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Hard-sphere mixture excess free energy at infinite size ratio
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This article presents the exact limiting value of the derivative of the excess Helmholtz energy,AE,
with respect to molecular size at constant temperature, density and composition for a binary mixture
of hard spheres with an infinite size ratio (s11/s22→`); i.e., lims22→0@(]Ahs

E /RT)/]s22#T,r,x,s11

5(p/2)rx1x2s11
2 /(12(p/6)rx1s11

3 ). This limiting value is compared with the Mansoori–
Carnahan–Starling–Leland~MCSL! and also used to test the limits of some commonly used models
in estimating the excess free energy of solvents in mixtures or polymer solutions. The models
evaluated include the van Laar, Wilson, Edmond–Ogston, Flory–Huggins, Lacome–Sanchez,
Scott–Magat, and Chenet al. It is shown that while the MCSL equation of state produces the same
limiting value as the exact value reported here the other mixture models deviate from the exact
value. This expression may be utilized to correct the mixture theories at their infinite size ratio
limits. © 1999 American Institute of Physics.@S0021-9606~99!50807-6#
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I. INTRODUCTION

Properties of hard-sphere mixtures with various size
ferences between the components are well known.1–3 The
solutions of the Percus–Yevick equation for hard-sph
mixture resulted in an analytic equation of state for ha
spheres.1,2 It is also shown that in dense binary mixtures
hard-spheres phase separation occurs when the size
s11/s22 is less than 0.2 and the partial packing fractio
(p/6)rs i i

3 , of the two species are comparable.3 It is the ob-
jective of this article to derive an exact limiting value for th
excess free energy of hard-sphere mixtures of infinite s
difference. This limit is then compared with those deriv
from the hard-sphere equation of state and the limits of so
commonly used models in estimating the excess free en
of mixtures or polymer solutions. Availability of such a lim
iting value may be useful to correct polymer solution the
ries which usually fail in predicting properties of mixture
with very large size differences between the polymer a
solvent.

Two kinds of excess free energy/activity coefficie
models have been proposed in the literature. The first k
applies to molecular liquid mixtures~symmetric or asymmet
ric, polar or nonpolar!, while the second set of models wa
developed purposely for the thermodynamic modeling
macromolecular/polymer solutions. The models that fall
the first group include, but are not limited to, the Mansoo
Carnahan–Starling–Leland~MCSL! hard-sphere equation o
state,2 the van Laar4 and Wilson5 equations. The models tha
apply to macromolecular/polymer solutions include amo
others: the Edmond and Ogston model,6 the Flory–Huggins
theory,7 the Lacome and Sanchez8 equation of state, the

a!Author to whom correspondence should be addressed; electronic
mansoori@uic.edu
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Scott and Magat theory of polydisperse polymer solution9

and the Chenet al. equation of state.10 It is the objective of
this article to compare the limits of these models for ha
sphere mixtures of infinite size difference with the exa
limit obtained from this work.

II. DERIVATION OF THE LIMIT

The limiting value of the excess Helmholtz free ener
will be derived from the mixture pair correlation integral
From the definition of the mixture pair correlation integrals
is demonstrated that the following expression exists for
partial derivative of the canonical partition function with r
spect to the molecular size parameter of component two:11,12

S ] ln Q

]s22
D

T,r,x,s11

522Npr~x2
2s22

2 g221x1x2s12
2 g12!.

~1!

Now considering the definition of partition functionQ,

ln Q52A/kT ~2!

by combining Eqs.~1! and ~2! the following expression for
the partial derivative of the Helmholtz free energy with r
spect tos22, the molecular size parameter of componen
results in

S ]A/RT

]s22
D

T,r,x,s11

52pr~x2
2s22

2 g221x1x2s12
2 g12!. ~3!

Considering Eq.~3! and taking its asymptotic limit ass22

approaches zero (s22→0) we get

[ lim
s22→0

S ]A/RT

]s22
D

T,r,x,s11

52prx1x2S s11

2 D 2

lim
s22→0

g12. ~4!il:
3 © 1999 American Institute of Physics
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For a hard-sphere mixture thes22→0 limiting value of the
pair correlation function is already available and it is giv
in Ref. 13 as

lim
s22→0

g12
hs5

1

12
p

6
rx1s11

3

. ~5!

Then, by combining Eqs.~4! and ~5! for a hard-sphere mix-
ture we get

[ lim
s22→0

S ]Ahs /RT

2s22
D

T,r,x,s11

5
p

2
rx1x2s11

2 Y S 12
p

6
rx1s11

3 D . ~6!

The next few steps will be to relate the above limit to that
the excess Helmholtz free energy,AE. The excess Helmholtz
free energy of a mixture over that of an ideal solution
defined by

AE5DA2( xiDAi , ~7!

where

DA5Amix~T,r!2Amix
ig ~T,r!

and

DAi5Ai~T,r!2Ai
ig~T,r!.

Differentiating Eq.~7! for a binary hard-sphere mixture wit
respect tos22 at constantT, r, s11 and composition yields

S ]AE

]s22
D

T,r,x,s11

5S ]DA

]s22
D

T,r,x,s11

2x2S ]DA2

]s22
D

T,r,x,s11

. ~8!

A1 does not depend ons22, which is the molecular diamete
of the second component of the binary mixture. Taking
limit of the partial derivative ofAE, given by Eq.~8! with
respect tos22 ass22→0 leads to

lim
s22→0

S ]AE

]s22
D

T,r,x,s11

5 lim
s22→0

S ]DA

]s22
D

T,r,x,s11

. ~9!

The second term of Eq.~8! will drop upon taking the limit as
shown below. Now considering the expression for the He
holtz free energy of pure component 2

DA25A22A2
ig5 f S p

6
rs22

3 ,TD , ~10!

one can get

S ]DA2

]s22
D

T,r

5 f S p

2
rs22

2 ,TD . ~11!

It can be shown that taking the limit of Eq.~11! ass22→0
yields

lim
s22→0

S ]DA2

]s22
D

T,r

50. ~12!

Now, dividing Eq.~9! by RT gives:
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lim
s22→0

S ]AE/RT

]s22
D

T,r,x,s11

5 lim
s22→0

S ]DA/RT

]s22
D

T,r,x,s11

. ~13!

By joining Eqs.~6! and~13! the following limiting value for
the partial derivative of the excess Helmholtz free energy
a hard-sphere mixture will be derived:

[ lim
s22→0

S ]Ahs
E /RT

]s22
D

T,r,x,s11

5
p

2
rx1x2s11

2 Y S 12
p

6
rx1s11

3 D5
3x2y1

s11~12y1!
. ~14!

where:

y15
p

6
rx1s11

3 ~15!

is defined as the packing fraction of component one in
mixture. Equation~14! is exact and it is applicable for cal
culation of the limiting excess Helmholtz free energy wh
the size difference between the components of the h
sphere mixture goes to infinity. In the next section the sa
limiting value is calculated for various mixture theories a
they are compared with the above exact value.

III. COMPARISONS AND CONCLUSIONS

Differentiating the excess Helmholtz free energy of t
MCSL equation of state2 with respect tos22 at constant tem-
perature and reduced density~y!, and taking the limit as
s22→0 gave a limiting value that is exactly identical to th
one arrived at in this work@~Eq. 14!#

[ lim
s22→0

S ]Ahs
E /RT

]s22
D

T,r,x,s11

5
3x2y1

s11~12y1!
.

TABLE I. Comparison of the exact value with the existing mixture mode

Models lim
s22→0

S ]Ahs
E /RT

]s22
D

T,r,x,s11

Exact value as reported by Eq.~14!
3x2y1

s11~12y1!

Van Laar~Ref. 4! 0
Wilson ~Ref. 5! `

Edmond–Ogston~Ref. 6! 0
Flory–Huggins~Ref. 7! 0

Lacome–Sanchez~Ref. 8! 0
Scott–Magat~Ref. 9! 0

Chen–Fredenslund–Rasmussen~Ref. 10! 0

MCSL hard-sphere
equation of state2

3x2y1

s11~12y1!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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However, differentiating the excess Gibbs free energy of
MCSL equation with respect tos22 at constant temperature
volume, and composition and taking the limit ass22→0
gave an additional term as the limiting value.

lim
s22→0

S ]Ghs
E /RT

]s22
D

T,r,x,s11

5
3x2y1

s11~12y1!
1

3x2y1

s11~12y1!2.

It is generally known that for liquids one can safely assu
GE(at constantT& P)5AE ~at constantT& V). Therefore,
for the purpose of comparison, the partial derivative of
excess Gibbs free energy with respect tos22 in the limit as
s22→0 of some models commonly used in estimating ac
ity coefficients were obtained. The results are compared w
the limiting value obtained in this work for the derivative
excess Helmholtz free energy. The values of 0 and` ob-
tained from the models were quite different from the ex
limit, Eq. ~14!. Table I shows the limits arrived at from thes
models for the hard-sphere mixtures of infinite size ra
According to Table I all the available models for molecu
mixtures and macromolecular/polymer solutions devi
from the exact limiting value of the derivative of the exce
Helmholtz free energy, Eq.~14!, at infinite size and tempera
ture ratios. The MCSL hard-sphere equation of state rep
duces the exact limiting value. The exact equation repo
here, Eq.~14!, may be utilized to correct the inaccurate lim
iting value of mixture theories at infinite size ratio.
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APPENDIX: NOMENCLATURE

Symbols

Q 5Partition function,
G 5Gibbs energy,
A 5Helmholtz energy,
V 5Molar volume,
P 5Pressure,
R 5Universal gas constant,
x 5molar fraction,
y 5reduced density,
k 5Boltzman’s constant,
gi j 5Pair correlation function of molecules of typei

and j.

Superscripts

E 5excess property,
ig 5ideal gas.

Subscripts

i 5componenti,
mix 5mixture.
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