Statistical Entropy

Our information is seldom complete. Different event
can occur, each of them with a certain probability.

How can we measure the information received when
we know that a particular event has occurred?

A first example We have n closed boxes. One of
them contains a ball. When we are told in which
box is the ball, we are given a certain amount of
information I(n).

How can we define a reasonable function I of the
number of boxes 1 to measure this information?




e If n = 1 no information is needed, we know where
the ball is. We shall, therefore, assume that I(n) is
such that

e Increasing the number of boxes, increases the a
priori lack of information. We shall, therefore,
assume that

I(nl) > I(nz) if n; > no.

e It appears convenient to also assume that
information is additive. That is, if we have ni big
boxes, each one containing ns small boxes, when we
know that the ball is in one of the big boxes, but still
don’t know in which small box it is, we shall say that

we received a quantity of information I(n), but, to

complete our information, we still need a quantity of
information I(nsy). We shall, therefore, assume that

I(ning) = I(ny) + I(no).




The only continuous function I satisfying all these
assumptions is defined by

I(n) = klogn,

where k is a constant depending upon the unit of
information.

Consider, for example, a word of N ASCII
characters. If we assume that, we are using a
language in which all characters have the same
frequency, then, such a word gives a quantity of
information equal to kN log 128, that is, klog 128
per character.?

In a natural language this not true: each character
has a different probability.

2 There are 128 ASCII characters, and there exist 128
different words of N characters




The more general case We still consider n closed
boxes, but, this time, the probability that box
number k£ contains the ball is p. In the first
example, we assumed

pr=p2=-"=Pn=—.
n

The information received, when we are told which
box contains the ball, is I,,(p1,p2,...,Pn).

To find a reasonable expression of
I,(p1,p2,--.,Pn), We shall assume that

e [, is a continuous function;

e the expression of I,,(p1,p2,...,Pn) IS Symmetric,
that is, for all pairs (i, j),

In(...,pi,...,pj,...):In(...,pj,...,p,,;,...);

e if all probabilities are equal, the function I,, is an
increasing function of n;




e [, satisfies a generalized additivity property. That
s, If

Q1 =p1+p2+-+DPm
d2 = Pm+1 T+ Pm+2 T+ + Dn,

then,

In(p17p27 R 7pn) — IQ(Ql,QQ)
+ I (p1/q1,p2/q1, - - -, Pm/q1)

+ In—m(pm—I—l/QZapm-l-Q/qQa .. ,pn/QQ)-

This relation means that, if the n boxes are divided
into two groups:

a first group consisting of the boxes whose
probabilities to contain the ball are

P1,P2y- -5 Pm:

and a second group consisting of the boxes whose
probabilities to contain the ball are

Pm+1yPm+25+ -3 Pn,




then, when we are told that the ball is either in a
box of the first or the second group, we are given
the information I5(q1, q2),

but, to complete our information, we still need a
quantity of information equal to either

In(p1/q1,p2/q1,- -, Pm/q) oOF
In—m(pm+1/qQapm+2/Q27 R 7pn/q2)'

Note that, in the second step, the arguments of the
functions I, and I,,_,, are conditional probabilities.

To determine the expression of I,,(p1,p2,...,Pn),
we shall first assume that the n the real numbers
p1,P2,...,Pn are rational. That is, for all j,

pj = w; /N, where w; and N are integers. The

event whose probability is p; can then be viewed as
the union of @w; = p; N equiprobable events whose
probability to occur is 1/N.




Hence, according to the additivity property,

In(1/N,1/N,...,1/N)

= I(p1,p2,- -, Pn)
+p1[p1N(1/p1N7 1/p1N, SR 1/p1N)
+p21p2N(1/p2N71/p2N7- “ ey 1/p2N)

+ pmdp, N(1 /PN, 1/pmN, ..., 1/pmN).

Taking into account the expression of I,, when all
probabilities are equal (first example), we obtain

L,(p1,p2,---,pn) = klog N — kzpj logp; N.
71=1

Since we have p; + p2 + -+ + p, = 1, this relation
can also be written













