Microcanonical Distribution

In quantum mechanics, a simple system, as a linear
oscillator or an atom, has a sequence (finite or
infinite) of discrete eigenstates.

In a macroscopic system, the distance between the
eigenstates is decreased by a factor of the order of

1022, Very weak perturbations induce extremely

rapid transitions between one state to another
causing the system to evolve chaotically.

To calculate the number W of permissible
microstates, we have to take into account the
constraints. For instance, in the case of an isolated
fluid system, W will depend upon the number of
particles, or number of moles NV, the volume V and

the energy U.




According to information theory, our lack of

information about the system is given by klog W
assuming that all permissible states have equal
probabilities.

The entropy of an isolated system should be,
therefore, defined by

S = klogW.

This expression of the entropy represents the
fundamental relation of an isolated system. It
was first given by Boltzmann.

This model
accounts for thermal properties of crystalline solids.
It assumes that each atom, in the field of its
neighbors, is bound to its equilibrium position by a
harmonic force. The model assumes, therefore, that
a crystal, with one atom per unit cell, is a collection
of harmonic oscillators.




If we have NV atoms, we have 3N degrees of
freedom and, consequently, a system of 3V linear
harmonic oscillators. In this model all oscillators are
supposed to be identical.

Each oscillator has an energy E = (n + %) hw,
(2h = h, where h is the Planck constant).?

The total energy is

U =

j=1

and the number of quanta is
3N
U 3N
Q = jz::lnj = hw — 9 .

The number of permissible microstates W is the

number of different ways of distributing the total
number of quanta between the 3V oscillators.

a k= 1.055 x 10~3% Joule seconde.




The quanta are identical but the oscillators are
distinguishable. Hence, referring to the problem of
distributing identical balls in distinguishable boxes,
we find

~ (Q+3N-1)!
W= Q!(3N —1)!
(s +3N)!
T ()N

Since all these numbers are very large, we shall

approximate the factorials using the simplified
Stirling formula.? We obtain

U
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That is,
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So, for one mole,® denoting by ug the energy 3N hw,
the expression of the molar entropy is given by

s(u) = 3Rlog (1 + i) +3R— log (1 + @> :

UQ Uo Uu

This is the fundamental entropic representation of
the system. In this simple model s does not depend
upon the molar volume wv.

b Then, N is the Avogadro number and Nk = R.
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