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ABSTRACT

The pairing of a chemical potential and its associated concentration rate in the
thermodynamic identity is well known. The existence of an experimentally determinable
molar volume as a function of molar concentrations is also widely used in chemical
engineering. What is perhaps less known and infrequently used is the fact that a spatially
nonuniform molar volume leads to a field of geometrically incompatible eigenstrain, or
eigentransformation in finite deformation. This incompatibility forces the material
environment to deform, and the result is a strain energy trapped inside the material body.
The change of this energy with respect to the eigentransformation is a generalized
configurational stress, which, in the limit as the eigentransformation tends to the identity
transformation, tends to the classical energy momentum tensor of Eshelby [1], or the so-
called configurational stress. It is shown that the generalized configurational stress is an
integral part of the chemical potentials that are responsible for atomic diffusion. This
cycle of cause and effect is demonstrated in an axially symmetric setting where the
material configuration is taken to be cylindrically orthotropic.

Symmetry can be used in many occasions to bare the simple meaning of a complex
mathematical expression hiding under the disguise of tensors and index notation. We
used it to elucidate the “missing” term in surface chemical potential in 1996 [2] and are
now applying it to identify the chemical potential in the bulk. Both Professor Thomas C.
T. Ting and I are civil engineering graduates of Tai-Da, but did not know each other until
we joined UIC. It has been a wonderful friendship of many stimulating anisotropic
discussions and numerous delicious potluck dinners. Happy birthday, Tom!

Keywords: Energy momentum tensor, configurational stress, chemical potential, and
eigentransformation.

INTRODUCTION

The configurational deformation of a single-component solid from a uniform
reference state to a nonuniform state is characterized by an eigentransformation that may
be defined in terms of the underlying crystal structure and the experimentally measured
molar volume of the solid. If the uniform reference state is defined in a fixed reference

coordinate system X, then the effect of an eigentransformation, F*, is to convert a
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differential element dX into a new differential element dX* = F*dX. For convenience,
X®" will be referred to as a stress-fiee coordinate system. An eigentransformation field
is, in general, incompatible and, as a result, must be accompanied by an elastic
transformation, F°, so that the combined effect is an integrable deformation-gradient
field, F=F°F", and dx = F dX is the differential element in the spatial coordinate system
x. In general, neither dX* = F*dX nor dX* = F'F'dx is integrable but F* =FF"" ties
the stress-free element dX* to the spatial element dx. We exploit this last observation
by insisting that the Helmholtz free energy involved in dX — dx may be obtained in
terms of the enthalpy of mixing in dX — dX* and the elastic strain energy in
dX* — dx . The derivative of this free energy with respect to the eigentransformation is
a generalized configurational stress, which, in the limit as the eigentransformation tends
to the identity transformation, tends to the classical energy momentum tensor of Eshelby

[1]. Moreover, the generalized configurational stress may be directly linked to the
chemical potential, a result that was first reported by Wu [3].

The eigentransformation in a single-component solid with vacancies as well as the
three-way transformations among the three sets of coordinates are explicitly defined in
Section 2 in an axially symmetric setting. The thermodynamics of a single-component
solid is presented in Section 3 where the desired Helmholtz free energy is established in
terms of the molar Gibbs free energy and the isothermal strain energy per unit stress-free
volume. This concept was first conceived in a recent paper by Wu [3]. A number of
related results may be found in Sandler [4], and Larche and Cahn [5].

THE EIGENTRANSFORMATION IN A SINGLE-COMPONENT SOLID WITH
VACANCIES

Let a single-component solid be defined by a molar concentration [mol/m’] C, and a
vacancy concentration C_, so that the total molar concentrationC, which is the number
of available lattice sites per unit volume, and the associated mole fractions x, =C, /C
and x, =C, /C satisfy

C=C,+C, l=x, +x,. (1)
Since the two mole fractions are not independent, we express them in terms of a single
mole-fraction value x as follows
X, =X, X,=lx. (2)
The use of x as the kernel letter for mole fractions is a historical one and should not cause
any confusion with the three components of the spatial coordinate system.

Let V(P,T,x) be the molar volume [m’ / mol]of the solid at pressure P, temperature
T, and mole fraction x. It is an important material property that may be experimentally
determined. The molar volume V(0,T ,x,) may be used to define a uniform state for a



solid body occupying a region V in a chosen reference cylindrical coordinate system
X:(R,0,Z). Axial symmetry is implied throughout the paper. When T =T(R,t), and

hence x =x(R,t), becomes radially nonuniform, the associated V(0,T,x) may be used

to compute the associated diagonal eigentransformation F° defined in terms of
J (R, 1) = V(0,T(R,1),x(R, 1))/ V(0,T,,x,) by

F 0 0] [Ay 0 0 K, 0 0
FF=|0 F, 0|=[0 A, 0=0)"]0 K, 0|, KKK,=1(3)
0 0 E,| [0 0 A 0 0 K,

where K., K, K, are constants that may be related to the underlying cylindrically

orthotropic crystal structure (The deformation of cylindrically orthotropic cylinders has
been the investigation of a number of Ting’s numerous publications on anisotropic

elasticity [6,7,8]). For convenience, we let dX*" = (dp,pd9,dg) to represent the result of
applying F" to dX =(dR,Rd®,dZ) and use
dX¥ =FdX, dr¥=Jdr 4)
to stress the existence of a stress-free state. The molar volume V(P,T,x) may be written
as
IJCV(P,T,x)]
oC,

i P.T,Cy;

where the subscript i is either a or v, and V,(P,T,x)and V, (P, T,x)are the partial molar

V(P,T,x)=x,V,(P,T,x)+x,V,(P,T,x), V.(P,T,x)= (5)

volumes.

The transformation F° is, in general, incompatible in the sense that the first of (4)
cannot be integrated to obtain p as a single-valued function of R. The solid body, which

occupies V in (R,0,Z), is therefore forced to deform into a new configuration that
occupies v in a spatial coordinate system (r, 6,2) . The associated transformation is the

diagonal deformation gradient F defined by

F, 0 0] [A, 0 07 [ax/oR 0 0
F=|0 F, O0([={0 A, O|= 0 /R 0 |, (6)
0 0 FE,| |0 0 A, 0 0 0z/0Z

where z=A,(t)Z is presumed. Finally, the combination of F and F" is termed the

elastic transformation F° = FF™', which has the principal form

A, 0 0 Ay A 0 0
FF=FF'=| 0 A, 0]|=| 0 Ay /A, 0 , (7)
0 0 A 0 0 A, /N,

We have, with dx = (dr,rd8,dz),



dx =FdX, dv=JdV, J=detF (8)

dx = FdX®™, dv=IdV®, JI°=detF*=]/J" 9)

which, together with (4), complete the needed three-frame kinematics. Let us now denote
the pressure in the spatial coordinate system by p(r, t), then v(p,T,x), which is just

V(p(x,t),T(x,t),x(x,t)), is the partial molar volume of the mixture associated with (p,
T, x) which happens to be present at (r, t). Thus,
_ _v(p.T,x) - v(p,T,x) , (10)
V(0,T,,x,) V(0,T,x)
which compliments (3). We now identify C=1/V(0,T ,x ), so that C is the constant
number of lattice sites per unit volume of the solid in X: (R,@,Z). Molar densities may

now be defined in terms of unit volumes in x:(r,0,z) and X* :(p,9,5). The three sets
of densities are:
C=C,(R,t)+C,(R,t), C*=CF(R,t)+CX(R,t), c=c,(r,t)+c (r,t). (11)
There are also the identities:
J =dV¥/dv =C/C*(R,t)=C,(R,t)/C(R,t) =C (R,t)/CS"(R,t),  (12)

J=dv/dV =C/c(r,t) =C,(R,t)/c,(r,t) =C_(R,t)/c (1,1), (13)
Je=dv/dV® = C (R, t)/c(r,t) =CF(R,t)/c,(1,t) = CX(R,t) /c,(r,1), (14)
x,=c,/c=C/C=C"/C*" (i=aorv). (15)
In terms of the partial molar thermodynamic description of (5), we have
T =TT T TN, TeT0=SHEL )
Ci P.T.ci
VOTx) =X T0T,x) %, V.0T,x).,0.T,x,) - L9y
i PT.C,

where, again, the subscript i is either a or v. It follows from the first of (9) and the above
that

v.(p,T,x)=1V,(0,T,,x,), v,(p,T,x)=IV,(0,T,.x,). (18)
We conclude this section by defining the following convenient symbols for a number of
inverse quantities:

f=F"' j=1/]; f'=F", 7=1/J; f£=F", j=1/I. (19)

THE THERMODYNAMICS OF A SINGLE-COMPONENT SOLID WITH
VACANCIES

Mass Balance

The mass balance equations are:



X, =12 (1,), ok, =—r(t],), 0)

where j, and j, are the radial mass and void diffusion fluxes [mol/m’s] defined with
respect to the spatial coordinate system Xx: (r, 6,2) and over dots indicate material time

derivatives. It is implicitly assumed that j_ and j  are zero. The result of expressing the

above in X is

. aC 1 0 . oC 1 0
C =—"a—-__ ~ (RJ C. =" — ~ (RJ 21
*ot RaR( w)> G ot RaR( w) @

where
Jir = AZA(aja » Je = AZAijr’ =)= 0 (22)

Vv

are the components of the diffusion fluxes [mol/m’s]defined with respect to the
referential coordinate system X:(R,0,Z).

Energy Balance

We balance the energy associated with an arbitrary cylindrical volume, r, <r <r  and
0<z<z :

st (- o]
01 i . .

where U is the molar internal energy,  and z are the r- and z- components of the velocity
X, ] - and jqZ are the r- and z- components of the heat flux vector Jq> and (Gr,Ge,GZ) are

the principal Cauchy stresses. Converting the right-hand side of the above into a volume
integral, we obtain

d w0 . N
™ '([ ;[ cU2nrdrdz = '([ !{E(rrcr — 1Ty ) + g(zcsz o )} 2nrdrdz. (24)
Applying the condition j,, =0, the heat balance equation
i . 10/.
cq =—divj, :_;5( qu), (25)
and the quasi-static equations of equilibrium
19 (16)-% =0, Zq =0, (26)
r or r 0z
we obtain from (24) the local form of the energy equation
CQICC.I-I-@GF-%EGQ-%%GZ (27)
= or r 0z
The result of converting the above into the X-representation is
U=CU=Q+P,A, +P,A,+P,A, (28)



where U = CU is the internal energy per unit volume in X, Q = Cg , and (PR, PG,PZ) are

the principal Piola stresses, which are related to the principal Cauchy stresses by
P=Jfoc : P,=A,Ag0,, Py=A,Ayc,, P,=AA.0C,. (29)

Entropy Balance and The Second Law

The statement, for j,, = j,, =j,, =0, is:

T,

%Zf rjocgznrdrdz + [( Jor ~Madu — uvjvr)%zmzo]’ >0, (30)
0

where S is the molar entropy and p, and p, are the chemical potentials. The surface
term in the above equation is again converted into a volume integral and the result is

d ¢t o, . ) AT
— | 1 cS2nrdrdz + | | — - - — |2ntrdrdz > 0. 31
dt” S Hr@r[(“ Mol uVJW)T} (31)
The associated local forms are:
. . 1. 0T . . O . . o0
cIS-cq——j, . —+c -Tj —| = |+c =Ty, —| =120, 32
S M Jarar(T] X, Jvrar(T) (32)

OR OR\ T
where S =CS is the entropy per unit volume in X. Introducing Helmholtz free energy per

TS_Q_%JqRS_IZ+Maca —TJaRi(%jHJVCV _TJvRi(MVjZ 0, (33)

unit volume in X by A =U-TS and combining (28) and (33), we obtain the Clausius-
Duhem inequality

~[A+ST-PA, Py —P,A, —p,C, —p,C, |
. (34
_LJré’_T_TJWi(h)_TJari(&jzo
T *0R OR\ T OR\ T
It follows that the above constitutive constraint may be met by the use of
A(Ay, A, A, T,C,,C )=CA(A;,Ag,A,, T,x), where A is the molar Helmholtz

energy, as a potential such that
O0A O0A O0A _0A OA OA

=——, P=—— Pp=——, Pp=——, p =, p=—r, (35
ot o et T Mt T Y
and

1 0 o u 0 u

—J —T-TJ, —=r—TJ — 2>, 36

T ® &R WOR T ®OR T (36)

The main purpose of this paper is to link the chemical potentials to an appropriately
defined energy-momentum tensor or configurational stress. This is accomplished by the
Helmholtz energy introduced in the following section.



THE HELMHOLTZ FREE ENERGY

We begin with the assumption that the stress-free molar Gibbs energy
G”(T,x)=G(0,T,x) and the isothermal strain energy per unit stress-free volume
WSF(AR,AG,AZ,T,CSF,CiF) are known, as they are the mixture properties that can be
experimentally measured. The desired Helmholtz free energy per unit volume of V' in X is

A(F,T,C,,C )=CA(F,T,x) and F=F°F (37)
where the tensors F*,F, and F° are defined by (3), (6), (7). The molar Helmholtz energy
A(F,T,x)=G(P,T,x)+P-F/C has the properties

ALT,,x,)=0, (38)
A(F',T,x) =G (T,x) = G(P,T.x)| (39)

A(FF’,T,x) = A(F", T,x) + A™ (F*, T,x),
AY(F,T,x) = [A(FF,T,x) - A(F', T,x)]
The condition (38) sets the uniform state as a reference, (39) follows from the fact that
F'is the stress-free eigentransformation at temperature T and composition x, and the

P=0’

(40)

definition of A requires that A> (I, T,x)=0. Using the above properties, we obtain
from (37)
A(F,T,C,.C,) = CA(FF', T,x) = CIA(F", T,x) + A" (F", T.x)], or (4]

A =CG(0,T,x)+ %CSF A% (F°,T,x) = CG™ (T,x) + W (F, T,C,C), (42)

where (12) has been used and W™ (F°, T,C,C%") = C* A™ (F°, T,x) is the strain energy
per unit stress-free volume at temperature T and concentrations C)" and C}". In the

following we shall ignore the dependence of strain energy density on concentrations and
write W = W3 (F°,T).

In terms of the principal forms of F*,F, and F°, the desired Helmholtz energy is
A(Ag A, A, T,C,,C)=CG™ (T,x)+ W (Ag,Ag,A,,T), (43)

W (A Ag Ay T)=TW (A5 ASLASLT), (44)

where W is the strain energy density per unit volume in X and the application of (7) is
presumed. The principal stresses are now calculated by substituting (43) into (35) and
applying (7). We get

* SF ® SF

PR:(?AZGW:J* oW :J_*P;’ Pﬁzaw } 43)
0N, OA, A, OAS A} oA,
oA oW IF oW I | . OW™

P@: = = . . :—* > P@: o o (46)
0Ny 0N, Ay 0N, Al oA,



* SF * SF
PZ:8A:8W:J*6W :J_*P;’ PI::EiW ' 7
0N, OA, A, OA, A, OAS,
The chemical potentials may also be calculated from (35) and (43). The expression for
u, 1s
o 1* OAL i3, 1* O\ 3, 1* oA, (48)
Ay oC, Ag OC, A, oC,
where p" is the partial molar Gibbs stress-free free energy given by
— 0
SF _ (SSF __ o SF
W =G (T,x) = . [ CG™ (T.x) ], (49)
and (2;,%,,%, )are the principal configurational stresses defined by
Y. =W-PA, =Ty, = =WY-PAg, (50)
To=W-PA, =T, Z¥F=W"-PAS, (51)
T, =W-PA,=1%, IF=W¥_PAS. (52)

The chemical potential p, finally becomes

1 oI 1 or
=+ (Zp 20 +2,)| === | =1 +(BW =P Ay —PoAy —PA, )| —— . (53
M, =M, ( R o z) 37 oC, U, ( rR{OVR T FelNg — I z) 31 eC, (53)
It is noted that the configurational stress, or energy momentum tensor, in tensor notation
is = WI-PF. The chemical potential p, may be obtained from either (48) or (53) by

changing all subscripts a to v. The derivation of the configurational stress (energy
momentum tensor) via the introduction of an eigentransformation has been reported in
Wu [3], Epstein and Maugin [9], Maugin [10]. The linking of the eigentransformation to
the underlying molar volume in this connection appears to have been first introduced by
Wau [3]. This step, while trivial in many ways in hindsight, is necessary in completing the
widely held belief that configurational force is a “material driving force” responsible for
configurational evolution [11]. Our approach has also enabled us to arrive at the chemical
potential (48) in its most complete and nonlinear form, as opposed to the special nature of
several published results Larche and Cahn [5,12,13], Stephenson [14], Bartholomeusz
[15].

EIGENTRANSFORMATION AND ELASTIC DEFORMATION

Nonuniform elastic deformations of a solid contribute to the non-uniformity of the
associated chemical potentials, which, in turn, cause atoms to diffuse. The resulting
nonuniform molar concentrations, however, lead to a state of eigentransformation and the
incompatible nature of which forces the solid to deform further. This nonlinear, three-
way interplay among deformation, diffusion and Eigentransformation, is briefly
summarized in this section. Under isothermal condition and when the fluxes of the
element and vacancy are conserved J , +J , =0, (36) becomes



0
-J ., — W, —u,)=0. 54
aR 8R (Ma l’l‘v) ( )
The associated flux equation may be written as

0
=-D —(u — 55
® aaR(ua u,) (55)

where D, is a phenomenological coefficient (Groot & Mazur[16], Prigogine [17]). The

J

diffusion associated with (55) describes the atomic motion, but the atomic motion-
induced deformation is now absorbed in the chemical potential via (48). Finally, the
diffusion equation (21a) and the equation of equilibrium (26a) form the governing

equations for the determination of C, (R,t) and r(R,t).
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