PHYS 461: Homework # 8

8.1na crystal containing n Frenkel defects, atoms

have been displaced from n lattice sites chosen
randomly among NN to n interstitial sites chosen
randomly among N’'. The number of different
configurations is then

N N'!
n!(N —n)! n!(N'—n)!

The energy necessary to create n Frenkel defects is
E(n) = nw. W(n) is the degeneracy of this energy
level. The contribution of n Frenkel defects to the
entropy of the crystal is

S(n) = klogW(n).




The most probable value of n, when the crystal is in
equilibrium with a thermostat at temperature T,
maximizes the function S defined by

S(n) = klog W(n) — %

Note that this condition is equivalent to minimizing
the free energy. The numbers N, N’ and n being
very large, we may approximate the factorials by the
simplified Stirling formula. This yields

S(n) =k(NlogN + N'log N' — 2nlogn
— (N —n)log(N —n)

— (N' = n)log(N' —n)) — %

The value of n maximizing S(n) is the solution to
the equation

—2logn + log(N — n) + log(N' — n)




n = \/We_w/sz,

since n is much smaller than NV and NV’.

8.2 A crystal of N atoms containing n Schottky

defects can be viewed as a lattice of N + n sites
containing n holes. Since the number of surface
sites is negligible compared to the total number of
sites, we can assume that n sites chosen randomly
among N + n create n random holes. The
contribution to the entropy of n Schottky defects is,
therefore, given by




To determine the value of n which maximizes the
defects entropy when the crystal in equilibrium with
a thermostat at temperature T', we have to
maximize the function S defined by

(N+n)! nw

S(n) = klog N1 T

Using the simplified Stirling approximation to
express the factorials, we find

S(n) = k((N +n)log(N + n)

—nlogn—NlogN) — %

The value of n maximizing S(n) satisfies the

equation

N
w = kT log —I—n,
n

that is,
—w/kT
n=Ne Wkl

since n < .




8.3 The anisotropic magnetic system consists of IV

elementary magnetic moments p which can only
point either in the positive or negative direction of
the z-axis. If N1 and N_ are the respective
numbers of these moments pointing in the positive
and negative direction, then, the entropy of the

system Is
N'!

N.IN_U

S = klog

Since N, N_ and N are assumed to be very large
numbers, we can approximate the logarithms of their
factorial by the simplified Stirling formula. Hence,

S=k(NlogN — N ,logN, — N_logN_).
But we have

N, +N_=N and N.—N_=Nm.




Solving for Ny and N_, we find

N_|_:—(1—|—m) and N_ =

N N
— (1—m).
5 5 (1—m)

Replacing these expressions in the above expression
of the entropy, we finally obtain
1+m | 1+m
0
o 5T 2
1—m 1—m

kN .
AN —— log —5

S(N,m) =—kN

Alternative solution If p. and p_ denote the
respective probabilities that an elementary magnetic
moment points either in the positive or negative
direction, then, the entropy of the system is

S = —kN(p4logpy +p_logp_).

But we have

p+tp-=1 and (pi—p-)=m,




therefore,

1—|—m1 1+m
(@)
9 %7

1—m 1—m
_ kN 1
9 BT

S(N,m) =—kN

If the energy of interaction of the elementary
magnetic moments Is

1
U(N,m) = -3 JNm?,

the expression of m as a fonction of the
temperature T' when the magnetic system is in
equilibrium with a thermostat at temperature T' is
the solution of the maximization equation

0

om

(S(N, m) — %U(N, m)) 0.
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