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Configurational Equilibrium

d(Potential Energy)

d(Configuration)

Effect of Surface Stress and Crack-Tip Load
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Surface Stress

=

Stretch Then Split
1 +& +&
7 = =
Split Then Stretch -’
ooy e

Stretch unit cube along x, then split

W(e)+2I'(e) = Work A
Split unit cube, then stretch along x
2°(0)+(W(e)+2XZe) = Work B
Work A = Work B
>=90I'"/0e
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Referential and Spatial Forms

—

1 +&

I'(e): Surface Energy per Unit Referential Area

v(e): Surface Energy per Unit Spatial Area

1 ol ay

= T(e)=(1-¢)[(e), T=2= =t

Y(e)= 1, TE)=(1-ee), T=° =v@e)+)
Linear Density: I'(e)=T_,+X¢, 7y(e)=T,+(ZX,-T))e

I'.: Surface Tension Coefficient
Y _: Surface Stress Coefficient
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Surface Stress Coefficient

Behaves like a pre-stressed membrane that is
perfectly fitted on the bounding surface of a
bulk material body.

Interacts with the deformation of the bulk
material through the curvature of the surface.

Becomes increasingly important at reduced
scales.

Effect on linear and curvilinear cracks.
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Configurational Energy

R—>

Griffith Crack (1921 & 1924)

Configurational Energy:
[T=11, + AlIl
Stress Intensity Factor:

K, =0,,"Ta

For Configurational Equilibrium:

AlT= 57T 1 na’cs, +4T,a
Su

OAIl ~ 0= K2 =K2, = 16ul;,

20a K+1
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Configurational Energy

Griffith Crack with Surface Stress 2,
G2

Configurational Energy:
[T=11, + AlIl

Stress Intensity Factor:
R— : Ky =0,na (same)

For Configurational Equilibrium:

OAIl 2% c
=0 = Ki+==2(1-"11 K, -K2. =0
28a 1 /—TCCZ( 022) 1 1C
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Configurational Energy
Griffith Crack with Surface Stress pIR and Crack-Tip Point Load P

622
A
Configurational Energy:
P P II= Ho + All
<« ==Pp= »> 0,
Stress Intensity Factor:
R—= - K, =0,,~/Ta (still the same)

For Configurational Equilibrium:

Al na2c2, + (4T, — 2P)a — K—”(420 —2P)(6,, - G,,)a

8 8

0AIl 2%, —P c P
=0 = Ki4+770 —- MK, -|1-— K. =0
20a " Jra ( (522) 1 ( 2F0) ¢

Al = —
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Configurational Energy

Surface Stress, Internal Pressure p,and Crack-Tip Load P

R — oo Configurational Energy:
e =11, + AIl
Pressure p Stress Intensity Factor:
K, =p/na

For Configurational Equilibrium:

K—1

K+ na’p’ + (4T, — 2P)a + e (2%, —P)pa
1

3u

OAIl (22, -P)2(x—1) P
=0 = KZ+770 K,—|1-— K% =0
20a 1 Jra (x+1) 2T, ) ©

Al = —
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Configurational Energy
Circular-Arc Cracks, Remote Tension and Surface Stress
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Configurational Energy

Circular-Arc Cracks, Remote Tension and Surface Stress

P

Remote
Tension

0]

oAl

20

2pd0

Remote Tension:

KO? =K 1K = 62rpsing / (1 + sin’ 2)

Remote Tension and Surface Stress:

K?=K? +K? = (G—ZO(I)) npsm¢/(1+sm (b)
p

For Configurational Equilibrium:

B _(k+1) (1-cos ) N0
All=4pol, 21 (3 -coso) (fﬁp f)

K? - [420 sin’ g / \Jmpsin ¢}K Kz, =0
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Elasticity Solution

Remote Loading, Surface Stress and Crack-Tip Load

0,, T
R —
The Bulk-Surface e —» 0,
System p p
Free-Body Of p p

The “Surface”

< afEe——p= }220—1)
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Elasticity Solution

Circular-Arc Crack,Remote Loading and Surface Stress

©t
R%(
P
O « 20 —>
v Free-Body Of

The Bulk-Surface System The “Surface”
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Elasticity Solution - Griffith Crack

Remote Loading, Surface Stress and Crack-Tip Load

_{,,(©) o(0) ~(0) (s) o(s) ~(s)
(ua’gaB’TaB)_(ua ,s:(m,ﬂs(m)+(uOC ,eaB,TaB)
Total Load Surface Stress

Strain Energies:
R ¢2n
U, = [W(e5)dA = B jo 6., (8)u, (R,0) + 5,4 (6)u, (R,0)]d6

+ %(P - 2%,)[uy(a.0) - u,(=a,0)]

0 = [w(eg)oa="

2T

6, (0)u”(R6)+5,(8)uy” (R,6) d6

US) = [W(els) A = %(P - 23, [uf(a.0) U (-a0)
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Total Elastic Energy

} gff [0, (0u (R6)+0,(6)uf’(R,6) |6

+ %(P - 25,)[ui(a,0) - u{’ (-a,0)]

+U U™
=(P-2%,)|u”(a0) - u}” (-a,0)| + U + U’
Total Elastic Strain Energy:
U, =UY +UY + Uy
Interaction Energy:
U = (P - 2%, )|u” (a.0) - U (-a,0)|
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Energy of the Bulk-Surface System

Elastic Energy of the Bulk: U_ =U" +U> +U™
Surface Energy:
Us — 2J'_+“F(8)dx1 — 4CZFO + 220[U1(a,0) — u1(—a’0)]

Potential of External Loads:
V=R j 0)u, (R,6)+ G, (8)u,(R,0)|d6
+ P[Za +Uu,(a,0)— u1(—a,0)]
Total Potential Energy:
M=U,+U, -V =-U-U® U + (4T, - 2P)a
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Final Results For o,,, 6,,, P, £, and R —
ntR*

K+ 1

U = 60 (K= N)(0y+05,)" + 204 —0,)" |+ a na?c2, +---
G ,, 2 B
4 u§j>:—(“1)z°|nz 4 254
21U Z+a
o, P P
N " (P—25 )k +1)
os — K+ 1a
Ué )= ‘(;H (014 —0y)
v
ATl = _K8-|]._L1 na“cy, + (4T, —2P)a - K8L1(420 —2P)(0, —G44)a

0AIl 2>, -P c P
=0 = K+ — MK, —1-—— K% =0
20a ' Jna ( (522) 1 ( 2F0) ©
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The Role of P

c P P
« -~ > Let 6,,=0,,=0

\
Then AIl=(4T,-2P)a and

OAIT
20a

=0 = P=2I,
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Splitting A Double-Cantilever Beam

P/2 A
— d ¢<
’ (b) P

(a) A Smooth Wedge of Angle 2a

2
Hazz[zEla or } oIl

=0 P=6I"
3a da = °

(b) A Smooth Edge of Thickness 2A

2
I, = 2[32'5'? +F0a} a;A =0 = P=2r,

a
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