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What is Electromigration? What is Electromigration? 

Apply an electrical potential to a
coherently strained conducting film    

Free electrons driven by the electric 
field form an ‘electron wind’      

Linear Theory

Linear Theory

CURRENT
STATUS

Coherent strain
has no effect

Electrons in the wind collide with 
the atoms and cause them to drift

Atomic movements lead to a non-
uniform concentration which 

gives rise to a chemical potential

The nonuniform concentration also 
gives rise to an incompatible eigen-

strain field which causes elastic strain 

Elastic strain also contributes to the 
chemical potential
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An Atom and It’s Associated An Atom and It’s Associated 
Ion and Free ElectronsIon and Free Electrons

= =az Atomic Number Number of Electrons/Atom

=ez Number of Valence Electrons

= -19e 1.6×10 Coulomb/Electronic Charge

eion  + z e

efree electrons  - z e

anucleus + z e

a ecore electrons  - (z - z )e

evalence electrons  - z e
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Mismatch Strain In A FilmMismatch Strain In A Film

Stress-Free

Referential Spatial
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The Collision of the Moving Ions by theThe Collision of the Moving Ions by the
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Charge Carriers in the ‘Electron Wind’Charge Carriers in the ‘Electron Wind’

Free electronsVacancyIon

Cathode -

Electric Current

Anode +

Electric Current

Flow of Electrons
Electromigration (Ion Transport)
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A SingleA Single--Component Solid with Vacancies Component Solid with Vacancies 

3Molar Concentrations  [mol/m ] :

a a v vMole Fractions : x = C /C ,  x = C /C
a vC  (atom concentration), C  (vacancy concentration), C (total concentration)

Relationships :

a v a v a vC +  C  =  C   and    x +  x =1 .       Let  x = x   and   x =1- x

C is the total number of lattice sites per unit volume, but what unit volume?
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A Uniform State as a Reference A Uniform State as a Reference 

) ≡ 3V(P,T,x  Molar volume [m /mol] 
                   at pressure P, temperature T, and mole fraction x.

)o o
3

o o

 is the molar volume [m /mol]
                 at pressure P = 0, temperature T , and mole fracti
 V(0,T ,

on x
x

.

.

)

X

o oUse  to define a uniform
state  for  a solid body occupying a
region   in a reference coordinate
syste

V(0,T ,x

m  
V

1X

2X

XReference Coordinate System 

What happens when the system becomes nonuniform?
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A Nonuniform State A Nonuniform State 

≠ ≠X Xo o

For a nonuniform state, 
            the temperature T = T( ,t) T  and mole fraction x = x( ,t) x

) ).o o

The associated molar volume 
            V(0,T,x  stress - free transformais a  from V(0,T ,n xtio

∗Feigentra
The transf

nsformatio
ormation is termed an

              which will be denoted by n  .

 
 

d dV
d dV

∗F X
XSF SF

The transformation  converts and  of the reference
             coordinate system to and  in a stress - free state.

J J ( (∗ ∗ ∗ ∗X F X FSF SF
o o= , = , = det = V 0,T,x)/V 0,T ,x )d d dV dV

.

∗

∂ ∂
F

X XSF

 is, in general, incompatible
              and cannot be interpreted as a deformation gradient /

FeelastiThere is c transf an asso ormationciated .

UICUICcwucwu ELECTROMIGRATION



Eigentransformation, Elastic TransformationEigentransformation, Elastic Transformation
and Deformation Gradient and Deformation Gradient 

V v→X x in reference coordinate system  in spatial coordinate system 

The three sets of transformations are : 

J J ( (∗ ∗ ∗ ∗X F X FSF SF
o o= , = , = det = V 0,T,x)/V 0,T ,x )d d dV dV

∗FThe incompatible eigentransformation  forces the material body to deform: 

J J ∂ ∂x F X F F x X= , = , = det  , = /d d dv dV

J J J J∗ ∗x F X F F FFe SF e SF e e e -1= , = , = det = /  , =d d dv dV

Ftotal transformation Only the  is a deformation gradient.
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Eigentransformation, Elastic TransformationEigentransformation, Elastic Transformation
and Total Transformation and Total Transformation 

Stress-Free

Total Transformation F
X x

Ei
ge

nt
ra

ns
fo

rm
at

ion
 F

*

F e

∗=F F Fe

Elastic transform
ation 

SpatialReferential
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Eigentransformation, Elastic TransformationEigentransformation, Elastic Transformation
and Total Transformation and Total Transformation 

Molar Concentrations in Referential, Stress-Free and Spatial Systems:

X X X X x xSF SF SF
a v a a a vC = C ( ,t)+  C ( ,t),     C = C ( ,t)+  C ( ,t),     c = c ( ,t)+  c ( ,t)

J∗ = = = =X X
X X X

SF
a v

SF SF SF
a v

C ( ,t) C ( ,t)C
C ( ,t) C ( ,t) C ( ,t)

dV
dV

J = = = =X XX
x x x

SF SFSF
e a v

SF
a v

C ( ,t) C ( ,t)C ( ,t)
c( ,t) c ( ,t) c ( ,t)

dv
dV

J = = = =X X
x x x

a v

a v

C ( ,t) C ( ,t)C
c( ,t) c ( ,t) c ( ,t)

dv
dV

stress- free

X x
F

1−=f F

∗F Fe

∗f f e

referential spatial
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Maxwell’s Equations in MatterMaxwell’s Equations in Matter
E H
P M

D

2

2

Electric Field   [V/m]                          Magnetic Field [A - turn/m]
Polarization     [C/m ]                        Magnetization [A/m]
Electric - Flux Density [C/m ]             Magnetic -Flux 

ε = × µ = π×
B

j

2

-12 -7
o o

3 2
c c

Density [W/m ]
Permittivity  8.854 10  F/m        Permeability 4 10  H/m
Charge Density q [C/m ]                     Current Density [C/m s]

= −∂ ∂E x B xFaraday's Law          curl ( ,t) ( ,t) t 

= +∂ ∂H x j x D xcAmpere's Law          curl ( ,t) ( ,t) ( ,t) t

q=D x xcGauss's Law          div ( ,t) ( ,t)

0=B xMagnetic Flux          div ( ,t)

= −∂ ∂j x xc cCharge Conservation          div ( ,t) q ( ,t) t

o ( )= µ +B H MMagnetic -Flux Density          

o= ε +D E PElectric -Flux Density          

0.≠EFor this presentation, only the electric field  
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Electromagnetic ForceElectromagnetic Force

=v x FV Xc cDrift Velocity of Charge (spatial & referential) :   ( ,t) ( ,t)  [m/s]

o ( )= µ +B H MMagnetic -Flux Density :          

qcMolar Charge Density :           [C/mol]

f x F X(em) (em)Molar EM  Force Density :       ( ,t)   or  ( ,t)   [C/mol]

o= ε +D E PElectric -Flux Density :           

(q q )+ + ×= x v Bf E c
(e )

c c
mMolar EM Force Density (spatial) :          

+ +x v x Vc cVelocity of Charge (spatial & referential) :             or     [m/s]

q q ( )+ ×= + xF E V B(em
c c

)
cMolar EM Force Density (referential) :           

=v x FV Xa aDrift Velocity of Element (spatial & referential) :   ( ,t) ( ,t)  [m/s]

+ +x v x Va aVelocity of Element (spatial & referential) :             or     [m/s]

For thispaper
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Electromagnetic Force Electromagnetic Force -- Metals Metals 

ez =Number of Valence Electrons

eion  + z e

efree electrons  - z e

onductor, EM f

-19Electronic Charge :    e =1.6×10 Coulomb
 p

For
erfect c

× 24Avogadro's Number :    N = 0.6022 10

Faraday         =Ne = 96352  C/molF

q q z

q q z
+

−

= =

= = −
c e a

c e a

Molar Charge Density :  for ion x
                              for free electrons x

F  

F  

orce=0

(q q ) [q q ( )] (q q )+ − + + − − + + − −= + + + + + × = + ×f E x v x v B v v B(em) ( )

(q q )+ + − − + += + × = =F V V B V V v v(em)
a a ,     ,    

c z C z− −= = + × = = + ×f x f j j B F X F J J B(em) (em) (em) (em)
e a e a( ,t) ( ) ,    ( ,t) ( )F  F  
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Balance Law Balance Law -- Linear MomentumLinear Momentum

F   and    J
f    and    j

xX

C J j c= = = =F F f F f f3 (em) (em) (em) (em) (em) (em)EM Force [N/m ]                         
3EM Force [N/m ] = 0     for this pa    per    

o oJ jρ = ρ ρ = ρ3Mass Density [Kg/m ]                                      

J j= =S f SFT TStress [Pa]                        Piola                     Cauchy σ σ

ρ = ρ =x S F x f(em) (em)
oBalance Law                     Div  +               div  +σ

= =SF FST T TMoment of Momentum                                 σ σ
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Balance Law Balance Law -- HeatHeat

qhMolar Heat Content [J/mol]            

X xF   and    J
f    and    j

Q Cq Jq jQ cq q= = = =X3
h h h h h hHeat Content [J/m ]           ( ,t)            

J j =J X fj FJ j x2
h h h hHeat Flux [J/m s]               ( ,t) =                    ( ,t)

Q cq= − = −J jh h h hBalance Law                      Div                     div 
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Balance Law Balance Law –– Free ElectronsFree Electrons

X xF   and    J
f    and    j

q z− = − e aMolar Charge Density [C/mol]    xF   

Q Cq Jq jQ cq q− − − − − −= = = =X3Charge Density [C/m ]      ( ,t)           

J j− − − −=J X fj FJ j x2Current Density [A/m ]      ( ,t) =                     ( ,t)

Q cq− − − −∂ ∂ = − = −J jBalance Law                     / t  Div              div 

Q Q−=X X3
eElectron Density [1/m ]      ( ,t) ( ,t)/(-e)        

−=J X J X2
eElectron Flux [1/m s]      ( ,t) ( ,t)/(-e)        
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Balance Law Balance Law -- MassesMasses

3Concentrations [mol/m ]

X xF   and    J
f    and    j

a a a aC Jc jC c= =X xElement                              ( ,t)                       ( ,t)

C c= =J X V v j x2
a a a a a aMass Flux [mol/m s]            ( ,t)                    ( ,t)

aC∂ ∂ = − = −J ja a aBalance Law                       / t  Div                 cx div 

C Jc jC c= =x xTotal                                   ( ,t)                          ( ,t)

v v v vC Jc jC c= =X xVacancy                             ( ,t)                      ( ,t)

J j =J X fj FJ j x2
v v v vVacancy Flux [mol/m s]       ( ,t) =                      ( ,t)

1= = −a vMole Fractions                                     x x ,    x x

vC∂ ∂ = − = −J jv v vBalance Law                       / t  Div                 cx div 
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Balance Law Balance Law -- EnergyEnergy

{ }cu z ]

u : : :
: :

−
∂

−

= ⋅ ⋅ + ⋅ + + ⋅ − φ

=

∫ ∫ ∫n

n

x t j n x f j j x

t n j
j j n

F  (em)
h e a

h

a

Spatial Representation
d d [ - ]d  [  [ grad ( ,t)] d
dt

molar internal energy,    Cauchy traction,    heat flux
mass flux,    current density,    : ex

v v v

v a v

σ

,i icu cq z ]−

φ =− φ
= + ⋅ − + ⋅ φ

x E x
x t j j xF  h e a

terior normal
( ,t) : electrostatic potential and grad ( ,t)

[  grad ( ,t)

{ }CU z ]

U : : :
: :

−
∂

−

= ⋅ ⋅ + ⋅ + + ⋅ − Φ

=

∫ ∫ ∫N

N

x T J N x F J J X

T SN J
J J N

F  (em)
h e a

h

a

Referential Representation
d d [ - ]d  [  [ Grad ( ,t)] d
dt

molar internal energy,    Piola traction,    heat flux
mass flux,    current density,    

V V V

V A V

,I I

:

U CU Q z ]−

Φ = φ

= = + ⋅ − + ⋅ Φ

X x X

x T J J XF  h e a

exterior normal
( ,t) ( ( ,t),t)

[  Grad ( ,t)

3EM Force [N/m ] = 0     for this pa    per     
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The Second LawThe Second Law

cs 0

s : : :
: (

∂

+ −µ −µ ⋅ ≥

µ µ

∫ ∫
nj j j

j j j

h a a v v

h a v

a v

dSpatial Representation :              d [ ] d
dt T

molar entropy,    heat flux,    , molal mass, vacancy flux  
, partial molar) chemical potential for element,vacan

v v

v a

1c s cq c c 0µ µ− − ⋅ + µ − ⋅ + µ − ⋅ ≥

n

j j ja v
h h a a a v v v

cy
T : temperature,    : exterior normal

T grad T x T grad x T grad 
T T T

CS 0

S: : :
: (

∂

+ −µ −µ ⋅ ≥

µ µ

∫ ∫
NJ J J

J J J

h a a v v

h a v

a v

dReferential Representation :    d [ ] d
dt T

molar entropy,    heat flux,     , molal mass, vacancy flux  
, partial molar) chemical potential for element,vacancy

T : t

V V

V A

1S Q C C 0µ µ− − ⋅ +µ − ⋅ +µ − ⋅ ≥

N

J J Ja v
h h a a a v v v

emperature,   : exterior normal

T Grad T T Grad T Grad 
T T T
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The Second Law The Second Law –– Helmholtz Free EnergyHelmholtz Free Energy

Referential  Representation

,I IU Q z ] 0

1S Q C C 0

−− + + ⋅ − + ⋅ Φ =

µ µ− − ⋅ +µ − ⋅ +µ − ⋅ ≥

= −

−

x T J J X

J J J

F  h e a

a v
h h a a a v v v

Energy Balance
[  Grad ( ,t)

Second Law

T Grad T T Grad T Grad 
T T T

Combining and in terms of Helmholtz Energ

Dissipatio

y :   A

n Ineq

U T

ua

[

i

S

l ty
1C C

z 0−

+ − ⋅ −µ −µ − −µ −µ ⋅

− ⋅ µ − ⋅ µ + Φ − ⋅ Φ ≥

S F J J J

J J JF  

a a v v h a a v v

v v a a e

A ST ] [ ] Grad T
T

                         Grad Grad [ ] Grad
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The Helmholtz Free EnergyThe Helmholtz Free Energy

T C C C T C T ∗= = + ⋅ =F F S S F F F Fe
a v  A( , , , ) A( , ,x) G( , ,x)    and   

Molar 
Helmholtz

Molar 
Gibbs

Helmholtz per unit 
referential volume

Piola . Deformation 
Gradient

T 0

T T T

T T T T T
 T T T

∗ ∗
=

∗ ∗ ∗ ∗

∗ ∗

=

= ≡

= = + −
≡ −

S 0

1

F S F

F F F F F F F
F F F F

o o
SF

e e

SF e e

A( , ,x )     as  a  reference
A( , ,x) G ( ,x) G( , ,x)  ,    stress - free eigentransformation

A( , ,x) A( , ,x) A( , ,x) [ A( , ,x) A( , ,x)]
Define : W ( , ,x) A( , ,x) A( , ,x) , T 0=1SF    W ( , ,x)

CONCLUSION

T C C C T C T T

CC 0 C TT C T
C

J W T

∗

∗

∗= = +

= += + F

F F F F F

F

e SF e
a v

SF SF e SF e
SF

SF

     A( , , , ) A( , ,x)  [A( , ,x) W ( , ,x)],  or

G( , ,x) [ W ( ,A G ( ,x) (,x ] ,) ,x)

Stress-free 
molar Gibbs

Stress-free 
strain energy
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The Helmholtz Free EnergyThe Helmholtz Free Energy

T C C C T C T ∗= = + ⋅ =F F S S F F F Fe
a v  A( , , , ) A( , ,x) G( , ,x)    and   

Molar 
Helmholtz

Molar 
Gibbs

Helmholtz per unit 
referential volume

Piola . Deformation 
Gradient

Stress-free  strain 
energy density

Stress-free 
molar Gibbs

T C C C T J W T∗= +F FSF SF e
a vA( , , , ) G ( ,x) ( , ,x)

stress- free

X x
F

1−=f F

∗F Fe

∗f f e

referential spatial
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Piola Stress & Entropy Piola Stress & Entropy 

C 1

0

C

z −

− − −µ −µ ⋅

− ⋅ µ − ⋅ µ + Φ − ⋅ Φ

+ − ⋅ −µ −µ

≥

J J J

J J

S

J

F

F  

h a a v v

v v a a e

a a v v [ ] Grad T
T

                         Grad Grad [

[A S

] Gra

T ]

d

CLAUSIUS-DUHEM  INEQUALITY

HELMHOLTZ  ENERGY
strain energy density per 
unit stress-free volume

Stress-free 
molar Gibbs

T C C C T J W T∗= +F FSF SF e
a vA( , , , ) G ( ,x) ( , ,x)

strain energy density per 
unit referential volumeW

J∗ ∗ ∗ ∗∂ ∂ ∂= = = ≡ =
∂ ∂ ∂

S S f S f F
F F F

SF
e T e -1

e
A W WPiola Stress :   ( )    where       ,    ( )

J∗∂ ∂ ∂= = +
∂ ∂ ∂

FSF SF eA G (T,x) W ( ,T,x)Entropy :  - S C    
T T T
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Chemical Potential Chemical Potential -- Eshelby Stress Eshelby Stress 
CLAUSIUS-DUHEM  INEQUALITY

C 1

0

C

z −

− − −µ −µ ⋅

− ⋅ µ − ⋅ µ + Φ − ⋅ Φ

+ − ⋅ −µ −µ

≥

J J J

J J

S

J

F

F  

h a a v v

v v a a e

a a v v [ ] Grad T
T

                         Grad Grad [

[A S

] Gra

T ]

d

HELMHOLTZ  FREE  ENERGY

T C C C T J W T∗= +F FSF SF e
a vA( , , , ) G ( ,x) ( , ,x)

J    
C

J
C

J      
C

C

J
C C

∗ ∗
∗ ∗ ∗

∗
∗

∗
∗

∗

∗
∗

∂ ∂µ = + + +
∂ ∂

∂ ∂µ = − +
∂

   ∂ ∂⋅ ⋅   ∂ ∂   

   ∂ ∂⋅ ⋅   ∂ ∂  ∂ 

F FC f C f

F FC f C f

SF SF
SF

a

SF SF
S

e T

a a

e T

v
v

v

F

G WG (1 ( )- x) (1- x)   
x x

G WG - x x   
x x

                        

or   

( )    o

          

r   

    
J∗= − = −C 1 F S C 1 F Se SF e T e SF Twhere are the generalized Eshelby stress

                                         
     W ( ) ,  W        
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The Rest Of The Dissipation Inequality The Rest Of The Dissipation Inequality 
1 z )

0−

µ− ⋅ − ⋅ µ + Φ −

µ− ⋅ µ − − ⋅ Φ ≥

J J

J J

F  a
h a a e

v
v v

Grad T [Grad ( Grad T]
T T

                                           [Grad Grad T] Grad
T

z 0−− ⋅ µ −µ + Φ − ⋅ Φ ≥J JF  a a v eGrad [ ] Grad

   + =J Jv aUsing   0 and  for  isothermal  cases

   FOUR  PHENOMENOLOGICAL CONSTANTS
C C   z

1

z

1z
z

= − ∇ µ −µ + Φ − ∇ Φ

= − ∇ µ −µ + Φ − Φ
ρ

∇
ρ

J

J

F  F  

F  
F  

wd

c

a a
a a v e

v
e

h
- a e

D [ ]  
RT RT

 [ ] n  

D

ρ

2Diffusion Coefficient  D[m /s] , Temperature  T[K]
Molar Botzmann constant  R[J/mol  K], Resistivity 
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Electromigration Electromigration 
C C Cz z z∗= − ∇ µ −µ + Φ − ∇ Φ = − ∇ µ −µ + ΦJ F  F  F  a a a

a a v e wd a v
D D D [ ]   [ ]
RT RT RT

electromigration electron-windchemical potential ∗ = +e wdz z z

2Diffusion Coefficient  D[m /s] , Temperature  T[K]
         Molar Botzmann constant  R[J/mol  K]

∗F F

SF

SF e

In terms of strees - free molar Gibbs Energy G (T,x), strain 
energy  density  W ( ,T,x) and eigentransformation (x)

J
C

      
J

1 1J      
C C

∗ ∗
∗ ∗ ∗

∗

∗

   ∂ ∂⋅ ⋅   ∂ ∂

∂ ∂µ −µ = + +
 ∂ ∂

= − = −



C 1 F S C

F FC C

1 F S

f f
SF SF

a v

e SF e T e S

e T

F Twhere

G W   
x x

                                                                             

( ) or   

  W ( ) ,  

x

W

  
x

   are the generalized Eshelby stress 
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Electromigration (continued)Electromigration (continued)

C z∗= − ∇ µ −µ + ΦJ F  a
a a v

D [ ]
RT

J J   and
                   

J                 
C

∗ ∗ ∗

∗

= =

∂ ∂µ −µ = + + ⋅
∂ ∂

F 1

C

SF

SF SF 1/3
o

SF SF

a v

Let  V (T,x) be the stress - free molar volume.  By definition and for 

cubic crystals,   (T,x) V (T,x)/V (T,x ) ,  ( ) , 

G W   [
x x

1 ln J
C

∗∂
∂

1]
x

where    J J J∗ ∗ ∗− − + ∇ − + ∇C 1 F S 1 1 u S 1 1 u SSF T SF SF= W  = W [ ] = W [ ]
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