Canonical Distribution

This chapter deals with systems in equilibrium with
a heat reservoir R at a given temperature T'.

Consider a system S in
equilibrium with R. Let Fq, Es, ... be the energy
levels of S. The problem is to find the probability

p;j(E;,T) that the system is in state E/; when it is
in equilibrium with the reservoir at temperature T'.

The probability p,;(E;,T) is equal to the number of
states of R when S is in state E;* divided by the
number of states of the composite system which
consists of R and S.

@ When S is in a specified state, then the number of
accessible states of the composite system R U S is just the
number of accessible states of R.




Hence,
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p;(E;,T) =

where Fiqta1 Is the total energy of the composite

system Srus.

Let U be the average energy and S the entropy of
S. We have

Stotal(Etotal) — S(U) + SR(Etotal — U)
and to first order in (U — E;) < (Etotal — F;)
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Note that the coefficient of the second-order term,

which is
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Is equal to zero in the limit of an infinite reservoir.




Hence,
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where 8 = 1/kT. Using the variable 3 instead of T,
this expression can also be written

pi(E;,B) =
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since U —T'S = F' and the sum of all probabilities
has to be equal to 1.




Z is called the partition function. It is a function of
B (i.e., T), and it is related to the free energy F' by

—% log Z(B).

We shall determine

p;(E;, B) maximizing the entropy

S = —kij log p;

J

taking into account the constraints
ij:1 and ijEj:U.
J J

The second constraint expresses that the average
energy of the system is fixed. Using Lagrange
multipliers, we have to maximize
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This yields

—klogpj —k+ M +>\2Ej =0,

which shows that p; is proportional to e PEi where

B = Ao /k (i.e., Lagrange multiplier Ao being
renamed k3. What follows shows that this
definition of 3 coincides with the above one.).
Expressing that the sum of all probabilities has to be
equal to 1 yields

p;i(Ej,B) =
where Z is the partition function defined by
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