section the existing approximate expressions for local compositions
are summarized and new approximations for n,; (and thus x, ;) based on the
available approximations for g;; are developed. This development enables
one to derive (or re-examine) mixing rules to be used in conjunction with
different theories of mixtures.

There are two well known direct approximations of n,;/n;;, one due to
Wilson (1964) and the other due to Renon and Prausnitz (1968). Wilson’s
expression, which is given in Table 1, was the first attempt at defining the
concept of local composition. Renon and Prausnitz’s (1968) expression,
which is also reported in Table 1, is based on an analogy with the quasichem-
ical approximation of Guggenheim (1952) for lattice statistics. In addition to
these two approximations for n;; one can utilize eqn. (3) and theoretical
approximations which exist for the radial distribution function to derive
other expressions for n,;/n; or equivalently x, ,/x ;.

We have followed this procedure and the results obtained from four
different common theoretical approximations for radial distribution func-
tions are reported in Table 1. In the first of these, the random mixture
approximation (RMA), it is assumed that all the radial distribution functions



260

(pmid-2)

Yy Moy [ ix 0 f (uoneurxoiddy
A:z v: + A:zv: A(J .. 4 [20,/("g ) *u + Fo /(") *u){o'x} UOUIN|OS [FULIOJUOD)
("a)ru o (My)re\ Ty e T J2)VSD

(pmy-ou0)
A.Q%vxz fy \ x (vonemnxorddy
e ANI v St So/("y) ulio'x uonN{oS [BULIOJUCD)
("y) u\"y|x HDVSD
(prmig-2)
gy 1 () *u r ! (1epoN
A?MNVF« +|\.W A\.zv; .INn-lR.; _HA.va.\RQ.ﬂRI.ITAD“v..Kﬁgw —dmaguo& Owﬂh0><v
("My)Fu x (My)ru )t x WAV
(pmyy-2u0)
. uoneunxoiddy
A.Q%v u'x 51 y%y! wmusa wo )
T (y) u'x XA WOpUey
("y)*u'x vind
1f. fry, . ] Aﬁmbﬂhm-.vv
Uy ="'y "o ="' (uoneurxoxddy
I , Zyusneld-uoudy)
L/ o= 0) =0T 11/ XY a4
Yy="y (pmy-2)
Iy , (uonvwrxorddy s, uosiim)
i\?f.:éuo_!w. 22/ =XV UoS[IM
sonbruyos) JuaIayjip :l: _ MM
o) Butpiosoe 1y, iy fy anbruyos vonewxorddy

SOLIOAY) SIMXTUIL JUSIBJJIP UO paseq suonisoduiod [ed0] 10§ suonewxoiddy

I 4T14VL



261

in the mixture are identical (see Scott, 1956; Leland et al., 1969; McQuarrie,
1976)

gulr)=gn(r)=gp(r)=...=g.(r) (20)
or substituting into eqn. (1)

n;;= x,»nx(R,-j)

where the subscript x denotes a pure fluid value. The second is the average
potential model (APM) which assumes that the unlike radial distribution
function is the average of the like values

gij(r) =%[gii(r) +gjj(r)]

=%[gxi(r)+ng(r)] (21)
or
n;=1 [nx[(Rij) + (x,./xj)nx,-(R,.j)]
In the one-fluid conformal solution approximation it is assumed that the
radial distribution functions are equal to a universal pure fluid function

(denoted by a subscript x) of the reduced intermolecular separation evaluated
at some mean or effective density

gij(ri’_.;'):'gii(ri? = ... =g.(r*) (22)
where the reduced distance parameter is defined as r% =r,;/0;, where o;; is

the intermolecular potential distance parameter and x denotes a pure fluid.
Substituting eqn. (22) into (1) we find

3 3
"ij=xi°ij"x(Rij)/°x

Finally, the c-fluid conformal solution approximation assumes that the
following expression exists between the distribution functions with scaled
distances

8, (r5) =4[ &u(r) +.,, (73]

= %[gxi(r*) +ng(r*)] (23)
or
nxi(Rij) "xj(Rij)
n,;=3x0; ) + 3

Using these different approximations one can easily derive the local com-
position or n;;/n;; expressions reported in Table 1. Note that in Table 1 we
have assumed, in the Wilson and Renon and Prausnitz cases, that

e

n;;=Axe
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where A;; is an energy parameter as defined by Wilson (1964), «;; is a
nonrandomness parameter as defined by Renon and Prausnitz (a;;=1 for
Wilson) and A4 is a universal constant. This particular form seems to be the
simplest which is consistent with the x;,/x;; results presented by these
authors, although there may be others. Also appearing in Table 1 are the
conformal solution equivalent substance reducing ratios f;; and h;; defined
as

fij=¢;/¢oand h;; = 3‘/"03

where the intermolecular potential is assumed to be of the form
”ij=fij“0(r/h}j/‘3) (24)
and the 0 subscript indicates a pure reference fluid (see, for example, Massih
and Mansoori (1983) for definitions and scaling of conformal solution
parameters).

Expressions of n;,/n;; reported in Table 1 can be used to develop either
mixing rules for conformal solution models or they can be used directly in
the expressions for partial molar volumes, eqn. (16), and chemical potential,
eqn. (17) to derive correlations for partial molar properties and activity
coefficients of components in a multicomponent mixture. It is also possible
to use the results of Table 1 in a model such as the Flory—Huggins model to
develop activity coefficient expressions. It should be pointed out that in
developing mixing rules from the local composition approximations given in
Table 1, one does not need to make any other approximation. However, for
calculation of partial molar volumes and activity coefficients of components

of a mixture one needs to use expressions for a pure fluid radial distribution
function.

DEVELOPMENT OF MIXING RULES BASED ON LOCAL COMPOSITION AP-
PROXIMATIONS

Recent accurate examinations of conventional (e.g., van der Waals) mix-
ing rules have indicated the inability of such expressions to predict accu-
rately thermodynamic properties in varieties of state conditions (Vidal, 1978;
McCarty, personal communication, 1984) and have led the investigators to
search for density and temperature dependent mixing rules (Whiting and
Prausnitz, 1982). Another indication of the need for density and temperature
dependent mixing rules is that of the widespread use of combining rule
interaction parameters which are temperature and density dependent—a
result which is contrary to the theory of intermolecular interactions.

In developing mixing rules, our general procedure is that proposed by
Henderson and Leonard (1971). In particular, one-fluid theory mixing rules
based on eqns. (8)-(10) are derived by assuming that there exists a hypo-
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thetical pure fluid with potential energy function u,(r) and local particle
number n,(r) which can represent a mixture and can reproduce Z, (U —
U®)/N,kT, and pkT K, of the mixture. This hypothetical pure fluid’s
potential energy function and local particle number, then, must satisfy the
following three equations

JEXGY (dr=% T x o m () () ar (25)

i=1j=1
j(; n(r)[ui(r) +rul(r)] dr= -§1 g'lxjfo n,»j(r)[u,fj(r)+u§}(r)] dr (26)
and

1 —L C (s
17 an () 1Bl = § x1Bliy (27)

where the prime indicates a derivative and the understanding that the B,;
terms of determinants |B| and |B|,, are given by eqn. (15). Equation (25) is a
result of equating reduced internal energy of the hypothetical pure fluid with
that of the mixture, eqn. (26) is a result of equating compressibility factor of
the hypothetical pure fluid with that of the mixture, and eqn. (27) is due to
equality of the reduced isothermal compressibility of the hypothetical pure
fluid and the mixture. By replacing the one-fluid theory expressions for n,;
for the RMA and CSA(1F) approximations, in the right-hand side of eqns.
(25)—(27) one can derive mixing rules which are reported in Table 2.

In developing mixing rules from c-fluid theories we assume that there exist
¢ hypothetical pure fluids with potential energy functions u,,, u,,,...u,,
and local particle numbers n ,, n,,, ...n,. which collectively can represent
Z, (U~ U"/N,kT, p kT K of a mixture of c-components through the
expressions

UO c U — UO 1 Il

Z - x.Z , m __ x; Xxi xi , —
E s S B R B R
The local particle numbers and intermolecular potential energy functions of
the ¢ hypothetical pure fluids, then, must be chosen to satisfy the following
three equations

:El f xi(r)uy(r g glxj‘/(; n;; ")“fj(") dr (28)
L 5[ Im(r)ua(r) + ()] @
=i élxjfo n,-j(r)[u,fj(r +u”(r)] dr (29)

i=1j
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and

c ;_:_B_ c c |
i§1 1+"x,~(") ~B g glxile.,Blij (30)

Substituting the c-fluid theory approximation expressions for n,; given
previously in eqns. (28)—(30) one obtains the mixing rules reported in Table
2. According to Table 2 all the mixing rules which are derived from the
energy and virial equations are only dependent upon composition, while
those based on the compressibility equation are generally composition,
density, and temperature dependent. The Wilson, RP, RMA, and APM
mixing rules based on energy and virial equations all depend upon the exact
functional forms of the intermolecular potential energy functions. The
CSA(1F) and CSA(cF) mixing rules based on energy and virial equations are
derived with the assumption that the potential energy function is of the form
given in eqn. (23). It should be pointed out that all the mixing rules which
are derived based on the compressibility equation are independent of the
nature and form of the potential energy function.

Note that in Table 2 (as well as the remainder of this report) that there is
no distinction between the Wilson and Renon and Prausnitz mixing rules
which are collectively referred to as WRP. This is the case since the Wilson
local composition expression is merely a special case of the Renon and
Prausnitz expression, namely that with «;;=1. In other words, the «a;;
parameter can only have significance in conjunction with the lattice model
used to derive the activity coefficient expressions.

Another important observation about the mixing rules in Table 2 is that
energy and virial equations produce only one mixing rule for CSA(1F) and
CSA(cF) theories, which in the CSA(1F) case is identical to the second van
der Waals mixing rule. They produce two mixing rules for the other theories.
The compressibility equation does not yield any mixing rules for the RMA
and APM theories since the corresponding local particle number expressions
are independent of the intermolecular potential. Overall, the RMA, APM,
CSA(1F), and CSA(cF) theories each yield two mixing rules while the
Wilson and RP theories give up to three mixing rules. As a result, the RMA,
APM, CSA(1F), and CSA(cF) mixing rules seem to be suitable for pair
potential energy functions having two parameters (such as the Lennard—Jones
potential) while the WRP rules will pose a dilemma when applied with such
potential energy functions.

To further investigate the mixing rules of Table 2, we report here specific
forms of these mixing rules which can be derived by assuming different
model intermolecular potentials. In particular, Table 3 summarizes hard-
sphere fluid mixing rules obtained from the different theories. Note that the
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TABLE 3
Hard-sphere potential mixing rules according to various local composition approximations
Approximation From From compressibility equation
technique virial equation
1/3 _ 1/3

WRP B3 = ijhu/' -

J
RMA R =Y Y xxh?

i
APM R =Y x iy’ -

J
CSA(IF) ho=3 Y x;x;h,; (A+8,)7 "= B*"'Y Y x,x,|B*|,;

i i

* 8 " o
Bij=xi ij+xjh_xx x

CSA(cF) b= xh; (1+4,)""=|B*"' Y x,|B*|,;
J] J

xjhij Ai An‘
B,r;:x,.[a,.ﬁ 3 h—j-"hxj

energy equation vanishes in the case of the hard-sphere fluid. In deriving the
WRP mixing rules for hard spheres, the energy parameters A, ; were set equal
to zero. As shown in Table 3, the WRP and APM mixing rules resulting
from the virial equation are identical. The compressibility equation produces
no mixing rules for the WRP, RMA, and APM approximations while it
produces mixing rules for the conformal solution models. The first mixing
rules produced by the CSA(1F) and CSA(cF) theories and the virial equa-
tion are equivalent to the vau der Waals one-fluid, and van der Waals c¢-fluid
theories, respectively.

According to Table 3 there are six different mixing rules for the hard-sphere
mixture. Four of these mixing rules are only composition dependent. The
two mixing rules due to the CSA(1F) and CSA(cF) theories based on the
compressibility equation are composition and density dependent. To make
further observations on the hard-sphere mixing rules based on compressibil-
ity equation we write them here for a binary mixture. The CSA(1F) mixing
rule based on compressibility equation for a binary system reduces to the
following form after expansion of the determinants and simplification of the
resulting equation

A,
x$hy + x3hy + 2 Xy x5 Ry + 71—x1x2(hnh22 - h122)

X

b= (31)

A.x
1+ Txlxl(hll +hy—2 hyy)




267

Solving for 4., one finds

hx

§{ S = BA xyx, + (i = BA x,x, ) + 448, x,x, 7 2} (32)
where k'™ is the van der Waals mixing rule for the binary hard-sphere
mixture

and coefficients 4 and B are defined by the following expressions

A= hphy - h%z

B=hy+hy—2hy

The CSA(cF) mixing rule based on compressibility equation for a two-
component mixture will be converted to a set of two equations

h
(1 + xzﬁsz) —ﬁhu( A + B2 )

1 _ hx2 2 hxl hx2 (33)
1+A, B h h A 2
x LG 2 _X1X3 .5 (8 Ay

and a corresponding equation for fluid 2 with the subscripts 1 and 2
reversed. These two equations can be solved simultaneously for 4., and #4,,
in order to be applied in the two-fluid mixture computations. It should be
again pointed out that the CSA(1F) and CSA(2F) mixing rules presented
above are composition and density dependent. The density dependence of
these mixing rules is due to the presence of the function A = pkTK;—1
which is density dependent. For example, if one uses the Carnahan—Starling
pure hard-sphere equation of state (Carnahan and Starling, 1969) the follow-
ing analytic expression for A, function will be produced

_ 29, (n.—4)
1+4n, +4n2—4m + 03

x (34)
Similar expressions for A,; can be written in the case of the c-fluid theory of
mixtures.

In Table 4 the Lennard-sones mixing rules for different mixture theories
based on virial, energy, and compressibility equations are reported. Accord-
ing to this table the WRP approximation produces three mixing rules while
the other theories produce two. Considering that the mixture parameters to
be specified for a c¢-fluid theory are h,;, f; with i=1, 2, ...c, the WRP
model indicates that there will be 3¢ expressions for 2¢ parameters while the
other approximations produce 2¢ expressions for 2¢ parameters. Also, the
mixing rule expressions based on the virial and/or energy equations are all



268

Ix ix

D\|&+Mx< xN +.:@ NRHQQ
v v xx
gl xw\_*m ="y +1

Ak<:~\.\k.+.\,_@v.~k.".ﬂm

{1
gl x'x T L /gl ="y +1

H.n«\ﬁy.&?!l:{ssvlu < x +° m-_ X =

_:_.,m__\aw\rm_ ="y+1

f\w
xww I

IA/C¢ 0 =ty 0) - ?

s
! \ha\.\k.w ".;.\..NM&

r
Yoy ="y (29)VSD

dDVSD

1
{ {\RLR.N N - k.\.x.&

.\ xw 'y WdVv

]
uonenba A)Iqissardwos woig

xw .,w o VINY
r
el 1 IXrex
.h«\A;<:5#;<Duv| \.. NQRN" .\.NQ ddMm
anbrutoa
suonenbs £31ous 10/pue [ELIIA WOI xo1ddy

suonewrxoidde uoniscdwos [eso] snotrea 01 Suip1odoe sopnl Surxnu [enuajod sauC[—pIeUUY]

¥ 414dVL



269

explicit with respect to mixture parameters while the ones based on the
compressibility equation are not generally explicit with respect to mixture
parameters.

To make further observations on the compressibility equation based
mixing rules we can write them for two-component mixtures. For example,
the WRP mixing rules, based on compressibility equation, for a two-compo-
nent mixture are

1 L+ x4, —x8481
T+A4 T4 x0,+x40,+ xx08,5 — 8,5(1 —epey) ,

and a comparable equation for fluid 2 with the subscripts 1 and 2 reversed.

(35)

In these equations e, = e~ (*M~A)/AT,

Knowing that the compressmlhuas A, and A, are in general functions of
h., fa, and h,,, f.,, respectively, the above two equations must be solved
simultaneously with two additional equations in order to calculate mixing
parameters for every given temperature, density and composition. The CSA
mixing rules based on the compressibility equation for the Lennard-Jones
fluid mixture, and for any other potential energy function, will be the same
as the ones reported for the hard-sphere mixture, eqn. (33).

In utilizing the composition, density and temperature dependent mixing
rules which are introduced in this report for mixture calculations, one has to
formulate thermodynamically consistent expressions for all the mixture
properties in conjunction with the conformal solution theory of mixtures.
This subject matter will be addressed in detail in a separate publication.

PARTIAL MOLAR PROPERTIES AND LOCAL COMPOSITION APPROXIMATIONS

Equation (16) provides an expression for the partial molar volume with
respect to local particle numbers as does eqn. (17) for the chemical potential
(and fugacity and activity coefficient). If eqn. (16) is written in dimensionless

form it becomes
c

Z le..Blij
e (36)

Z Z xj-"le'jk

j=1k=1

For the one-fluid theories of mixtures (such as RMA and CSA(1F)) the

above expression coupled with eqn. (10) can be written as
4

Z leplij

2 Jj=1
=p°kT Ky, ——5—
g | B

<=

<=

(37)
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For c-fluid theories of mixture (RPM, APM, and CSA(cF)), eqn. (36) will
reduce to the following

7, & Kpa

With use of appropriate pure fluid equations of state and application of a
local composition model the above equations can be used for calculation of
partial molar volumes of components of a mixture.

The expression for chemical potential with respect to the local particle
numbers eqn. (17), can be written as

1 (aui 1 18%;

Bl i - (39
kT \ 3N; x,x; |A¥ )

-
where N, is the number of particles of type j and A¥; is defined as
A}, = pA,; where A, is given in eqn. (19).

Given the different approximations shown in Table 1, A,; can be calcu-
lated with the results which are reported in Table 5. According to Table 5,
RMA and APM approximations provide ideal solution expressions for the
chemical potential while the other theories lead to non-ideal expressions for
the chemical potential of the mixture components. Note that to utilize the
results of Table 5 for calculation of chemical potentials appropriate pure
fluid equations of state must be available.

THE RADIUS OF THE SPHERE OF INFLUENCE OF LOCAL COMPOSITIONS

In the basic definition of the local particle numbers, eqn. (1), R, the
radius of the sphere of influence of local compositions must be defined. In
the statistical mechanical formulation which is provided in the previous
sections of this report, no numerical value of this radius was specified for the
sake of generality of the results. In developing the mixing rules based on
different local composition approximations, knowledge of the value of this
parameter was immaterial. However, in the calculation of partial molar
properties one has to take into account the numerical value of this radius. To
assign a value of the radius of the sphere of influence of local compositions,
one must consider the basic approximation which was made in deriving eqn.
(14) from eqn. (13). According to this approximation the radius of the sphere
of effectiveness of local composition can be defined by the following
equation

L%[g,.j(r)——l]4wr2dr=0 (40)
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Fig. 1. Schematic diagram of the radial dependence of the compressibility integrand r?[g(r)
—1] in a dense fluid. The approximate radius of influence of local compositions (R) is shown
as the point where the oscillations of g(r) about unity cancel each other.

This expression indicates that R;; should be defined such that the dashed
areas in Fig. 1 above and below the horizontal axis are equal to each other.
Knowing that g, is generally a function of temperature, density, and
composition it becomes clear that R will also have to be a function of
temperature, density, and composition. Since g;; varies significantly with
density it can be expected that R will be a strong function of density
decreasing as the density increases.

It is certainly possible that eqn. (40) can have more than one solution and
one must, therefore, impose some secondary constraint to obtain the correct
value. Hanley and Evans (1981) showed for dense soft-spheres that the
statistical mechanical energy and virial equations reproduce the “experimen-
tal” values when the upper limit of integration is changed from infinity to
roughly 2.5 molecular diameters. In particular, fig. 6 of the Hanley and
Evans reference shows that properties such as the internal energy and
pressure are completely determined by interactions of relatively short range.
It would seem safe, therefore, to choose the solution to eqn. (41) which is in
the vicinity of 2-3 molecular diameters. Nonetheless, it is clear that in order
to have, a more quantitative knowledge about R one has to use accurate
radial distribution function data, preferably, using computer simulation
values. Unfortunately, relatively little detailed information concerning radial
distribution functions has been published. A second problem is that the
intermolecular potential is usually truncated at 2.5 molecular diameters in
simulation studies. Thus, it is difficult to obtain accurate g; y information
which one can use to study eqn. (40).
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CONCLUSION

The statistical mechanical approach presented here has allowed us to
introduce a unified approach in formulating thermodynamic properties of
mixtures with respect to the concept of local particle numbers and composi-
tions—a topic which has been of interest to chemical engineering commun-
ity in fluid phase equilibria calculation of multicomponent mixtures. This
approach has produced a mechanism by which different phenomenological
approximations to local compositions could be examined by statistical
mechanics and could be compared with molecular theories of solutions. It
has also provided a method of producing local composition approximation
equivalents of molecular theories of mixtures. One significant result of this
method is formulation of varieties of mixing rules according to different
local composition approximations. Some of the mixing rules produced
happen to be composition, density and temperature dependent which bring
about a new perspective in mixture calculation and will require a new set of
thermodynamic consistency conditions to be developed in the future. Incor-
poration of the local composition concept in the Kirkwood-Buff solution
theory has produced a direct method for calculating partial molar properties
from different molecular theories of solutions. The method does not require
the use of mixing rules or any other approximation about the nature of the
mixture under consideration. Finally, this study has also resulted in a
rigorous equation, eqn. (40), for the definition of the radius of the sphere of
influence of local compositions which can be utilized in order to specify this
radius at different thermodynamic state conditions.
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