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Abstract

The title problem is studied for a linear surface energy density with two surface stress
coe�cients. In terms of a Young's modulus E and an applied traction T, the perturbation

of a smooth (equilibrium or nonequilibrium) con®guration a�ected by a surface stress So is
proportional to SoT/E, which is small but depends on the sign of T. It is shown that,
through the existence of an interaction energy between the applied traction and the surface

stress, a Gri�th crack can actually be strengthened (weakened) by a crack-parallel tension
(compression) via surface stress, an intuitively reasonable conclusion that does not follow
from linear elasticity. In general, surface stress can e�ectively reduce an applied stress-

intensity factor to a lower e�ective stress-intensity factor. # 1999 Elsevier Science Ltd. All
rights reserved.
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1. Introduction

When an elastic body, characterized by a Young's modulus E and a linear
dimension ao, is subjected to a traction of magnitude T, the volume elastic energy
Ue is of the order of magnitude given by
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Ue � O�a3oT 2=E �: �1�
At the same time, if a constant surface energy density Go is su�cient to describe
the surface response, the total surface free energy Us is

Us � O�a2oGo�: �2�
The so-called surface e�ect becomes signi®cant if

Us=Ue1O�1�: �3�
For example, when aluminum (E = 7 � 1010 N/m2, Go=1 J/m2) is subjected to a
high level of stress, say, T = 4 � 108 N/m2, the above consideration yields

a0 � O�10ÿ6 m�, �4�
with an accompanying strain

T=E � O�10ÿ2�: �5�
Once the condition (3) is met, the relative importance of the volumetric and
surface portions of the total energy may be altered by a change in the shape of
the surface. Thus, the con®gurational equilibrium of a solid or, more speci®cally,
a solid-surface system may be altered by surface di�usion. The morphological
instability of surfaces of stressed solids is such a problem that has received the
most attention (Asaro and Tiller, 1972; Grinfeld, 1986; Srolovitz, 1989; Gao,
1991; Freund, 1995; Spencer and Meiron, 1994; Yang and Srolovitz, 1994). There
is also the class of problems dealing with di�usive cavity growth and the
subsequent formation of cracks (Rice and Chuang, 1981; Gao, 1995; Chiu and
Gao, 1993; Suo and Wang, 1994; Wang and Suo, 1997).

What is fundamental to the aforementioned results is a chemical potential C
de®ned by

C � �Wÿ GoK �O �6�
where W is the strain energy density, Go an assumed constant surface energy
density, K the mean curvature of the surface, and O the atomic volume, all
expressed in terms of a chosen referential con®guration. This form of chemical
potential is known to be incomplete (Murr, 1975; Leo and Sekerka, 1989), and a
full nonlinear expression, together with its dual representation in spatial form,
may be found in Wu (1996). The same result, together with additional orientation
dependence, may also be derived from a rate calculation (Freund, 1997). An even
more comprehensive treatise may be found in the most recent work of Norris
(1998). It su�ces to say that if the surface energy density is assumed to be a
constant at the outset, the resulting chemical potential will turn out to be
incomplete.

In a plane strain setting, the deformation of a surface is de®ned by a single
surface stretch ratio L. The surface energy density G is, in general, a function of
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L, i.e. G=G(L). The immediate consequence is a surface stress S de®ned by

S � @G=@L, �7�
which is not found in the incomplete expression (6). In this paper, G is assumed to
be linear in L, viz.

G � so � SoG � �so � So� � So�Lÿ 1� �8�
where so and So are two surface stress coe�cients. It follows from the de®nition
of G that the energy required in forming a new unit area of surface is Go=so+So.
Also, the surface stress is a constant residual stress So. The main objective of this
paper is to determine the e�ect of So on some of the known results obtained on
the basis of the incomplete chemical potential.

The energy (8) may be extended to include a quadratic term in (Lÿ1), so that
the surface stress also depends linearly on Lÿ1. This is the theory investigated by
Gurtin and Murdoch (1978), where a number of solutions to what was termed a
`mechanical theory' were obtained. Mechanical theories deal with the
deformational aspect of solids. Our emphasis here is more on an `energy theory'
dealing with con®gurational changes.

In the presence of a surface curvature 1/r, the e�ect of So on the solid
boundary is a normal traction So/r. If r is of the order of ao of (1), then the
volume elastic energy Ue derived from an applied traction T and an additional
surface stress-induced traction So/ao may be found to consist of three terms:

Ue:a
3
oT

2=E, a2oTSo=E, aoS2
o=E �9�

where the middle term may be identi®ed with an interaction energy, the result of
coupling of two loading systems. It is commonly accepted that So and Go are of
the same order of magnitude. Then

�a2oTSo=E �=Us � O�T=E �, �10�
which implies that the interaction energy is a second order e�ect. It also indicates
that the third term of (9) is even less signi®cant. The inclusion of the interaction
energy, however, is important in that it breaks the stress symmetry so that the sign
of T actually has a role in the ®nal result (Grilhe, 1993; Wu, Hsu and Chen,
1998).

When the interaction energy is included in the consideration of a Gri�th crack
of length 2ao, we have found that the e�ect of a crack-parallel tension is an
increase in the critical value for the applied stress-intensity factor. This result,
while second order and intuitively obvious, appears to be new in that it cannot be
proved in the context of linear elasticity.

Surface stress enters a problem through its interaction with a nonzero surface
curvature. The surface stress S=So actually couples with the curvature of the
deformed surface which, in terms of linear elasticity, may be approximated by the
curvature in the reference con®guration. This was implicitly assumed in obtaining
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(9). If a crack is deformed by a nonzero stress-intensity factor, the curvature in
the neighborhood of a tip is large. This large curvature, interacting with the
surface stress So, is capable of reducing an applied stress-intensity factor to a lower
e�ective stress-intensity factor. This reduction is carried out by an approximate
calculation, and is found to be of ®rst order in that it depends only on So/Go.
Chuang (1987) had similar considerations and results.

2. Elasticity with surface energy

2.1. Kinematics

We consider plane strain deformations of a body whose plane section is
identi®ed with a doubly-connected two-dimensional region B in its reference
con®guration, Fig. 1. The deformation of the body is described by mappings from
B to two-dimensional region b. A material particle is labeled by its position vector
Z=ZIeI in B, and its position in b is denoted by z=ziei, in which {e1, e2} is a set
of ®xed unit vectors in the plane under consideration, and zi and ZI are the
Cartesian coordinates of a particle in b and B, respectively. The deformation is
then de®ned by a displacement u, so that

z � Z� u�Z�, Z 2 B: �11�

Fig. 1. The cross section of an arbitrary cylindrical void.
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The deformation gradient tensor F is de®ned by

F � Grad z � I�Grad u, �12�
where Grad is the gradient operator in B and I the identity.

Let the boundary BÃ of B be parametrized by its arclength L, i.e.

B̂:Z � X�L� � X1�L�eI �13�
where the positive sense of L is chosen in such a way that on moving in the
positive sense along BÃ, B lies to the left. The positive exterior normal N is simply
given by

N � X 0�L� � e3 �14�
where e3=e1 � e2 and X '(L ) is the tangent to the boundary. We have

X 00 � N=R �15�
where 1/R is the curvature of BÃ. The image of BÃ in b is the boundary bÃ de®ned by

b̂:z � z�l� �16�
where l is the arc length along bÃ. It follows from (11), (12) and the above that

x�l � � X�L� � u�X�L��, �17�

x 0 � FX 0 dL=dl, �18�
where x '(l ) is just the tangent to the deformed boundary. The stretch L of BÃ is

L2 � �dl=dL�2 � FX 0 � FX 0: �19�
The outward normal n to bÃ is

n � x 0�l� � e3, �20�
and

x 00 � n=r �21�
where 1/r is the curvature of bÃ.

The boundary BÃ of the doubly connected region B consists of an interior
boundary BÃ i and an exterior boundary BÃo. It is assumed that standard traction
conditions of elasticity are prescribed on BÃo. The interior boundary, though, is
further endowed with a surface energy of surface deformation.

2.2. Bulk and surface energies

Let W(F) and G(L) denote, respectively, the bulk and surface energy densities
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per unit reference volume and surface area. We write the potential energy P for
the system as follows:

P � Ue �Us ÿ V �22�

where

Ue �
�
B

W dA, Us �
�
B̂i

G dL, �23�

and V is the work done by the traction applied on BÃo. For a virtual displacement,
du, we have

dV �
�
B̂o

P�o� � du dL �
�
b̂o

T�o� � du dl �24�

where P(o) and T(o) (P(o)=LT(o)) are applied boundary traction. The result of
taking variation of P and then converting the outcome in terms of the spatial
con®guration is (Wu, 1996):

dP � ÿ
�
b

Tij,iduj da�
�
b̂i

�
Tijni ÿ d

dl
�Sx 0j �

�
duj dl�

�
b̂o

�Tijni ÿ T
�o�
j �duj dl

(25)

where Tij is the Cauchy stress tensor and S the surface stress given by

S � @G=@L: �26�

2.3. Surface accretion and chemical potential

Let the interior boundary BÃ i be given a virtual shape change dX de®ned by

dX � NdH �27�

where N is the normal given by (14). The associated potential energy change,
denoted by d�P, was found to be

d�P � ÿ
�
B

EIJ,INJdH dA�
�
B̂i

�
EIJNINJ ÿ d

dL
�sX 0I �NI

�
dH dL �28�

where EIJ is the Eshelby Energy±Momentum tensor given by

EIJ �WdIJ ÿ �@W=@FiI�FiJ �29�

and s a surface quantity de®ned by
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s � Gÿ �@G=@L�L: �30�
We have summarized our earlier results (Wu, 1996) in the form of (25) and (28)
because deformational equilibrium is more readily visible in the spatial coordinate,
while con®gurational modulations are easier to see in the reference space. The
main objective of this paper is to examine the e�ect of the boundary condition on
bÃi, (25), on the line integral of (28). The integrand of this line integral may be
made to conform to a chemical potential, but we have found it unnecessary to
make such identi®cation for the purpose of this paper.

2.4. Elasticity and linear surface energy

The bulk material is assumed to be linearly elastic, so that the Cauchy stress Tij

of (25) are given by

Tij � 2meij � 2mn
1ÿ 2n

dijekk, �31�

eij � �ui,j � uj,i �=2, �i,j,k � 1,2�, �32�
where m and n are, respectively, shear modulus and Poisson's ratio. For the
surface energy, we use the Laplace±Herring model of Grinfeld (1994), which is a
linear function of the surface stretch ratio, viz.

G�L� � so � SoL � Go � Soe �33�
where so and So are two surface stress coe�cients, e=Lÿ1, and

Go � G�1� � so � So: �34�
It follows from the above, (26) and (30) that

S � @G=@L � So, s � so: �35�
We are not aware of any known theoretical or experimental results dealing with
the dependence of G on e. However, it is commonly accepted that G and S are of
comparable orders of magnitude (Murr, 1975). Using a plausible argument based
on certain universal features derived from experimentally veri®ed binding-energy-
distance curves (Rose et al., 1981, 1983; Ferrante et al., 1983), the following result
was established by Wu, Hsu and Chen (1998):

So � �1ÿ n�Go: �36�
In any case, the use of (34) and (35) will be adopted in our calculation.

The boundary condition on bÃi, the second integral of (25), now becomes

Tijninj � So=r, Tijnix
0
j � 0, �37�

where we recall, with emphasis, that 1/r is the curvature of the deformed surface.
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Since the bulk material is assumed to be linearly elastic, 1/r is essentially 1/R, the
curvature of the undeformed surface, for most cases. One outstanding exception
occurs at the tip of a crack, where the ¯at crack surfaces are opened up into a
sharp elliptic nose and the e�ect of So/r, (37), becomes most pronounced. This
last phenomenon will be estimated by an approximate calculation in Section 4.

3. A cylindrical void in a solid

3.1. Potential energy

Fig. 1 illustrates the cross section of a cylindrical void in a solid, a two-
dimensional specimen subjected to traction applied on the external boundary Bo,
but not on the void surface Bi. The cross-sectional shape of the void is arbitrary,
but not crack like so that the deformed shape, bi, may be taken to be the same as
the undeformed shape in the context of linear elasticity. Thus, the associated
elastic ®eld (ui, eij, Tij ) is solved from

Tij,i � 0 in B, �38�

Tijni � T
�o�
j on B̂o, �39�

Tijninj � So=R on B̂i, �40�

Tijnix
0
j � 0 on B̂i, �41�

where we have replaced r in the exact expression, (37), with R. It is also clear in
this setting that n is approximately the same as N. We ®nd it convenient to split
the elastic ®eld into two separate ®elds, i.e.

�ui,eij,Tij � � �u�o�i ,e�o�ij ,T
�o�
ij � � �u�i �i ,e�i �ij ,T

�i �
ij � �42�

where

T
�o�
ij ni � T

�o�
j on B̂o and T

�o�
ij ni � 0 on B̂i, �43�

T
�i �
ij ninj � So=R and T

�i �
ij nix

0
j � 0 on B̂i, �44�

T
�i �
ij ni � 0 on B̂o: �45�

The strain-energy density W of (23) is now considered a function of eij. The elastic
energies associated with the three ®elds of (42) may be separately computed. They
are
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Ue �
�
B

W�eij �dA � 1

2

�
B̂o

T�o� � u dL� 1

2

�
B̂i

So

R
n � u dL, �46�

U �o�e �
�
B

W�e�o�ij �dA �
1

2

�
B̂o

T�o� � u�o� dL, �47�

U �i �e �
�
B

W�e�i �ij �dA �
1

2

�
B̂i

So

R
n � u�i � dL: �48�

It follows from substituting (42) into (46) and applying (37) and (48) that

Ue � U �o�e �U �i �e �
1

2

�
B̂o

T�o� � u�i � dL� 1

2

�
B̂i

So

R
n � u�o� dL: �49�

The total (void) surface energy is

Us �
�
B̂i

�Go � Soett�dL, �50�

which follows from (33) with ett being the circumferential strain, i.e.

ett � ÿu � n
R
� @

@L
�u � x 0�: �51�

The total surface energy now becomes

Us � GoLÿ
�
B̂i

So

R
n � �u�o� � u�i ��dL �52�

where L is the total arc length of the cylindrical void. Substituting (49) and (52)
into (22), and applying (47) and (48), we obtain the total potential for the elastic
solid and void surface

P � ÿU �o�e � GoLÿ
�
B̂i

So

R
n � u�o� dLÿU �i �e �53�

where use has been made of the reciprocal identity�
B̂i

So

R
n � u�o� dL �

�
B̂o

T�o� � u�i � dL: �54�

3.2. A circular cylindrical void ®lled with ¯uid

Consider a circular cylindrical void of radius ao in the center of a cylinder of
radius ro. The void is ®lled with a ¯uid under pressure p, and the boundary
condition for the solid at r=ao is therefore modi®ed by replacing So/ao with So/
aoÿp. The plane-strain elastic ®eld, for ao/ro R 1, is
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ur � �1� n�T �o�ao

E

�
ao

r
� �1ÿ 2n� r

ao

�
ÿ �1� n��So ÿ pao�

E

�
ao

r
� �1

ÿ 2n�aor

r2o

�
, �55�

where T (o) is the applied traction at ro, and the two terms are, respectively, u (o)
r

and u (i)
r . The four terms of the full potential P, (53), are

ÿU �o�e � ÿ
p�1� n�T �o�2

E
��1ÿ 2n�r2o � 2�1ÿ n�a2o�, �56�

GoL � 2pGoao, �57�

ÿ
� �

So

R
ÿ p

�
n � u�o� dL � 4p�1ÿ n2�T

�o�a2o
E

�
So

ao

ÿ p

�
, �58�

ÿU �i �e � ÿ
p�1� n�

E
�So ÿ pao�2: �59�

The ®rst term of (56) re¯ects the size of the specimen, while the second, that of
the void. Eq. (57) gives the contribution of the constant surface energy Go. The
e�ect of surface stress So is brought into the picture by (58) and (59).

The total potential P is now obtained as a function of the void radius. For
con®gurational equilibrium, the energy equation is @P/@ao=0 or

2�1ÿ n2�
E

"
T �o�

2 � 2T �o�p� p2

2�1ÿ n�

#
ao

� Go

�
1� 2�1ÿ n2�So

Go

T �o�

E
� �1� n�So

Go

p

E

�
: �60�

Traditionally and for solid surfaces, the surface energy G, (60), is taken to be a
constant Go, so that @G/@L is zero. The associated incomplete energy equation
may be deduced from (60) by setting So equal to zero.

Since Go and So are of comparable orders of magnitude, it is seen from (60)
that the e�ect of So is of the small order of T (o)/E or p/E. While it is not
uncommon for the indicated ratios to reach as large as 5%, the contribution of
surface stress can only be considered second order in the context of a linear
theory de®ned by (58) and (60). Nevertheless, the result is signi®cant in that it
breaks the stress symmetry, so that the equilibrium radius is actually a�ected by
the sign of T (o). Similar calculations have shown that thin ®lms grown under
tension behave di�erently from those under compression (Wu, Hsu and Chen,
1998).

Finally, if the ¯uid pressure p is absent, then
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U �i �e � p�1� n�S2
of=E, �61�

where f = 1 for the present case of a circular void. For an arbitrary cylindrical
void, f may be obtained in terms of geometric parameters. Since

T �o�
2

ao=EGo � O�1�, �62�
by (60), we ®nd

U �i �e =Goao � O�T �o�=E �2: �63�

The last term of (53) will henceforth be dropped from consideration.

3.3. An elliptical void

Let ao be the radius of a reference circular void. The family of ellipses having
the same area as the circle, pa 2

o, is given by

x1 � a cos f � ao��1�m�=�1ÿm��1=2 cos f, �64�

x2 � b sin f � ao��1ÿm�=�1�m��1=2 sin f, �65�
where m=ÿ1, 0, +1 correspond, respectively, to a vertical slit of length 2b, a
circle of radius ao, and a horizontal slit of length 2a. In terms of the complex
z(=x1+ix2)-plane, another complex z(=z1+iz2)-plane, and the mapping

z �M�z� � A�z�m=z�, A � ao=�1ÿm2�1=2, �66�
the family of ellipses is just z=M(e if). This void is situated in an in®nite solid,
which is loaded at in®nity by T11=T1, T22=T2 and T12=0. The elasticity solution
satisfying this loading condition and the traction-free condition on the void
surface is given by (u (o)

i , e (o)ij , T
(o)
ij ) of (42) and (43). It may be expressed in terms

of a single complex function O(z ), which is holomorphic outside the unit circle in
the z-plane, viz.,

O�z� � A

4
�T1 � T2�z�

�
A

2
�T1 ÿ T2� ÿ Am

4
�T1 � T2�

�
1

z
, �67�

2m�u�o�1 � iu
�o�
2 � � kO�z� � O�1=�z� ÿ bM�z� ÿM�1=�z�cO 0�z�=M 0�z�: �68�

1This solution is now used to calculate the ®rst three terms of the potential P
given by (53). If the surface stress is ignored, the potential P is merely the ®rst
two terms of (53), which has been studied by Suo and Wang (1994). We therefore

1 k=3ÿ4n for plane strain and (3ÿn )/(1+n ) for plane stress.
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concentrate on the determination of the third term, the coupling of the surface
stress and the load.

Using the complex representation of the ellipse z=M(e if), we obtain

dL

R
� �1ÿm2�df

1�m2 ÿ 2m cos 2f
: �69�

The displacement of the void surface is

u
�o�
1 � iu

�o�
2 �

�k� 1�A
8m

"
�T1 � T2�

�
zÿ m

z

�
� 2�T1 ÿ T2�1z

#
�70�

where z is e if. Along the void surface

ÿn � u�o� � Re

�
ÿ �u�o�1 � iu

�o�
2 �i

dz

dL

�

� �k� 1�A
8m

�T1 � T2��1�m2 ÿ 2m cos 2f�1=2 �71�

��k� 1�A
4m

�T1 ÿ T2��cos 2fÿm��1�m2 ÿ 2m cos 2f�ÿ1=2:

For the body with an elliptic hole and the body with a circular hole, the potential
energy di�ers by

DP � P�m,T1,T2� ÿP�0,T1,T2� �72�
where P is calculated from the ®rst three terms of (53). We have, for plane strain,

Dp � ÿl
�

m

1ÿm
ÿ m

1�m
s2
�
� � p�m� ÿ 1� � ceof�1� s��p1�m� ÿ 1�

ÿ 2�1ÿ s�p2�m�g �73�

where

Dp � DP
2paoGo

, l � �1ÿ n2�aoT
2
2

EGo

, s � T1

T2
, c � So

Go

,

eo � �1ÿ n2�T2

E
:

�74�

The functions p(m ), p1(m ) and p2(m ) are given by

p�m� � �1ÿm2�ÿ1=2q�m�, p1�m� � �1ÿm2�1=2q1�m�,

p2�m� � �1ÿm2�1=2q 01�m�,
�75�
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where

q�m� � 1

2p

�2p
o

�1�m2 ÿ 2m cos 2f�1=2 df, �76�

q1�m� � 1

2p

�2p
o

�1�m2 ÿ 2m cos 2f�ÿ1=2 df: �77�

For computational purposes we have found the following expansions su�ciently
accurate:

q�m� � 1� 1

4
m2 � 1

64
m4 � � � � , �78�

q1�m� � 1� 1

4
m2 � 9

64
m4 � � � � �79�

Setting c = 0 in (73), we recover Eq. (25) of Suo and Wang (1994). It is seen that
while l is insensitive to the sign of T2, eo is. For a ®xed set of system parameters
(E, n, Go, So, ao) and a ®xed stress ratio s=T1/T2, the stability of an elliptic void
characterized by m is to be determined in terms of the control stress T2. If the
e�ect of surface stress is to be ignored, i.e. c=0, the most convenient form of a
control parameter is l. This is why the stability investigations of Suo and Wang
(1994) are presented in the l-m plane. For a nonzero c, the e�ect of eo must be
included. However, eo also depends on the control stress T2. Thus we write

eo �2d1=2l1=2, d � �1ÿ n2�Go=aoE1 �T2=E �2 �80�
2where d is another system parameter, and2refers to the sign of T2. Finally, we
will restrict ourselves to the case

0Rs � T1=T2R1, �81�

so that both T1 and T2 are of the same sign. The potential Dp (m, l, s, c�) is now
obtained by substituting (75) and (80) into (73):

Dp � ÿl��1ÿ s2�m� �1� s2�m2��1ÿm2�ÿ1 � �1

ÿm2�ÿ1=2q�m�2c�l1=2f�1� s�b�1ÿm2�1=2q1�m� ÿ 1c ÿ 2�1ÿ s��1

ÿm2�1=2q 01�m�g �82�

where c�=cd 1/2 and, for computational purposes, q(m ) and q1(m ) are the three-
term expansions of (78) and (79). Di�erentiating (82) with respect to m, we get

2 Confer (63) for order of magnitude of d.
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Dp 0 � 1

�1ÿm2�2
�
ÿ ��1�m�2 ÿ �1ÿm�2s2�l� 3

2
�1ÿm2�1=2

�
mÿ 1

8
m3

ÿ 1

32
m5 � � � �

�
2c�l1=2�1ÿm2�3=2

�
1

2
�1� s�

�
m� 3

8
m3 � 45

32
m5

�
�
� � � � �1ÿ s�

�
1� 11

8
m2 ÿ 9

2
m4 � � � �

���
�83�

where, we recall, m is the shape parameter and l the control parameter. The
equilibrium curve l=lE (m, s, c�) is obtained from

Dp 0�m,lE,s,c�� � 0: �84�

The function lE(m, s, 0) is just

lE�m,s,0� � 3

2
�1ÿm2�1=2

�
mÿ 1

8
m3 ÿ 1

32
m5

� � � �
�
=��1�m�2 ÿ �1ÿm�2s2� �85�

which approximates extremely well the numerical results presented by Suo and
Wang (1994) in their Figs. 2±5. Since c�=cd 1/2 is small, lE (m, s, c�) may be

Fig. 2. Equilibrium and stability for s=T1/T2=1.
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Fig. 3. Equilibrium and stability for s=T1/T2=0.9.

Fig. 4. Equilibrium and stability for uniaxial load T2$0, T1=0.
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approximated by

lE�m,s,c�� � lE�m,s,0�3c�l1=2E �m,s,0�g�m,s� �86�

where

g�m,s� � �1ÿm2�3=2��1�m�2 ÿ �1ÿm�2s2�ÿ1 �
�
1

2
�1� s�

�
m� 3

8
m3

�45
32

m5 � � � �
�
� �1ÿ s�

�
1� 11

8
m2 ÿ 9

2
m4 � � � �

��
: �87�

Let l=lc (s, c
�) and m=mc (s, c

�) be the critical point de®ned by

l 0E�mc,s,c�� � 0, lc � lE�mc,s,c��: �88�

We write

mc�s,c�� � mc�s,0� � c�mc �89�

where mc(s, 0) may be directly obtained from (85). A lengthy but straightforward
calculation yields, for m=mc(s, 0),

Fig. 5. An applied SIF is reduced to an e�ective SIF by So=CGo.
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s2 � �1�m�2
�
�1ÿm2�

�
1ÿ 3

8
m2 ÿ 5

32
m4

�
� �mÿ 2�

�
mÿ 1

8
m3

ÿ 1

32
m5

��
� �1ÿm�2

�
�1ÿm3�

�
1ÿ 3

8
m2 ÿ 5

32
m4

�
� �m� 2�

�
m

ÿ 1

8
m3 ÿ 1

32
m5

��
: �90�

Substituting (89) into (88) and using (86), we obtain

_m c �2l1=2E �mc�s,0�,s,0�g 0�mc,0�,0�=l 00E�mc�s,0�,0�: �91�
The formula (90) enables us to obtain mc(s, 0) in an inverse manner through
direct calculation. Critical values of the control parameter lc (s, c�) are then
computed from (86)±(91).

For the case of hydrostatic stress, s=T1/T2=1 and

lE�m,1,c�� � lE�m,1,0�31

4
c�l1=2E �m,1,0��1ÿm2�3=2

�
1� 3

8
m2 � 45

32
m4

� � � �
�
, �92�

lE�m,1,0� � 3

8
�1ÿm2�1=2

�
1ÿ 1

8
m2 ÿ 1

32
m4 � � � �

�
: �93�

The associated critical value lc (1, c
�) is

lc�1,c�� � lE�0,1,c�� � 3

8
3

1

8

����
3

2

r
c� �94�

for 2T2. The implication of (92)±(94) is summarized in Fig. 2. The case for zero
surface stress, c�=0, was ®rst discussed by Suo and Wang (1994). It may be
shown that for l > 3/8 and c�=0, the potential (82) has a single maximum at
m = 0, and tends to ÿ1 as m 421. When l < 3/8, the potential has a
minimum at m = 0 and two maxima at m=2m(l ), where m(l ) satis®es lE(m(l ),
1, 0)=l. It also tends to ÿ1 as m 421. Thus, the (l, m ) plane is divided into
four regions by m = 0 and l=lE(m, 1, 0). The four possible stable equilibrium
con®gurations are vertical crack (m=ÿ1), circle (m = 0), and horizontal crack
(m = 1). For an elliptic void characterized by a shape parameter m and subjected
to the action of a control parameter l, the direction of its shape evolution follows
one of the four heavy arrowheads shown in Fig. 2. It is seen that the e�ect of a
nonzero surface stress is to change the stability boundary slightly.

For s=T1/T2=0.9, the implication of (85)±(87) is illustrated in Fig. 3. The
(l, m ) plane is still basically divided into four regions, and m=21 remain to be
two possible stable equilibrium con®gurations. The other stable equilibrium
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con®guration is a horizontally elongated ellipse. Heavy arrowheads are again used
to indicate the shape evolution directions. Finally, the small perturbation in
stability boundary due to the presence of surface stress is also given in the ®gure.
The curves plotted in Fig. 3 are typical for all values of s in the range 0 < s=T1/
T2 < 1. As s 4 0, the curves on the left recede to in®nity and disappear
altogether when s=0. This limiting case is summarized in Fig. 4. It is seen that
m=ÿ1 is no longer a possible equilibrium con®guration.

Attention is now given to the limiting case of a horizontal slit of vanishing
thickness. We ®nd from (77) the property

q1�m� � ÿ1

p
ln�1ÿm� � � � � as m41: �95�

Substituting the above into (82) and retaining only the singular terms, we get, for
tensile T2,

Dp � ÿ l
1ÿm

� �1ÿ c�l1=2�1ÿ s��2
���
2
p

p
�1ÿm�ÿ1=2 � � � � �96�

which is associated with a very ¯at ellipse of axes a and b given by (64) and (65).
The dimensional form of the above, expressed in terms of a and other physical
variables, becomes

DP � ÿ�1ÿ n2�pa2T 2
2

E
� 4Goaÿ 4So�1ÿ n2�T2a�1ÿ T1=T2�

E
�97�

which is the potential associated with a crack of length 2a when surface-stress
e�ect is also included. The ®rst two terms of (97) are well known, and the last can
also be checked by a simple calculation via the third term of (53). For a ¯at crack,
the surface-stress induced solid-surface traction is a pair of point loads, each of
magnitude 2So, pointing to each other and acting at x1=2a. The displacements
of the tips may be straightforwardly calculated from (71). The negative work
produced by the forces gives the desired result. The con®gurational equilibrium
condition is obtained by setting to zero the derivative of (97) with respect to a
(not the reference radius ao). This condition, expressed in terms of the applied
stress intensity factor

K1A � T2

������
pa
p

, �98�

is

K 2
1A � 2�1ÿ s� So������

pa
p K1A ÿ 2GoE

�1ÿ n2� � 0, �99�

which reduces to the Gri�th condition for So=0. For hydrostatic tension (s=1),
the critical value of K1A is not a�ected by So. This is so because the displacements
of the crack tips are identically zero. For a uniaxial T2 (s=0) the critical value of
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K1A is somewhat reduced by the fact that the T2-derived crack tip displacements
are co-directional with the 2So-forces.

In general, tensile T1 enhances the critical value of K1A while compressive T1

diminishes it. This is very much in line with the widely held intuition that crack-
parallel compression makes it easier to propagate a crack, a proposition that
cannot be proved by elasticity. The related deformational stability problem,
however, has been shown to agree with the mentioned conception (Wu, 1979,
1980).

Finally, it follows from the identities

SoK1A������
pa
p � SoT2 � GoE

�
So

Go

��
T2

E

�
�100�

that the second term of (99) is of the order of T2/E, relative to the other two
terms. The conclusion of this section is that for regular problems the e�ect of
surface stress is always of the order of (applied stress/E ). That this is so follows
from the strictly linear setup that the radius r of the deformed surface, (37), is
replaced by the reference radius R of (44).

For a ¯at crack, R is in®nite everywhere except at the tip where R is actually
zero. Upon deformation, however, the crack periphery turns into an ellipse of
varying r. This nonlinear e�ect is estimated via an approximate calculation in the
next section.

4. Cracks

4.1. Kinematics of an ellipse and a stress-intensity-factor generated ellipse

Let us consider an ellipse de®ned by (64) and (65), i.e.

z � x1 � ix 2 �M�zo�, zo � eif: �101�

If L and R are, respectively, the arclength and radius of curvature along the
ellipse, then

dL � A�1�m2 ÿ 2m cos 2f�1=2 df, �102�

R � A�1ÿm2�ÿ1�1�m2 ÿ 2m cos 2f�3=2: �103�

At the tips of the major axis, x1=2a=2 (1+m )A, the radius of curvature is

R � Ro � A�1ÿm�2=�1�m� � a��1ÿm�=�1�m��2 � a�b=a�2: �104�

Thus, for an almost ¯at ellipse de®ned by b=1ÿm<<1, the ellipse nose radius is
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Ro � 1

4
ab2: �105�

Expressed in terms of x1, the curvature may be written

1

R
� 1

8
a2�1ÿm��1�m�2

�
�1�m�2

4m
a2 ÿ x2

1

�ÿ3=2
�106�

which tends to

1

R
� 1

2
a2b

��
1� 1

4
b2
�
a2 ÿ x2

1

�ÿ3=2
, �107�

for b<<1.
Consider now a crack of length 2a (vx1v < a, x2=0). It is opened up by remote

stresses T11=T22=T, T12=0, so that, for plane-strain condition, u1 (x1, 20)=0
and

u2�x1,20� �2
2a�1ÿ n2�

E

K1������
pa
p

"
1ÿ

�
x1

a

�2
#1=2

: �108�

where K1 � T
������
pa
p

is the stress intensity factor. The opening of the crack is an
ellipse of major axis a and minor axis b de®ned by

b � 2a�1ÿ n2�T
E

� 2a�1ÿ n2�
E

K1������
pa
p : �109�

It follows from the purely geometric relations (101)±(107) that, for the above
stress-intensity-factor generated ellipse,

b � 1ÿm � 2
b

a
� 4�1ÿ n2�

E

K1������
pa
p : �110�

Substituting the above into (105), we obtain

Rt�K1� � 4�1ÿ n2�K 2
1

pE 2
, �111�

which is the crack-tip radius generated by a stress-intensity factor K1.

4.2. The linear elasticity problem of a very ¯at elliptic void

Let us now consider the well-posed problem de®ned by (44) and (45). The inner
boundary Bi is just the ellipse (101), and the outer boundary recedes to in®nity. It
is clear from (44) that the traction and an arc element dL is a normal tensile force
(So/R ) dL N, where both R and N are continuously varying. We have so far not
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been able to solve this linear problem explicitly in general terms, but the most
important information we need is the behavior near x1=2a for b=1ÿm<<1.

The x2-component of the aforementioned normal tensile force is

2
So

R
N2 dLe2 �2

So

R
dx1e2 �112�

where `+' applies to the lower surface of the ellipse, and `ÿ' the upper surface.
For b=1ÿm<<1, the ellipse is almost a crack. To estimate the elastic deformation,
we simply place the traction calculated from a ¯at ellipse, (112), on the upper and
lower surfaces of a crack. If we denote the solution by T (i)

ij (x1, x2) then

T
�i �
22 �x1,20� � So

2
a2b

��
1� 1

4
b2
�
a2 ÿ x2

1

�ÿ3=2
�113�

and T (i)
12(x1, 20)=0 for vx1v R a. The net e�ect of the above is a negative stress-

intensity factor K1S given by

K1S � ÿ 1������
pa
p

�a
ÿa

T
�i �
22 �x1,20�

���������������
a� x1

aÿ x1

r
dx1

� ÿ 1������
pa
p

�a
o

T
�i �
22 �x1,20� d�x2

1�
�a2 ÿ x2

1�1=2
�114�

in which use has been made of the fact that T (i)
22 is even in x1. Integrating and

retaining only the leading term in b, we get

K1S�Ro� � ÿ 4So������
pa
p

b
� ÿ 2So���������

pRo

p �115�

where (105) has been used. This result indicates that as the ¯at ellipse-nose radius
Ro tends to zero, the surface stress induced stress intensity factor tends to minus
in®nity. Thus, if Ro is actually produced by a small applied stress-intensity factor,
the e�ect of (105) is to close the smooth ellipse nose into a cusp.

4.3. Approximate nonlinear e�ect

When a crack is opened up by an applied stress-intensity factor K1A, the theory
of linear elastic fracture mechanics asserts that

K 2
1ARK 2

1C �
2EGo

1ÿ n2
: �116�

If the unknown equilibrium shape of the crack periphery, under both the
in¯uences of K1A and So, has a tip radius Rt, then the e�ective stress intensity
factor K1E is
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K1E � K1A � K1S�Rt� � K1A ÿ 2So��������
pRt

p �117�

where (115) has been used. The e�ective stress-intensity factor is responsible for
the tip radius. It follows from (111) that

Rt �
"
2�1ÿ n2����

p
p

E

�
K1A ÿ 2So��������

pRt

p
�#2

�118�

which may be solved for Rt. The result is

�����
Rt

p
� �1ÿ n2�K1A���

p
p

E

(
1�

�
1ÿ 4SoE

�1ÿ n2�K 2
1A

�1=2)
�119�

which is valid only for

K 2
1Ar 4ESo

�1ÿ n2� � 2cK 2
1C: �120�

The origin of this condition follows from (115) that the reduction is inversely
proportional to the tip radius. The e�ective stress-intensity factor is now given by

K1E � K1A

(
1ÿ c�K1C=K1A�2

1� �1ÿ 2c�K1C=K1A�2�1=2
)

�121�

where c was de®ned in (74).
It is now convenient to introduce dimensionless stress intensity factors kE and

kA as follows:

kE � K1E=K1C, kA � K1A=K1C: �122�
Substituting the above into (121), we get

kE � bk2A � kA�k2A ÿ 2c�1=2 ÿ cc=bkA � �k2A ÿ 2c�1=2c, �123�
which is an estimate for kE in terms of kA, and is valid only for k 2

A > k 2
AO(c )=2c.

We have

kE jkA�kAO
� kEO�c� � 1

2
kAO�c�, �124�

@kE=@kA � 1 for kA � kAO�c�: �125�
It is clear from (123)±(125) and Fig. 5 that

kErkEO�c�, kE=kA � K1E=K1AR1 for kArkAO�c� �126�
for all c. Since the modi®ed fracture criterion is

C.H. Wu / J. Mech. Phys. Solids 47 (1999) 2469±24922490



kE � K1E=K1CR1, �127�
we conclude from the ®rst of (126) that

kEO�c�R1 or c � So=GoR2: �128�
Setting kE=1 in (123), we ®nd

kA � kAC�c� � 1� c=2 for 0RcR2, �129�
which shows the toughness enhancement:

K1A < �1� c=2�K1C for 0RcR2: �130�
The maximum possible enhancement is a doubling in K1C when So is exactly 2Go.

Chuang (1987) showed in a calculation that the toughness could be enhanced by
as much as three times the intrinsic K1C value. His analysis began with the surface
energy density g, measured per unit surface area in the deformed con®guration. In
terms of our notation,

g � G=L � Go � �So ÿ Go�e, �131�
and his surface stress t is

t � Go � @g=@e � So: �132�
In his calculation, @g/@e=SoÿGo was taken to be 3Go so that t=So=4Go. If we
blindly let c = 4 in (130), the enhancement factor turns out to be exactly 3, but
our approximation is valid only for c R 2. Nevertheless, the two approximate
results appear to be in good qualitative agreement.

5. Summary

The con®gurational equilibrium of a void in a stressed body, under the action
of traction T, may be altered by the presence of a surface stress So via the
interaction energy formed by So and T. For geometrically smooth voids the
a�ected changes are small, but sensitive to the sign of T. Geometric singularities
such as notch- and crack-tips are the sites where severe deformations occur. The
presence of surface stress has the capability of containing the severity of these
deformations.
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