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Abstract

The chemical potential used in interdiffusion analysis was derived by Li et al. in 1966 and
by Larche and Cahn in 1982. It contains the trace of the stress tensor as the essential elasticity
contribution to the configurational force conjugate to the material composition. As a result,
the underlying diffusion equation is totally independent of any accompanying elastic field. In
particular, when an alloy epifilm is annealed, the theory implies that the rather large lattice
mismatch has no effect on the ensuing diffusion process. However, it is perhaps intuitively
clear by now — almost 50 years since Eshelby published his first paper on energy momentum
tensor in 1951 — that the trace of the (canonical) Eshelby stress tensor should be the total
elasticity contribution to the desired configurational force. This conjecture is formally established
in this paper for an n-component substitutional solid. Since the elastic energy is now a part of
the chemical potential, the interplay between a composition-generated deformation and another
elastic field may become important via the interaction energy. As an example, the effect of
this interaction is calculated for the spinodal decomposition of a binary alloy solid/epifilm. The
modification of the critical temperature is such that it is now a function of mismatch. © 2001
Elsevier Science Ltd. All rights reserved.

Keywords: Chemo-mechanical processes; Bulk diffusion; Chemical potential

1. Introduction

If an inhomogeneous single-phase alloy is annealed, matter will flow in a manner
that will decrease the concentration gradients. If the specimen is annealed long enough,
it will become homogeneous and the net flow of matter will cease. This description is
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called Fick’s first law:
Ji:—D[Gradp,«, (11)

where J;, p; and D; are, respectively, the flux vector, the partial molar density (molar
concentration) and the diffusion coefficient associated with component i. The condition
of conservation of mass is

ap,/ﬁt: *DIVJ,, (12)

which is also called Fick’s second law of diffusion. Fick’s first law of diffusion is some-
times referred to as a local law in that it relates the local flux to the local concentration
gradient.

The local law may be amended to include local gradients of other field variables
through the introduction of a chemical potential ji, such that

J, = ~Mp, Grad i, (13)

where M; is the molar mobility of component i. For example, in a multicomponent
solid under stress, g; may be explicitly expressed in terms of the local stress (Larche
and Cahn, 1973, 1978a, b, 1982, 1985, 1992). Since the local stress depends on the
solution of a boundary-value problem, the amended Fick’s first law now becomes what
is called by Larche and Cahn (1982, 1985, 1992) a nonlocal law. Their emphasis,
however, has been on the effect of self-stress, i.e. the stress induced by a non-uniform
composition. The combined action of such a state of self-stress together with either an
applied stress or another form of internal stress is routinely not considered, apparently
for the reason that, in the well-accepted field equations, the elastic field does not appear
in the diffusion equation. One of the major conclusions of this paper is that, depending
on situation, the effect of a combined action may become important. This conclusion is
actually the consequence of another fundamental result that the chemical potential of
Eq. (1.3) is proportional to the trace of the (canonical) Eshelby stress tensor X defined

by
> =WwI—PF, P = (0W/0F)", (1.4)

where the Piola stress P is given as the derivative of the strain energy density W
with respect to the deformation gradient F. Since F may be written in terms of the
displacement gradient Vu, the trace of the Eshelby stress is

2y =3W — Pruj,; —Prdir. (1.5)
The linear-theory counterpart of the above is
2y =W — o, (1.6)

where ¢ is the Cauchy stress tensor, and the case of the subscripts is immaterial. We
shall return to see that the commonly used chemical potential is only proportional to
the trace of the Cauchy stress.

To fix ideas, let us consider the linear deformation of a binary solid of composition
(mole fraction of component 1) ¢ defined by ¢ =c¢; = p,/p. If ¢ =c¢p is the (uniform)
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average composition, then the eigenstrain (stress-free composition strain) &* associated
with a non-uniform composition ¢ — ¢q is
& = (c — condy, (1.7)
where d;; is the Kronecker delta and # the linear expansion per unit composition change.
In other words, if a(c) is the lattice constant of the binary solid, then
d
n=—Ina(c). (1.8)
de
We have adopted the term eigenstrain and the notation of Mura (1982) for the avail-
ability of the many useful solutions that may be found in his book.

Let u, & e and o be, respectively, the displacement, total strain, elastic strain and
stress induced by € in a body #. Then

gy = 3 (uisy +uj ) = & + ey, (1.9)
O'ij :2ue,~j +)v5[jekk, (110)
O'ij,j :0, (111)

where p and / are Lame constants. There are also the displacement equilibrium equa-
tions,

ptyj; (2 + puj,; =3kn(c — co)yi (1.12)
and one form of a compatibility condition
2F
Vzakkz—lilvz(c—co), (1.13)

where k, E and v are, respectively, the bulk modulus, Young’s modulus and Poisson’s
ratio. The above equations may in principle be solved in terms of &*.
For a binary solid the result of substituting Eq. (1.3) into Eq. (1.2) is

0p;/ot = Div[M;p; Grad [i;], (i=1 and 2). (1.14)
Differentiating ¢ = p;/p and applying the above, we get
dc/ot = co(1 — co)[M1o V2 1y — Mag Vi), (1.15)

where a subscript zero on a quantity indicates evaluation of the quantity at ¢ = ¢y, the
average composition. In terms of the molar Gibbs free energy (o, 0,c), the chemical

potentials are

iy = pw)/0pr = p + (1 — €)op/de, (1.16)

fla = d(pp)/dp2 = p — cop/dc. (1.17)
Thus, for the case My = My = My, (1.15) becomes

dc/ot = co(1 — co) MoV i, (1.18)
where

fL= [y — [l = du/dc. (1.19)
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For isothermal conditions, the potential it obtained by Larche and Cahn (1982) is

ou(0,0,¢) 1 58S
L 303 = — - i ij mn*ﬁ ¢y 120
fi(e,0,c) PR 2p ac 0° Ok (1.20)
where S is the compliance tensor. This result is in agreement with the expression
obtained by Li et al. (1966). Substituting the above into Eq. (1.18), neglecting the
variation of compliance with respect to composition, and making use of Eq. (1.13),
we arrive at the equation

% = co(1 — co)My [f”(cO)VzC - Zv%kk} (1.21)
or

% - . 7 2E’12 2

5, = Coll = co)Mo [f (co) + a—wp v)p] Ve, (1.22)

where f is u(0,0,c), the stress-free molar free energy, and fi(0,0,c) = df/dc. The
solution to E_qs. (1.22), (1.12) and certain prescribed initial and boundary conditions
describes the interaction between self-stress and interdiffusion. For each solution an
apparent diffusion coefficient may be deduced from Eq. (1.18). Some of the apparent
diffusion coefficients are of a local character in that the local flux is only related
to the local concentration gradient. In general, though, the flux is a functional of the
composition field. This is the so-called nonlocal law studied by Larche and Cahn (1982,
1992).

The governing equations (1.12) and (1.22) indicate a one-way coupling between the
composition ¢ and the elastic field u in that the latter is totally absent in Eq. (1.22).
Thus, unless the two fields are coupled through boundary conditions, the behavior of
the composition field is totally independent of any applied elastic field. The stability
investigations of Cahn (1961, 1962) are basically of this nature, although the effect of a
gradient energy is not the central issue of the present study. It should be noted that one
could introduce plastic deformation to enforce a coupling between deformation and in-
terdiffusion (Stephenson, 1988). The two-dimensional counterpart of Cahn’s 1961 study
was completed in (Glas, 1987) whereby Cahn’s theory of spinodal decomposition was
extended to epitaxial layers. Such layers are invariably strained by a lattice mismatch
parameter &y, which routinely falls between +5% (Freund, 2000). The theory behind
Eqgs. (1.12) and (1.22), however, suggests that ¢, plays no role in interdiffusion. On
the other hand, if the full Eshelby stress (cf. Eq. (1.6)) is the source of the chemical
potential, the effect of ¢, should produce the desired coupling via the energy density
W. This is the motivation behind our investigation.

The bulk of this paper is devoted to the derivation of our conjecture that the trace
of the (canonical) nonlinear Eshelby stress tensor is the total elasticity contribution
to the configurational force conjugate to the nonuniform composition. The formula-
tion begins with a natural state in which all the thermodynamic quantities are either
uniform or zero. As soon as the composition becomes nonuniform, every continuum
element takes up its own metric and the associated per-unit-reference-volume variables
are redefined to account for the element’s own stress-free state. This is where the com-
plication comes in and the remedy is to introduce a three-frame kinematics involving
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a reference coordinate system, a stress-free system, and a spatial coordinate system. In
this setup, the (total) deformation is taken as the product of an elastic transformation
and an eigentransformation, which is coined after the word eigenstrain that was in-
troduced by Mura in 1982 for nonelastic strains. The elastic stress is identified as the
(total) stress. What is left is then re-grouped in the Clausius—Duhem inequality and
the pairing of Eshelby stress and eigentransformation is formally established there. In
this paper, the eigentransformation is taken as a nonuniform stress-free strain generated
by nonuniform composition. The final product is a chemical potential consisting of a
stress-free component plus an Eshelby-stress contribution. Thus, the role of Eshelby
stress in configurational evolution is once again demonstrated.

The needed three-frame kinematics is introduced in Section 2, and the thermody-
namics of an n-component system is summarized in Section 3. The structure of the
Helmholtz free energy is prescribed in Section 4 and represents the main contribution
of this paper. While the three-frame kinematics has been freely used by many (Lee,
1969; Cohen and Epstein, 1984; Epstein and Maugin, 1990; Maugin, 1993), the actual
connection between the physical composition and the Eshelby stress that is established
here appears to be new. The nonlinear result of Section 4 is reformulated in the context
of elasticity in Section 5. Finally, the spinodal decomposition of an alloy solid/epifilm
is treated in Section 6, and the results are compared with those of Cahn (1961) and
Glas (1987).

2. Notation and kinematics
2.1. Deformation gradient, eigentransformation and elastic deformation

Let (z1,2z2,z3) denote the rectangular coordinates of a point in a Cartesian frame of
unit vectors (e, e;,e3), so that the position vector of the point is z = z;e; where, and
throughout this paper, summation on repeated indices is presumed. We use z=X=Xxex
to denote a point in a continuum material body % in some reference configuration. The
collection of all such points forms the reference coordinate system embedded in 4.
The deformation of this embedded coordinate system may be defined by the path line

z=¢((X,1) (t9<1<1), (2.1)
which traces the particle X as time 7 varies from 7y to ¢ such that
X)) =X, X 1)=x (2.2)

We shall call x =x;e; the place of the particle X. It is noted that the use of lower and
upper case indices, and later on Greek indices, is introduced to facilitate interpretation.

A most often used reference configuration for crystalline solids may be obtained by
embedding the reference coordinate system X in a material body when it is stress free
and also has a uniform temperature and uniform composition. This initial state will
be called the natural state and will be specified once and for all. The maintenance
of a uniform composition is not always possible and, as a result, interdiffusion and
composition-generated deformation may take place. This coupled process of diffusion
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and deformation may also interact with additional deformations brought about by other
sources.

Before proceeding we first define notation for products of vectors and higher order
quantities. Products such as A = BC are A4;; = By Cyj, or A; = B Cy, or 4; = B;Cy;,
depending on whether B and C are first- or second-order quantities. Inner products are
denoted by - and signify contraction over all indices; thus, A - B = A4;B; or A;By,.

The transformation X — x is assumed to be continuous with a well-defined defor-
mation gradient F and inverse f,

F = Gradx(X), f=gradX(x) (2.3)
or, in component form,

Fix = Ox;/0Xk,  fxx = 0Xk/Ox. (2.4)
The Jacobian of the transformation and its inverse are defined as

J=dv/dV =detF, j=dV/dv=detf, jJ=1. (2.5)
We record for future purposes the Euler—Piola—Jacobi identities

diva = jDiv(Jfa), DivA =Jdiv(jFA) (2.6)
and the formulas

0JJOF = Jf' ie. 0J/0F = Cofactor of Fix =Jf kx, (2.7)

0 ftm/OFun = — fatn f Nm- (2.8)

It is now assumed that the (total) deformation gradient F is not totally the con-
sequence of stressing. The portion of F that is not the result of stressing is termed
an eigentransformation, which reduces to Mura’s eigenstrain (1982) upon linearization.
Following Mura’s use of &* for eigenstrain, we shall denote by F* the eigentrans-
formation. The deformation gradient F is then written as the product of an elastic
transformation, F¢, and F*, i.e.

F = F’F* (2.9)

which was first used by Lee (1969) in decomposing an elastic—plastic deformation.
Cohen and Epstein (1984), Epstein and Maugin (1990), and Maugin (1993) have
also used the decomposition in studying material uniformity and inhomogeneity. Our
main objective here is to establish the conjugate roles of F* and Eshelby stress in the
Clausius—Duhem inequality whereby the necessary diffusion kinetics may be deduced
in a consistent manner.

We assume that F*(X,¢) is merely a property of the material at coordinate X and
time ¢. It converts a linear reference-coordinate-system segment dX into a stress-free
segment dX5F defined by

dX5F = F*(X, 1) dX. (2.10)

It is emphasized that while F is the deformation gradient given by Eq. (2.3), neither
F* nor F° is necessarily a gradient. The transformations F* and F° are assumed to
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be invertible with inverses f* and f°, respectively. Introducing the stress-free volume
element dVSF and following Eq. (2.3), we have

J*=dVS/dy =detF*,  j* =dv/dVSF =detf*, U =1, (2.11)

Je=dv/dVSt =detF,  j°=dVSF/dv=detf, jJ°=1. (2.12)
Finally, the component forms of Eq. (2.9) and its inverse are
Fy=Fg Fy  fi= 15 fa (2.13)

where the simultaneous use of Greek and lower and upper case indices should help
the interpretation of the three sets of quantities.

Any quantity that is a function of position can be expressed as a function of either
X or x, since one determines the other. For simplicity and unless otherwise noted, no
notational distinction is made between the function of X and that of x for a particular
quantity. Gradients and divergences taken with respect to the reference and spatial
coordinates have been implicitly introduced in Egs. (2.3) and (2.6). The notation for
time derivatives of any quantity a are

da/0t = 0a/Ot|X Constants d = Da/Dt = 0a/5t|x Constant” (2.14)
2.2. An n-component system

A system with n chemical components is considered. We assume that these com-
ponents are uncharged, and electric field effects are not explicitly considered. For par-
tial molar density of component i, we use the following notation: p;(X,#) denotes
the density per unit reference-coordinate-system volume; pP(x,#) denotes the den-
sity per unit spatial-coordinate-system volume; pSf(X,¢) is the corresponding density
per unit stress-free volume. The total reference-coordinate-system density p(X,¢), total
spatial-coordinate-system density pP(x,¢), and total stress-free density pSF(X,7) are just
the sums of the corresponding partial densities. We shall restrict ourselves to substi-
tutional solid solutions so that p(X,?) = p, the constant number of substitutional sites
that is fixed by the choice of the reference coordinate system X at the outset. Thus,

p=> pX.t), pFX=Y pFXn). pPPx)=> pP(x0).  (215)
i=1 i=1 i=1
The conservation of mass must hold for each of the three transformations linking the
reference-coordinate-system volume element dV/, the spatial-coordinate-system volume
element dv, and the stress-free volume element dVSF, ie.

dysE p pi(X, 1)
* — — ’ 2.1
TS T K T Xy 10
do 14 pl(Xrt)
_dv _ 2.17
v pP(x,1)  pP(x,1)’ e
SF(xX SF(X
e v X0 (X0 (2.18)

a7 = Pt PPt
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where i =1 to n. It follows from the above that the composition variable ¢; satisfies

P pi_ Pt
Ci=—(/=—

> p o pSF

(i=1to n) (2.19)

and

zn:ci = 1. (2.20)
i=1

We shall henceforth consider the composition variables as functions of X and ¢.
Since a deformation gradient exists only between x and X, we concentrate on the
interpretation of Eq. (2.17). The integral form of Eq. (2.17) is

D
— — AV = ). dV,
Dt/ o [ or=[

dev:—/pdV:/p'dV:O. (2.21)

v Dt [y v

Now let f(x,t) be any per-mole field quantity in a material volume v(¢), we have
Dfd pde /FdV, (2.22)

where F' is the per—umt-reference-coordmate-system-volume value of that quantity. The
above integral identities will be used to express all the local-form equations in terms
of quantities defined with respect to X.

3. Thermodynamics of an n-component system
3.1. Balance of masses

We balance the mass for component i associated with an arbitrary volume v(¢):

D
pl dv——/ j; - nda, (3.1)
Dt o

where j, is the mass diffusion flux and n the outward normal to dv. All quanti-
ties are defined with respect to the spatial coordinate system x. The conversion to
reference-coordinate-system X is now performed. We have, with the help of Eq. (2.6),

/jl»nda:/divjidv:/DivJ,-dV:/ J,-Ndd4, (3.2)
ov v 14 ov

where
Ji =J1j; 3.3)

is the mass flux in X and N the outward normal to dV. Using Egs. (2.15) and (3.2),
we obtain from Eq. (3.1) its equivalent local form
Dp;  0p;
Dt ot

=-Divd; (i=1 to n). (3.4)
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It follows from the first of Eq. (2.15) and the above that

6p n )
= =0= —DivJ;, 3.5
o ~0= 2 D (35)

which indicates that only » — 1 of the n equations given by Eq. (3.4) are independent.
The procedure leading from Eq. (3.1) to Eq. (3.5) will be followed in the following
deductions.

3.2. The first law

We balance the energy associated with an arbitrary volume v(¢):

D
—/pDedv:/[v-pr+pDr(q)]dv+/ [v- (n6) —j,, - n]da, (3.6)
Dt v v ov 1

where e is the specific internal energy per mole of mixture, v =X is the velocity, b
is the specific body force vector per mole, () is the source heat per mole, j, is the
heat flux vector, and ¢ is the Cauchy stress tensor. The result of converting the above
into the X-representation is

/s'dV:/[v-(DivP+B)+P~F—DivJ(q)+R(q)]dV, (3.7)
Vv 14

where ¢ = pe, B=pb, J)=J1j,), Ry =prq), and P is the Piola stress tensor given
by

P =Jfo, ie., Py =Jf 0. (3.8)
The local form of Eq. (3.7) is

§=P-F—Divly) + Ry, (3.9)
where P satisfies the equilibrium equation

DivP = —B. (3.10)
3.3. The second law

The second law states

D D pDr(q) /
— dv> [ —=d
Dt/vp “dv /b o T o

where { is the specific entropy per mole of mixture, 0 the absolute temperature, and
4; the chemical potential for component i. The local form of the above in X is

j(q) ‘n ¢ ;- n
- 11
ot ; 0 1 da, (3.11)

1 é i,
97] — [R(q) — DiVJ(q)] + HJ(q) . Grad(e) + Z [ﬂlpl - HJ(i) . Grad(%’)} 20,
i=1

(3.12)
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where n = p( is the entropy per unit reference-coordinate-system volume and g, is
defined by Eq. (3.4). Introducing Helmholtz free energy per unit reference-coordinate-
system volume, ¢p=¢—0n, and combining Egs. (3.9) and (3.12), we obtain the Clausius—
Duhem inequality

~[¢+n0—P-F—% jp,
i=1

1\ | < i;
+0J,) - Grad<6) + ; 0J; - Grad(—e) >0.

(3.13)

It follows that the above constitutive constraint may be met by the use of ¢(F,0, p;)
as a potential such that

n=—0d¢)o0, (3.14)
e= ¢ — 0(0/00), (3.15)
P = (0¢/0F)", (3.16)
fi; = 0¢/0p; (3.17)

and
0Jg) - Grad<é> =0, (3.18)
z”: 0J; - Grad(—%) =0, (3.19)
i=1

where the dissipation inequality of Eq. (3.13) is more restrictively required to satisfy
Egs. (3.18) and (3.19). For isothermal conditions, requirement (3.19) is satisfied by
the diffusion flux

Ji=—M,p;Grad ji; (nosum andi=1 to n), (3.20)

where M; is the molar mobility of component i, relative to the tracer diffusivity D} by
*

D; o
M; = R0 (i=1 to n), (3.21)

in which R is the molar Boltzmann constant. The diffusion equation for each density
(3.4), becomes

P Div(M;p; Grad i) (i=1 to n). (3.22)
0
Finally, to express diffusion in terms of the composition variables, we differentiate the
second of Eq. (2.19) and then apply Eq. (3.22) to obtain

DC,‘

5, = Div(Mic; Grad i) — ¢; > Div(Mjc;Grad i) (i=1ton—1). (3.23)

J=1

The equations of this section are developed relative to a reference coordinate system
X, but the explicit nature of the material state in this reference configuration has
so far not been specified. Its specification, together with a constructive constitutive
development, will be given in the following section.
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4. Natural state and states of nonuniform composition
4.1. Natural state and the related thermodynamic quantities

Suppose that a body is in its undeformed and stress-free state (the external forces
being absent), and has the constant temperature 6. It is also in a state of uniform
composition defined by p;(X,0) = p;p and ¢;(X,0) = ¢;o where

n

p=> po=y pX0) 1= o= (X)), (4.1)
i=1 i=1 i=1

i=1

Such a stress-free, isothermal and isocomposition state is called a natural state. The
thermodynamic conditions summarized in Section 3 require the consideration of states
of nonuniform composition. In particular, a volume element of the mixture of partial
molar densities p;(X,¢) will undergo a change in size and be subjected to the ac-
tion of stress. This composition-generated deformation will manifest in the form of a
time-dependent metric in the analysis to follow.

Let VS¥(0,c1,...,¢,—1) be the volume per mole of the mixture at zero stress and
constant temperature 6. It is a fundamental mixture property that may be experimen-
tally generated (Sandler, 1999). By definition, V*F is just the inverse of pSF(X,7) of
Eq. (2.15). We have

1 SF S 1~ -sF
o =Y (O.crreonca) =Y iV} (Oicr..ncnr) = p > il (4.2)
i=1 i=1

. = SF .
where the partial molar volumes V', are given by

_sF 0 SF 0 o
V, =—(@@V")= —= | - 4.3
F= e =a (g (43)
They may be explicitly expressed in terms V5F as follows:
n—1 SF
- ov
VjF =V =) g—i (4.4)
h—1 aCk
- - oVsk
P = = (i=1ton—1). (4.5)
6c,~
Setting ¢; = ¢;o in V3¥(0,¢1,...,¢,—1), We obtain
_V(S)F =V5(0,c10,- -, Cla—1y0), (4.6)

which is the volume per mole of the mixture in the natural state. Thus,

n—1
~SF = SF
YSF(H’CI’...’C”71)2Y2F+ E (1/10 _VnO )(C[_Ci0)+"', (47)
i=1
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where a subscript zero on a quantity indicates evaluation of the quantity at c;9, and the
o -SF . . . .
variation of /;* with respect to ¢; has been ignored. The volumetric strain affected by
a change in composition is therefore given by
|
T Z3n,(c, cio); (4.8)

where the linear expansion coefficients #; are

~SF  =SF
10 SF Vio = Vo
=350 1 Vo le=co = Y. (4.9)

The Jacobian J* is, by Egs. (2.11), (2.16) and (4.2),

n
* P >SF
= detF =5 => "7 pi. (4.10)
i=1

It follows from applying Eq. (4.3) to the above that
J=3"7 (4.11)

For isotropic materials, the eigentransformation F* brought about by ¢; — ¢;p may be
defined by

F* ="' or Fj=(J")"5;, (4.12)
where 5;[ is the Kronecker delta. Differentiating the above and applying (4.11), we

conclude that

n =SF - SF

" 7 oF 7

F=FS 24 and i g 4.13
;y*p e P VT (4.13)

Let (P, 6, p;) be the Gibbs free energy per unit reference-coordinate-system volume
defined by

y=¢—0p—P.-F=¢—P-F. (4.14)
The isothermal, stress-free Gibbs energy is
¥(0,0,p) =T Y (p7F) =T *p*T (0, c1,. . ) = pp® (B, c1sn . can),
(4.15)

where St is the stress-free Gibbs free energy per unit stress-free volume and gSF

the stress-free molar Gibbs free energy, a function of composition and temperature
that may be experimentally determined. The first equality of Eq. (4.15) follows from
the fact that a unit reference-coordinate-system volume of mixture of density p; will
expand into J* units of stress-free-system volume of partial molar densities pf. The
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partial molar Gibbs free energies ﬁl-SF are defined by

n _ 1 n _
HSF(99017~ .. 7Cn71) = ZC[,LL[SF(H, Cls-- .,Cnfl) = ; Z pl:ulst (416)
i=1 i=1
i} 0 aWsT(0,0, pi)
i = (pp™) = (4.17)
pi op;
The explicit formulas are
n—1 a'uSF
A e (4.18)
= 0¢
0 SF
B =+ g (i=1ton—1). (4.19)
Ci

Consider now the isothermal and isocomposition elastic deformation F° that is de-
fined relative to a stress-free state. The associated Helmholtz free energy is simply the
strain energy density per unit stress-free volume W SF(F*, 0, p5F). It may be expressed
in terms of the molar strain energy density WS (F%,0,c1,...,c,—1) by

WSF(Fea 0’ plSF) = pSF _WSF(Fe7 99 Cl: cet Cl‘l—l )’ (420)

WSFE,O,c,.vcom) = W) (B 0,c1,. . Coi), (4.21)
i=1

where the partial molar strain energy densities W?F may be obtained by substituting
W for u in Egs. (4.17), (4.18) and (4.19). Expanding Eq. (4.21) about ¢; = ¢;p and
. . ~ SF

ignoring the dependence of W, on c¢;, we also have

WSF(Fez 03 Clyenns cnfl) = WSF(FC’ 99 C105 -5 C(nfl)o) + Z (Ci - CiO)Wis(f + -,
i=1
(4.22)

=SF = SF o .
where W,y = W, (F°,0,c10,...,¢(n—1)). Substituting the above into Eq. (4.20), we
obtain the expansion for the strain energy density per unit stress-free volume of mixture
of partial molar densities p;¥:

n
WS (F, 0, p5F) = WET(F) + p5F > (i — cio) g + -+ (4.23)
i=1
where
Wor () = pS W (F2,0,cro, .., Ca—10) (4.24)
is the strain energy density per unit stress-free volume. The strain energy density
function is assumed to satisfy the conditions

WSE 0,0, p5F) = owSF (0,0, p>F)/0F° = (4.25)
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Table 1
Reference, stress-free, and spatial states
Reference Stress-free Spatial
Linear element dx dXSF = F* dX dx = FdX = FedX5F
Volume element 4 dVSF =J*dr do=JdV
Partial molar density Di pl.SF = pilJ* p? = pi/J
Moles of component i pidV p[SF dVSF = p;dV p,D dv= p[SF dVsF = p,dv

Stress-Free

]
N

[]
[]
[
]

3
N
§
&
&
&
ES
g
Rl
X
$
&

v

Material X Total Deformation Gradient F Spatial x

Fig. 1. The total deformation gradient is the product of an elastic deformation and an eigentransformation.
Neither one of the latter two is a gradient.

4.2. States of nonuniform composition

The evolution of a nonequilibrium thermodynamic state is governed by the system of
diffusion equation (3.23), which is built on the as yet undefined Helmholtz free energy
¢(F,0,p;). We shall now express this function in terms of the molar Gibbs energy
1SF and the molar strain energy density WSF. It is instructive to recall that for a given
X and ¢ there are the reference, stress-free, and spatial states, whose properties are
summarized in Table 1. This three-frame kinematics is also schematically illustrated in
Fig. 1.

The function ¢(F(X,¢),0(¢), p:(X,t)) is an implicit and yet precise statement about
how the three states are related. Let us examine the volume element dV. It has p; dV
moles of element i (i =1 to n). The moles of elements are mixed in the stress-free
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state, and the required energy is

ddV = ppSF(0,c1,....co)dV. (4.26)

However, unless ¢; = ¢;o, there is a volumetric eigentransformation associated with the
mixing. Due to the nonuniform nature of the eigentransformation, an elastic transfor-
mation F° is induced and the associated energy is

dV =J WSE(F(F,F*),0,p;/J*)dV, F(F,F*) = Ff", (4.27)
where f* is the inverse of F*. The complete Helmholtz free energy now becomes

@(F, 0, p;) =T W3 (F(F,F*),0,p:/*) + pp*F (0, c1,...,com1), (4.28)

which will be used to deduce the needed chemical potential.
Substituting Eq. (4.28) into Eq. (3.16), we obtain

P=JfP° or Py=J P (4.29)
where
P¢ = (oWSY JoF)T. (4.30)
Since
p T
P = (0¢/0F)" = {aF[J *WSE(FC(F,F*), 0, pi/.J *)]} , (4.31)

we simply write

P = (0W/oF)", (4.32)
where, by Eqs. (4.23) and (4.24),

W(F,F*) = J* WS\ (F(F,F*), 0, p;/J*) = J* WS (F(F,F*)). (4.33)

In terms of ¢ of Eq. (4.28) and WSF of Eq. (4.23), the chemical potential (3.17)
becomes

f— i = %[J* WS (F(F.F )]+ Wi (F) (i =1 to n). (4.34)

Carrying out the differentiation and applying Egs. (2.7) and (2.8) to J* and F*, we
get

- =SF = SF e\ 5 % SF e % ] 6F*

Hi i Wi (F)= {5F* [J* Wy (F(F,F ))]} FP (4.35)
= _ =SF_ 55F e * SF e " eperqy OF

By = 57 = Wi (F) = (T WS (FF(F.F) — PRI} - =, (4.36)
L ~SF . weswer OFF .. OF"

A — 5 — Wy (F) = (J2%) . — = (2f")- (437)

opi opi’
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where

3¢ S5y = WN(F(F,F*))d,p — PyFg, (4.38)

ol

X Xy =WEF)oy — PmFo, (4.39)

and J,p and ¢y are Kronecker deltas. The various transformations and identities asso-
ciated with Egs. (4.35)—(4.39) may be found in Cohen and Epstein (1984), Epstein
and Maugin (1990), and Maugin (1993). Substituting the second of Eq. (4.13) into
Eq. (4.37), we conclude that

% X —SF - SF
- —-SF = SF e " oF * oF ZKK Vlv Vi ZKK
—3SEF (RO = () - =X.f = = ZKK (4.40
K; K, i0 ( ) ( ) apl 59; 3 J* 3_VSF ( )
The final form of the chemical potential is
=SF
_ V., %
i,(F,0,p,) = {55 + Wiy (F) + 3y /’;K, (4.41)

where the first term is the result of mixing the elements at zero stress, and the rest
account for the elastic energy built-up due to nonuniform composition. The second
term, defined by Eq. (4.23), reflects the dependence of elasticity on composition, a
variation that is usually ignored. Finally, the last term is the full contribution of the
Eshelby stress. It is this term that distinguishes our result from all known results on
chemical potential derived for nonuniform composition. In fact, Eqs. (4.32), (4.33) and
(4.39) indicate that as ¢; — cj9, 2gx tends to the trace of the Eshelby stress obtained
for the same body under the same loads but in its natural state.

The desired system of diffusion equations obtained by substituting the above into Eq.
(3.23) is highly nonlinear. We linearize Eq. (3.23) with respect to c;o and the result is

n—1
6c,~ - - - -
= = coll = )Mo V2 fi; = M V2R, ] = o Y clMpV2ii; = Mio Vi, ]
J#i

(4.42)

For a binary system with ¢; =¢, ¢j9 = ¢y and /}SF = f(c), we have from Eqgs. (4.18)
and (4.19)

i =re+0-ofc), B =fe)—cf(o) (4.43)

Substituting Eq. (4.40) into Eqs. (4.41), applying Eq. (4.42) and ignoring W;-SOF(FC),
we finally obtain

oc
i (1 —co)eof" (co)Mio(1 — co) + Magco] Ve

=SF -sF. 1
+ (1 = co)eo[MioV 19 —Mzono]mvzzm, (4.44)

For the special case My = M,y = M), the last equation becomes

E = (1 —co)eoMy | f"(co)V?e + VZZKK (4.45)
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in which n=n; = (7, — 750)/37F, by Eq. (4.9). The last equation is to be compared
with Eq. (1.21) and represents the first immediate consequence of Eq. (4.40). Since
the energy is a part of Xxx, the interaction energy between a composition-generated
deformation and, say, an elastic field produced by a lattice mismatch may now exercise
a control on the ensuing diffusion.

We have successfully employed the geometric nonlinearity of the three-frame kine-
matics to retain the full contribution of the Eshelby stress, but the result should hold
even for linear elasticity. This special deduction is next presented.

5. Linearly elasticity

The (canonical nonlinear) Eshelby stress is defined by Eq. (1.4) (Eshelby, 1970;
Chadwick, 1975). In terms of the displacement gradient u;,; and in component form

Xy = Wéi — Prutj,g —Pridiy, (5.1)

which is symmetric, and P and Vu are two-point tensors. The infinitesimal strain tensor,
which is not a strain measure, is used in linear elasticity to define the metric. It is
actually an awkward setup for configurational studies for the reason that configurational
evolutions are more conveniently described in a Lagrangian formulation, whereas linear
strain makes no distinction between Lagrangian and Eulerian coordinates. For a uniform
body without eigenstrain, the components of the (canonical linear) Eshelby stress is

2y = Wy — owuyj — 0yj, (5.2)

which is not symmetric although ¢, which replaces the P in (5.1), is now the symmetric
stress tensor derived from Hooke’s law. Neither Eq. (5.1) nor Eq. (5.2) was based on
some preconceived notion of configurational strain, but whenever there is a change
in geometric shape that change invariably turns out to be conjugate to a generalized
traction or force calculated from X. The translation, rotation, and expansion of voids
(Budiansky and Rice, 1973), the motion of phase boundaries (Eshelby, 1951, 1970),
the crack driving force (Rice, 1968), and the surface chemical potential (Wu, 1996;
Freund, 1998; Norris, 1998; Bartholomeusz, 1995) are but a few of the more familiar
examples. Modern electronic and photonic devices are solid structures of small feature
sizes. Such structures evolve over time and many of the driving forces have origin in
Eshelby stress (Suo, 2000; Suo and Wang, 1994; Sun et al., 1994).

Let Vu denote the displacement gradient, so that the infinitesimal strain € is related
to the deformation gradient F by the definition

F=8+Vu=¢e=(Vu+ (Vu))2 (5.3)

Since &€ makes no distinction between Lagrangian and Eulerian coordinates, we shall
use lower case subscripts for all quantities to follow. The eigentransformation F* and
the associated (linear) eigenstrain €* are assumed to be isotropic so that they may be
defined by a single scalar function &¢* as follows:

F*=8+¢3=¢" =(c"80+¢"81)2=¢%5. (5.4)
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We also have
e B e
api 3 3_I/SF pSF p 31/3]: kk p

— =, 5.5
P (5.5)
which follows from Eq. (4.13). The elastic transformation is now computed from Eq.
2.9)

FF=FF)'=@+Vud/(1 +&)~8+Vu—e" —eVu+-- . (5.6)
It is now convenient to define an elastic strain E by the expression
E(g,e") = [(Vu—¢" —&'Vu)+ (Vu—¢" —&*'Vu)' | =e—g's, e=g—¢",
5.7)

where e is commonly referred to as the elastic strain (Mura, 1982). What is the point
of including the nonlinear term &£*g in a presumably linear strain expression? There
is of course no need to include such a term if mechanical equilibrium is of our only
concern. To investigate the configurational equilibrium or evolution associated with the
configurational variable £*, functional derivatives of the total energy must be taken
with respect to €. It is therefore very important to keep all terms that are linear in
€* in all expressions before the required differentiation has been completed. After that
simply replace E with e to complete a consistent linear theory.

Consider now the strain energy density per unit stress-free volume WSF defined by
Eq. (4.20). For linear elasticity, we write

/1 Ci
WS (E, 0, p57) = e Eigksy + o2 B (5.8)

where the Lame constants u(c;) and A(c;) are assumed to be functions of ¢; (i =1 to
n —1). The molar strain energy density W5 is thus given by

1 A Ci
WS(E, 0,¢;,...,com1) = oF [,u(ci)EkjEkj + (Z)EkkEjj:| , (5.9)

. . ... = SF
and the associated partial molar densities #; may be calculated:

n—1
- SF 1 ¢ 0 1 04
w, = o5 { [N(Ci)EkjEkj + g)EkkEjj] > e [NEkjEkj + EkkEjj] }

1 ﬁc,— E 60,-
(5.10)
—SF - SF 1 [ou 104
W, =W, + 5 |:aCiEkjEkj + zaciEkkEjj:| . (5.11)
The expansion of Eq. (5.8), in the form of Eq. (4.23), is
WSF(E, 0, p5°) = WS (E) + o Y (ci — co) Wy (5.12)
i=1

where

p
W3 (E) = uEyEyy + SEwE); (5.13)
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is the strain energy density per unit stress-free volume and u=p(cyp) and 2=4A(c;p). The
Helmholtz free energy per unit reference-coordinate-system volume may be obtained
from Egs. (4.28) and (5.12). It is

¢(e,0,p) = pHSF(G,cl, cesCn—1)+p Z (ci — c,-o)Wl-SOF + W(e, &), (5.14)

i=1

where
W(e,e*) =1+ eg)W;" (E) (5.15)

and (1-+¢;;) is J*. Once again, there is the temptation to leave out ¢, from the above
equation, as the strain energy density is supposed to be only quadratic in strain. But
the energy momentum tensor is by definition an energy already, and the associated
“work” term must be of third order.

The linear-elasticity version of (4.35) is

-sF  OW(e,e") de*

Fo= 5+ Wi + =2 (5.16)
where, after the completion of the differentiation with respect to &*,
W(ee) WSE(E)S — (1 +s;;k)aL°SF6—E =X (5.17)
de* OE 08" | g_cand 14s7-1
and
L =W¥e)d—oe—0, ©&=2ue+ leyd. (5.18)

Substituting the above into Eq. (5.16) and applying Eq. (5.5), we finally obtain the
complete chemical potential appropriate for linear elasticity, i.e.

- SF
48>
iy (5.19)

- __ -SF = SF
:ui(gyeypi)_:ui (C],...,Cn,1)+ WiO (e)+ 31/51: p

For a binary system with ¢y =c=1— ¢, cjo =co =1 — ¢, ySF = f(c) and Lame
Constants A(c) and u(c), we have

e, #(0) -7y
Py — i) =pf(c)+ oeF |K (¢)ewjer; + —emejj| + 35 2y (5.20)
or
— 1 6¢ - - / 1 / / Ui SF
= _q = 2 e+ 1+ TwsFe) — ol
R Se)+ 2p[ w(c)eger + A (¢)ewe;;] + p[ o (€) — oul
(5.21)
It can be straightforwardly shown from the following:
We = 3[2u(c)eje); + k(c)eie;], e = e — sewdij (5:22)
_! ;0{405—1——60 o = o, — by, o=k (5.23)
T2 2u(e) T k(e) ] VT v T3 '
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that
ow, 2u/(c) K'(c) 1 ow,
o = e ,;0; ) oo| = —5[2u’(c)efje,’~j + Kk'(c)eqe;;] = e
(5.24)

Thus, if the energy term is dropped from Eq. (5.21), we recover the chemical potential
of Larche and Cahn (1982) and Li et al. (1966) in the form of Eq. (1.20). Such an
action is justifiable if the total strain ¢ is solely due to the eigenstrain &*, so that the
energy term becomes second order relative to ;. On the other hand, if ¢ is actually
& + &° where ¢° is produced by other sources, in the notation of Mura (1982), then
the contribution of the interaction energy could become significant. In any case, the
complete form of the diffusion equation (4.45) now becomes

5*(1 Co)CoMO{[f (co) + (12E -y

which is to be coupled with Eq. (1.12), i.e.

Ve + ! v2 WSF(e)} (5.25)

ptdij; (4 + g, =3kn(c — o)y =3KnC,; . (5.26)

It is noted that if ¢ is actually ¢ +¢°, then V25, =0 by Eq. (1.13) and u and ¢ are,
respectively, u+u° and € 4 €°. The strain energy density associated with this general
case is

SH(e+e—e)=1(c" e +06° -et0o- e +a-e)=W () + Win+ WS (e),
(5.27)
where Wy is the interaction energy given by
Wi =13(6°-e+c-£°)=6"-e=0-¢" (5.28)

The roles of the three energy components defined by Eq. (5.27) may now be examined
via Eq. (5.25). The component W ¥(e) is nonlinear in ¢ — ¢y, and may be ignored in
that Eq. (5.25) is already a linearized version of Eq. (3.23). The component W3 (°)
is a source term in the full diffusion equation, and may play a role in nucleation.
Finally, the interaction energy is linear in ¢ — ¢g, and, hence, the elastic field has a
direct influence on the diffusion coefficient. The spinodal decomposition is worked out
in the next section as an example.

6. Spinodal decomposition as an example

Let us now consider the implications of a uniform elastic field on the thermody-
namical stability of a binary alloy A.B;_.. We assume that the stress-free molar Gibbs
energy ,I_LSF = f(c) is described by a regular solution:

= f(c)=Qc(l —c)+RT[clnc+ (1 —c)In(1 — ¢)], (6.1)

where Q is the interaction parameter, R is the gas constant, and 7 the absolute tem-
perature. We shall be concerned with testing the stability of an initially homogeneous
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solution of infinite extent and of composition ¢ to infinitesimal composition fluctua-
tions given by
¢ — co=A(t)cos fxi. (6.2)

Moreover, the infinite solid is biaxially stressed by

071 =0y = Een/(1 = V), 033=0, (6.3)
so that
&) =€) =&m, &3 = —2vem/(1 — V), (6.4)

where ¢, is a pre-specified biaxial strain. The eigenstrain induced by Eq. (6.2) is

&; = (¢ — co)ndiyy = d;mA(t) cos fx;. (6.5)
It also follows from Eq (5.26) and (6.2) that
()ﬁ +2 sin fxy,  ux =u3 =0, (6.6)
so that

3k
&1 :A(t)”/l—i—Zu

The elastic strain is just

cos fx; other g; = 0. (6.7)

2v
e = ml’]A(t)COS pxi1, exn = e33 = —1nA(t) cos fx; (6.8)
and the associated stress is
E
011 =0, 0yp=033= —mnA(t) cos fx;. (6.9)
The interaction energy for the given situation becomes
Wi =0 e° = 0% ez —21E_ =39 t)cos b (6.10)
Int =0 =0 = (17V)2(17 )m X1 . .
Applying Egs. (6.2), (5.27), (5.28) and (6.10) to Eq. (5.25), we obtain
d4 RT
—=(1- Mof? 3 —2Q + ————
& (1 — co)eoMofp { + 1= oo
2En? (1 - 3v)
—_ 1 At 6.11
s 1+ S| L) 611)

where mgas is a parameter introduced by Glas (1987) to adapt the stability analysis
for an infinite solid for that of an epifilm. The case of an infinite solid corresponds to
mgls = 1, and mgas is considerably less than one for typical (thickness)- f# values. The
critical temperature 7¢, above which the uniform configuration defined by the constant
composition ¢y is stable, is therefore given by

- 00(1 — Co)ZQ E1’]2 (1 — 31))
Tc(em) = R {1 - (1— v)meGlas |:1 2(1 — l)) :| } (6.12)
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It is noted that
En2
(1 )pQ

eo(1 — )20
=

Enz

mmGlas <Tp

Tcan = To [1— } < Tglas = T {1—

(6.13)

where Tp=Q/2R is a maximum for ¢o=1/2. We note that Tc(ey,) falls on either side of
TGlas, depending on the sign of &,,. The above simplified result provides an indication on
how the mismatch strain can be coupled with the composition variable to affect diffusion
during annealing. The precise effect of the added terms in the chemical potential on
film stability and self-organization can only be determined from more refined numerical
calculations and simulations. There is the need to include the gradient energy (Cahn,
1961), and the full nonlinear form of x5 must be retained. On this subject, Suo and Lu
(2001) have recently introduced a composition-dependent surface stress to couple the
surface diffusion with the substrate deformation. The interaction energy (5.28), gives
another form of that coupling.

7. Summary and conclusions

The total deformation is taken as the product of an elastic transformation and
an eigentransformation, which is known to be conjugate to the Eshelby stress in
the Clausius—Duhem inequality. The identification of the eigentransformation with the
composition-generated deformation, however, enables us to prove that the trace of the
(canonical) Eshelby stress tensor, instead of just the trace of the stress tensor, is the
chemical potential associated with interdiffusion. This result, while intuitively obvious,
appears to be new. Since the strain energy is now a part of the chemical potential, the
physical implication of an interaction-energy may be fully exploited. It is anticipated
that an extensive numerical analysis of the refined diffusion equation could yield useful
information about the phenomenon of self-organizing nanophases in epilayers.

Why was the result concerning the Eshelby stress not picked up in previous analyses?
The answer lies in the intricate implications of the three-frame kinematics depicted in
Fig. 1. It may also be found in the implicit deduction of Section 5. The strain energy
density function W5F is defined per unit stress-free volume but the actual analysis is
performed in the reference coordinate system where the appropriate density becomes
W = J*WSF. Moreover, the strain needed in defining WS is a function of the total
strain and eigenstrain. It follows from Egs. (5.7), (5.8) and (5.15) that

" " A
W (e ;) = (1 + &) | HEGEr; + EEkkEjj , (7.1)

where

*
E,'j =& — 81*] — &k Ekj- (72)
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Thus, for small eigenstrains, the energy density becomes

*

* * * * * A *
W ey, ey) — W (e e) = | mlew — &) (e — éiy) + 5 (aw — e )eyy — &) | -
(7.3)

The derivative of W (e, ¢];) with respect to & is the Eshelby stress (5.17), while that
of W*(&y,¢};) is simply —ay;. This appears to be the source of the discrepancy between
our result and that of the previous analyses.
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