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NOMENCLATURE

s start node

Γ goal node

m,n other nodes

i,i1,i2,...ik island nodes

c(m,n) cost of direct path from m to n

g*(n) cost of least cost path from s to n

h*(n) cost of least cost path from n to Γ
h*(n|i) cost of least cost path from n to Γ containing i

h*(n,m) cost of least cost path from n to m

f*(n) g*(n) + h*(n)

g(n),h(n),

h(n/i),h(n,m),f(n) estimates of g*(n), h*(n), h*(n/i),  h*(n,m),

and f*(n)

OPEN1, OPEN2 lists (agendas)

CLOSED1, CLOSED2 lists

IS set of island nodes

E lower bound on number of islands on optimal

path to the goal

|s| number of elements in set s

ISp(n) set of island nodes already passed through

along a path from s to node

Popt Set of nodes on an optimal path from s to Γ
h*(n|t) Least cost path from n to Γ constrained to

contain all the islands in set t

h(n|t) Estimate of h*(n|t)

d, L Search depth, shorthand for f*(s)

P∂ Set of nodes in a perimeter of depth ∂

|P∂| Size of a perimeter of depth ∂

∂ Distance from Γ to nodes in perimeter

t Time per node expansion

x



NOMENCLATURE (continued)

f Fraction of time spent evaluating the heuristic

during a node expansion

n∂ Number of node expansions with perimeter

search and a perimeter of depth ∂

nBFS Number of node expansions by breadth-first

search when generating perimeter

B Brute force branching factor (h(n) = 0)

b Effective branching factor (h(n) > 0)

η The number of goals

f(n) = O(g(n)) f(n) ≤ k⋅g(n) for some k > 0 and all n ≥ n0

f(n) = Ω(g(n)) f(n) ≥ k⋅g(n) for some k > 0 and all n ≥ n0

f(n) = Θ(g(n)) f(n) = O(g(n)) and f(n) =  Ω(g(n))
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SUMMARY

Four techniques are presented which improve the efficiency of heuristic search

algorithms: agenda data structures, island search, cycle checking and perimeter search.

Both theoretical and experimental results are presented which show how these techniques

improve the time complexity of heuristic search for certain problems.

The first step towards improving the efficiency of a heuristic search algorithm is to

use the fastest possible data structure for storing unexplored nodes in the search space.

Several candidate data structures are reviewed and a new type of data structure is presented

which is both space and time efficient.

Islands are shown to be a generalization of subgoals.  Two new algorithms are

presented which make use of islands to improve search efficiency.  Test results are

presented which compare the performance of the island search algorithms to the

performance of A*.  The test results cover two problem domains, a grid search problem and

a route planning problem.  Island search is shown to be superior for these problems when

island information is available.

A technique for improving the efficiency of depth-first search on graphs is

presented.  This technique is referred to as cycle checking since it prevents the generation of

duplicate nodes caused by cycles in the search space.  Two types of cycle checking are

compared and test results are presented for the grid search and route planning problems.

Simple guidelines are presented showing which type of cycle checking to use on a given

problem.

Perimeter search can be viewed as a new type of bidirectional search.   Unlike other

bidirectional search algorithms, perimeter search avoids the pitfalls involved in trying to

perform two simultaneous searches.  Analytical and experimental results are presented to

show how the perimeter search technique improves the time complexity of A* and IDA* on

xii



SUMMARY (continued)

two types of problems.  Also presented are near-optimal and parallel versions of the

perimeter search algorithms.
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1. INTRODUCTION

The research presented here focuses on heuristic search improvement techniques.

Four specific techniques are presented: agenda data structures, island search, cycle checking

and perimeter search.  Although mostly independent, some of these methods can be

combined.  For instance, agenda data structures can be used with island search.  Island

search and cycle checking can be combined in an iterative deepening search.

The primary motivation for the research reported in this thesis is to further the

development of general problem solving paradigms.  For this reason, much of the research

done here concentrates on improving widely used problem solvers like A* (Hart, 1968) and

IDA* (Korf, 1985).  Chapter 2 provides a brief introduction to the field of heuristic search

and a general description of heuristic search algorithms.  A more detailed description of

IDA* can be found in chapter 5 and a description of A* can be found in chapter 3.

The work on agenda data structures in chapter 3 was prompted by a general lack of

literature about the proper implementation of the OPEN list in A* and MA* (Chakrabarti et

al., 1989).  There are, however, a number of references which describe the effects of

heuristic accuracy on search efficiency (Pearl, 1984; Hansson, 1992; Chakrabarti, 1989;

Chenoweth and Davis, 1991).  This is surprising given the fact that heuristic search requires

an exponential number of node expansions for most problem domains.  A small reduction in

the time per node expansion can result in a substantial improvement in search efficiency.  In

fact, it will be shown that choosing a good data structure for use with A* or MA* can result

in reducing the exponent in the exponential time complexity from 2d to d, where d is the

search depth.  When the error in the heuristic estimate is linear, the best one can hope for is

to avoid a combinatorial explosion by reducing the base of the exponent with a better

1
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heuristic.  A good heuristic will therefore permit harder problems to be solved in the same

amount of time.  Likewise, the choice of an efficient agenda data structure can double the

size of problems which can be solved.

The island search algorithms in chapter 4 provide a general method of incorporating

subgoal information into a heuristic search.  In fact, the concept of a subgoal is taken a step

further and a more general concept, the island, is discussed.  Subgoals are states in the

search space which must lie on a path to the goal whereas islands are states that might be on

a path to the goal.  The efficiency of a heuristic search can be improved when island

information is available since the islands can be used to prune additional nodes from the

search tree.

The cycle checking research presented in chapter 5 was prompted by the

observation that the IDA* (Korf, 1985) algorithm performed poorly in problem domains

whose state space graphs contained many cycles.  Some state spaces, the 15-puzzle’s for

instance, do not contain many cycles and it is not necessary to check for cycles in these

types of problem domains.  In fact, the extra time used checking for cycles may actually

decrease the search performance if there are relatively few cycles.  The need to check for

cycles when using depth-first type searches was previously noted (Pearl, 1984), but no

guidelines were given indicating which types of problem domains cycle checking should be

used on.  Guidelines for the use of cycle checking will be presented in chapter 5 based on

three case studies.

Chapter 6 introduces a new type of heuristic search called perimeter search.

Perimeter search started out as an idea to randomly distribute seed states throughout a

search space, plan optimal paths to the seed states, and then, when solving a problem, stop

searching when a seed state was encountered.  Unfortunately, testing with the 15-puzzle
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problem revealed that even with 10,000 seed states the probability of encountering a seed

state was less than 5 percent.  However, the seed states can be arranged around the goal in

such a manner as to force every path to the goal to go through at least one seed state.  The

seed states formed a perimeter around the goal, hence the name “perimeter search.”

Chapter 6 will show that perimeter search is a form of bidirectional search and will compare

and contrast perimeter search to other bidirectional search algorithms.  Test results will

show that perimeter search outperforms other bidirectional and unidirectional search

algorithms.  Concluding remarks and a summary of this dissertation are contained in

chapter 7.



2. BACKGROUND AND SIGNIFICANCE

Some of the earliest work in artificial intelligence (AI) concentrated on such things

as chess playing and theorem proving, for it was thought that these must surely embody

intelligence.  For this reason, early AI research dealt with higher level reasoning and

problem solving (Newell, 1969).  One of the most important goals of AI research is to

develop a general problem solving paradigm like heuristic search.

  Work in heuristic search can be divided up into three classes of problems:  two-

player games, constraint satisfying, and path finding.   Chess, checkers and go are examples

of two-player games.  Examples of constraint satisfying problems are the eight queens and

the graph coloring problems.  Finally, some path finding problems include the eight puzzle,

Rubik's Cube, and the traveling salesman problem.  From these examples, one can see the

similarities and differences between the three problem types.  The work in this dissertation

concentrates mainly on the path finding aspect of heuristic search.

Heuristic search is based upon the problem space hypothesis of Allen Newell and

Herbert Simon (Newell and Simon, 1972).  The problem space hypothesis basically claims

that heuristic search is a completely general model of intelligence because all goal oriented

symbolic activity can occur in a problem space.

A problem space has two main components: a set of states and a collection of

operators.  The states of the problem space represent a configuration of the world or the

problem being solved.  The operators are actions that map one state of the world into

another state.  A problem instance is a particular problem to be solved and can be viewed

as a problem space, a start state, and either a set of goal states or a test for a goal state.  A

4
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heuristic search algorithm takes a problem instance as input and finds a sequence of

operators which will transform the start state into the goal state.

One way of viewing a problem space is as a graph.  Nodes of the graph correspond

to states in the problem space and edges in the graph correspond to the operators which

transform one state into another.  Because of this correspondence between problem spaces

and graphs, the terms node and state will be used interchangeably.

Most heuristic search algorithms work as follows.  First, the start node is stored in a

data structure called an agenda.  Next, a node is selected for expansion.  Node expansion

means generating all the nodes which are successors to the node selected.  The selected

node is checked to see if it is a goal, and if so the algorithm terminates.  Otherwise, the

selected node is expanded and its successors are either stored in memory or discarded.  This

process repeats itself with the selection of the next node until the agenda is either empty or

the goal is found.

The efficiency of a heuristic search algorithm is typically measured by the number of

nodes it generates.  One heuristic search algorithm, A, is said to be more efficient than

another algorithm, B, when it is shown that A cannot generate more nodes than B.

Measuring the performance of a search algorithm solely by the number of nodes generated

can be misleading, however.  Some algorithms have a higher node expansion overhead than

others.  For this reason,  the CPU time will also be presented along with node generation

data when comparing algorithms.



3. AGENDA DATA STRUCTURES

The data structures used to store nodes in many heuristic search algorithms can have

a profound impact on the performance of the algorithm.  By using the proper data structure,

the complexity of a heuristic search can be reduced from Θ(b2d) to Θ( log )db bd , where b

is the branching factor and d is the search depth.  In this chapter, several data structures will

be reviewed.  The advantages and disadvantages of each data structure will be analyzed and

an augmented balanced binary tree data structure will be presented which achieves the

Θ( log )db bd  time complexity.

3.1 Introduction to Agenda Data Structures

Many heuristic search algorithms make use of a data structure known as an agenda

for storing nodes.  The choice of an efficient data structure for the agenda is crucial since it

is accessed at least once every node expansion.  Surprisingly, this topic has received little

attention from the artificial intelligence community.  There are a few notable exceptions,

however.  Chakrabarti et al. (1989) make several suggestions for a data structure to use

with their MA* algorithm including binary trees and multiple ordered linked lists.  The

multiple stack branch and bound algorithm was developed specifically for the purpose of

reducing the node selection overhead from the agenda (Sarkar et al., 1991).  Kumar et al.

(1988) suggest using a heap as the data structure for the agenda.  It will be shown,

however, that these data structures are not necessarily the most efficient for a given

problem domain.

The use of a proper data structure is almost as important as the choice of a good

heuristic for a given problem domain.  Although the data structures presented here cannot

6
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make the time complexity of an NP-complete problem polynomial, they can halve the

exponent of an exponentially complex problem.  To see this, note that Pearl has shown that

the complexity of heuristic search is an exponential function of the error in the

heuristic (Pearl, 1984).  Most heuristics have linear error, resulting in an exponential time

complexity.  A better heuristic will reduce the base of the exponent and further delay a

combinatorial explosion (Korf, 1991).  This allows larger problems to be solved in the same

amount of time.  By choosing a good data structure, the exponent itself can be reduced,

from 2d to d.  This, in effect, doubles the size of problems which can be solved.

The operations performed on an agenda will be detailed in Section 3.2.  A data

structure will be presented which is asymptotically faster than the data structures suggested

above in Section 3.3.  Section 3.4 contains a brief discussion about a good data structure to

use for storing nodes when using the MA* algorithm.

3.2 Analysis of Operations Performed in A*

Before a data structure can be developed, the operations which will be performed on

the data structure must be clarified.  The A* algorithm will be used for this preliminary

analysis (Nilsson, 1980).  The analysis will be based on the time complexity needed to

perform a node expansion.  A node expansion is defined as the process of generating the

successors of a given state, see Step 5 of A*.  Table I lists the operations performed in A*.

The quantity c(m,n) is the arc cost between a state m and its successor n and h(n,m) is the

heuristic estimate of the cost of the least cost path from n to m.

Algorithm A*

Step 1. Set f(s) = g(s) = 0, p(s) = nil.  Place the start node s into OPEN.
CLOSED is empty

Step 2. If OPEN is empty, then exit with no solution found
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Step 3. Extract a node n from OPEN with the smallest value of f(n)

Step 4. If n is the goal, then exit.  The solution path can be found by tracing
parent pointers p back from n to the start node s

Step 5. Expand node n.  For each successor n' of n do the following:

(1) Set g(n') = g(n) + c(n,n'), f(n') = g(n') + h(n',Γ), and p(n') = n

(2) If OPEN and CLOSED do not contain a node which represents the
same state as n', then add n' to OPEN

(3) If OPEN or CLOSED do contain a node m which represents the same
state as n' and g(n') < g(m), then set g(m) = g(n') and p(m) = n.  If m
was on CLOSED, then remove it from CLOSED and place it into
OPEN.

Step 6. Go to step 2

Operation Step(s) Description

Insert(node n) 1, 5.1, 5.3 Inserts node n into OPEN

n = ExtractMin 3 Extracts node n with minimum f value

m = Find(node n) 5.2, 5.3 Finds a node m which is equal to  n

Update(node n) 5.3 Updates f value of a node

Table I.  Operations performed in A* algorithm.

3.3 Analysis of Data Structures

Table II provides a summary comparison of some data structures which can be used

for an agenda.  The table shows the worst case time complexity for each operation listed in

Table II and the memory required to maintain the data structure.  The advantages and

disadvantages of each data structure listed in the table will be discussed in turn.
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Operation

Data Structure Insert ExtractMin Find Update Memory Usage

Heap Θ(log n) Θ(log n) Θ(n) Θ(log n) state

Balanced Tree,

state is key

Θ(log n) Θ(n) Θ(log n) Θ(log n) state, two pointers and

one bit

Balanced Tree

and Hash Table

Θ(log n) Θ(log n) Θ(1)

(average

case)

Θ(log n) state, three pointers,

one bit and unused

hash table space

Multiple Stacks Θ(1) Θ(1) Θ(n) Θ(n) state

Augmented

Balanced Tree

Θ(log n) Θ(log n) Θ(log n) Θ(log n) state, three pointers,

and one bit

Table II.  Comparison of various data structures for use as an agenda, n is the size of the

OPEN list.

Using a binary heap (Williams, 1964) is advantageous if the Find operation can be

eliminated since the Insert and ExtractMin operations can be performed in Θ(log |OPEN|)

time per node expansion, where |OPEN| is the size of the OPEN list.  Note that the Update

operation is not needed when the Find operation is not used.  Eliminating the Find and

Update operations is possible when duplicate nodes are not likely to be encountered in the

search domain (Pearl, 1984).  This translates into an overall Θ(log |OPEN|) time complexity

per node expansion.  Although a balanced binary tree data structure also exhibits a

Θ( log| | )OPEN  time complexity per node expansion, a heap uses less memory and thereby

eliminates the usefulness of any type of unaugmented balanced binary tree.

 If the search domain is likely to contain many duplicate nodes, then the Find

operation will be needed to keep the size of OPEN as small as possible and to limit the

number of node expansions.  Unfortunately, finding a node in a heap requires each element
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of the heap to be examined in turn.  This will increase the time complexity of performing a

node expansion to Θ(|OPEN|).

Using the time complexity per node expansion, the overall time complexity when

using a heap, Theap, can now be estimated.  First, assume bd node expansions, where b is the

branching factor and d is the search depth.  Next, assume that OPEN grows by one node

every node expansion.  Since the complexity of performing a node expansion using a heap is 

Θ(|OPEN|), we can determine the overall complexity by summing k|OPEN| over all node

expansions:

 T k k
k

b b bheap

b
d d d

bd d

= = = + =
= =

∑ ∑| | | | ( ) ( )
| | | |

OPEN OPEN
OPEN OPEN1

2 2

1 2
Θ ,

where k is the constant used in the “big-Theta.”

Unlike the Find operation in a heap, the Find operation in a balanced binary tree

keyed on the state descriptor can be performed in Θ(log |OPEN|) time .  The Update

operation can be replaced by two tree operations: a Delete operation followed by an Insert.

Since balanced binary trees support deletions in Θ(log |OPEN|) time, the Update operation

would also have an Θ(log |OPEN|) time complexity.  The only operation which remains is

the ExtractMin operation.  Since the ExtractMin operation is keyed on a node's f value, the

entire binary tree would need to be searched in order to locate the node with the minimum f

value.  For this reason, unaugmented balanced binary trees should not be used.  Since the

time complexity per node expansion using a balanced binary tree is the same as a heap, the

overall time complexity for a balanced binary tree will also be Θ(b2d)

Although balanced binary trees are not much use by themselves, a few simple

modifications can be made to make balanced binary trees a good choice for an agenda data

structure.  All the operations listed in Table I can be performed in Θ(log |OPEN|) time by
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augmenting balanced binary trees with a minimum pointer, see Figure 1.  The minimum

pointer for a node t points to the node with the minimum f value in the subtree rooted at t.

The minimum pointers need to be checked whenever an insertion, deletion or rotation

occurs in the binary tree.  Only the minimum pointers along a path from a disturbance to the

root need to be checked.  Hence, maintaining the minimum pointers after an insertion,

deletion or rotation will take Θ(log |OPEN|) time and the time complexity per node

expansion will be Θ( log| | )OPEN .

The overall time complexity when using an augmented balanced binary tree, TABBT,

can be estimated the same way Theap was estimated.  Using the same assumptions,

T k k b db bABBT
d d

bd

= = =
=

∑ log| | log(( )!) ( log )
| |

OPEN
OPEN

Θ
1

,

where k is the constant factor used in the “big-Theta.”

left right minimum

state descriptor

f value

g value

Figure 1.  One node in an augmented balanced binary tree data structure.

Instead of adding a minimum pointer to balanced binary trees, a hash table (Morris,

1968) can be used in conjunction with the tree, see Figure 2.  The binary tree is keyed on

the f value so that the ExtractMin operation can be performed in Θ(log |OPEN|) time.  The

hash table is keyed on the state description so that the Find operation can be performed in 

Θ(1) time.  All other operations require Θ(log |OPEN|) time.  The only advantage of using a

hash table together with a balanced binary tree over an augmented binary tree is the



12

constant time Find operation.  The disadvantage is the extra memory being used by the hash

table.  Since the time complexity of a node expansion is still Θ(log |OPEN|), using a hash

table together with a balanced binary tree over an augmented binary tree is questionable.
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Hash Table Binary Tree

Figure 2.  Hash table and binary tree agenda data structure.

One open question related to using a balanced binary tree is choosing the type of

balanced binary tree from the many types available.  One type of balanced binary tree is

especially suited for use as an agenda:  red-black trees (Bayer, 1972; Cormen et al., 1990).

Red-black trees require only a constant number of rotations whenever a node is inserted or

deleted from the tree.  Hence, the minimum pointers can be maintained quite easily.  Also,

red-black trees require only one bit of state to keep track of a node’s color.

The multiple stack branch and bound algorithm (MSBB) (Sarkar et al., 1991) uses a

data structure quite different from any discussed so far.  The MSBB algorithm uses multiple

stacks to order nodes in a manner similar to a radix sort.  Each node is placed into one of k

stacks based on its f value.  The ExtractMin operation of A* is replaced by a pop from the

first non-empty stack and the Find and Remove operations are not used.  This means that

MSBB should not be used in problem domains where node duplication is likely.  Since the
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node popped from the first stack is not necessarily the one with the minimum f, the first

path found by MSBB is not optimal.  The optimal path can be found, however, by using the

length of path found as an upper bound on f, the smallest f value in the first non-empty

stack as a lower bound on f, and performing another iteration until the stacks are left empty.

The advantages of using MSBB are its simplicity, constant time per node expansion, and

low memory requirements.  The disadvantages of using MSBB are the node duplication

problem and the fact that one must choose k carefully.  Choosing k too large or too small

will result in poorer performance relative to A* (Sarkar et al., 1991).

3.4 Data Structure for MA*

The MA* algorithm is a memory bounded heuristic search algorithm (Chakrabarti et

al., 1989).  First, MA* extracts a node n from OPEN with the minimum f value, where f(n)

is defined in MA* as the estimate of the cost to reach the goal through any unexplored path

originating with n.  When memory runs short, unpromising nodes are pruned from OPEN to

make room for newly generated nodes.  A node n is considered unpromising based on its F

value, where F(n) is an estimate of the cost required to reach the goal through any path

originating with n.

Because of its use of both f and F, the MA* algorithm requires a new type of data

structure for storing nodes.  In addition to the operations listed in Table 1, MA* requires an

ExtractMax operation which extracts the node from the agenda with the maximum F value.

Note that the ExtractMin operation extracts the node with the minimum f and that f and F

are two different quantities.

The augmented red-black tree data structure can also be used for MA* simply by

adding an additional maximum pointer; see Figure 3.  The maximum pointer can be
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maintained using the same method described previously for maintaining the minimum

pointer in A*.  The time complexity per node expansion for MA* using this data structure

will be Θ(log| | )OPEN .

left min max right

state descriptor
f value
F value

d value
g value

Figure 3.  One node in an augmented balanced binary tree data structure for MA*.

3.5 Summary of Agenda Data Structures

One of the most time consuming operations in heuristic search algorithms like A*

and MA* is maintaining the agenda.  The agenda must support insertions, deletions, and

searches under one key, extraction of a minimum based on a different key, and, in the case

of MA*, extraction of a maximum based on yet another key.  By augmenting a red-black

tree, a type of balanced binary tree, these operations can all be performed in Θ(log |OPEN|)

time.  The disadvantage to using red-black trees is the extra memory needed to store the

left, right and minimum pointers.  Even though a heap requires Θ(|OPEN|) time for search

operations, there is no additional memory overhead.  Additionally, if duplicate nodes are not

likely to be encountered in the search space, the search operation can be eliminated and a

heap will be the preferred data structure.

The use of a balanced binary tree together with a hash table was also discussed.

Although the time complexity per node expansion is the same for both of these data

structures, an implementation using the hash table is likely to be faster because of its
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constant time Find operation.  However, this needs to be weighed against the memory

required for the hash table before choosing a data structure.  When memory usage is not a

concern, problem domains with large branching factors are likely to favor the use of a

balanced tree and hash table since the Find operation is performed once for each successor.



4. ISLAND SEARCH

Certain types of heuristic search problems may contain an identifiable subgoal.  This

subgoal can be used to break a search into two parts, thus reducing search complexity.

However, it might be the case that instead of one subgoal, there will be many possible

subgoals, not all of which lie on an optimal path.  For this case, the search cannot be simply

broken into two parts.   However, the possibility of reducing the search complexity still

exists.

Previously, Chakrabarti et al. developed a search algorithm called Algorithm I which

exploits islands to improve search efficiency.  An island as defined by Chakrabarti et al. is a

possible subgoal.  Previously, this algorithm had only been analyzed theoretically.  In this

chapter, some experimental results comparing Algorithm I to A* search are presented.

Algorithm I has also been generalized to cases where more than one possible subgoal can

appear on an optimal path.  Two new heuristic island search algorithms have been created

from this generalization and are shown to provide even further improvement over

Algorithms I and A*.  The use of possible subgoals can make any type of search more

efficient, not just A*.  Modifications are discussed which describe how to incorporate

possible subgoal knowledge into IDA* search.

4.1 Introduction to Island Search

For some heuristic search problems a set of possible subgoals can be identified.

These possible subgoals really amount to secondary heuristic information which can

potentially help guide the search by breaking it into multiple components.  For example,

given a starting node s where the optimal path from s to Γ is expected to pass through some

16
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b1

b2

Figure 4.  Example search problem with identifiable islands.  Roads are represented as dark

lines.  The two bridges b1 and b2 form an island set.

subgoal i, the search can be broken into two components: s to i and i to Γ.  By doing so the

maximum search depth is reduced, providing a potentially significant improvement in search

performance.  Subtleties arise as there are usually many subgoals and furthermore only

some unknown subset of the subgoals will actually lie on an optimal path.

Many search problems contain identifiable subgoals which can be used to guide the

search and thereby reduce the search cost.  Take, for instance, the real-life problem of

navigating across a city.  Say it is necessary to travel across the city and it is known that the

city is divided by a river, see Figure 4.  Since the river must be crossed on a bridge, this

information can be used to help us plan our route.  In this example, one of the two bridges

b1 or b2 will necessarily be a subgoal in our search.

Actually, the word subgoal is a slight misnomer and the term island is preferable.  It

is important here to note the difference between islands and subgoals.  The best way to

understand islands is to group them together into what is called an island set.  An island set

is defined by the fact that at least one element of the set will be a node on an optimal path.

An island is now defined as simply being one element of the island set.  The example in



18

Figure 4 contains an island set with two elements, one for each bridge across the river.  One

of the two elements in the list will be on an optimal path (i.e. we must cross one of the

bridges to get to the other side).  Another example of an island set is the set of all nodes in

the search space.  It can be shown that in this extreme case the island set would not provide

any efficiency improvements.

Island search generalizes heuristic search by allowing the addition of islands.  Island

search will be shown to be superior to normal A* search in terms of search efficiency when

islands are involved.  Island search uses the same heuristic estimate that A* search would

use.  The increase in efficiency is due solely to the additional information provided by

knowing the location of islands.

In this chapter, it is assumed that the possible subgoal information is known a priori.

In other words, island search will only improve search efficiency for problem domains

where possible subgoal information is known.  For problem domains where possible subgoal

information is easy to obtain but not reliable (i.e. it is possible for no islands to be on an

optimal path), an ∈-admissible version of island search can be used, see Section 4.5.  As an

example of this, consider Figure 4 once again.  By testing to see if a straight line between

the start and the destination intersects any rivers, it is possible to determine which bridges

are possible subgoals.  This method is not guaranteed to produce the correct results every

time and so the ∈-admissible version of island search should be used.

The rest of this chapter is organized into five major sections.  Section 4.2 contains

an overview of the past work done on island search along with some new theoretical and

experimental results.  Section 4.3 presents a new concept in island search which we call

multiple level island search.  More theoretical and experimental results will show that

multiple level island search is superior to the traditional A* search under certain
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circumstances.  Section 4.4 presents a route planning problem and shows how island search

can be used to improve route planning efficiency.  Section 4.5 shows how the concept

island search can be extended into other paradigms such as depth-first iterative deepening.

Finally, Section 4.6 summarizes the results and mentions future research possibilities.

4.2 Single Level Island Search

Island search can be divided into two categories:  single and multiple level island

search.  The former, Algorithm I, was first introduced in (Chakrabarti et al., 1986).  For

single level island search it is assumed that only one subgoal will appear on a path from the

start to the goal.  Multiple level island search generalizes this idea to cover cases where

more that one island may be on a path from the start to the goal.  Multiple level island

search will be discussed further in Section 4.3.  In this section, Algorithm I will be described

and some empirical results will be shown comparing the relative merits of island based

search to the traditional A* search (Hart, Duda and Raphael, 1968; Nilsson, 1980).

4.2.1 Description of Algorithm I

Algorithm I is basically an A* algorithm modified in two ways.  First, there are two

OPEN and CLOSED lists, OPEN1, OPEN2, CLOSED1, and CLOSED2.  Normal A*

search uses only one OPEN and CLOSED list.  The extra lists are used in Algorithm I to

keep track of which nodes are from a path that contains an island.  The second difference is

that there are two heuristic estimates employed, h(n) and h(n|i).  The heuristic is identical to

the heuristic used in A*.  The heuristic h(n|i) estimates the cost of a path from n to the goal

constrained to contain an island i.  Any nodes which are generated along a path up to and

including an island are placed in OPEN1.  After reaching an island, newly generated nodes

are placed in OPEN2.  Nodes which have already been expanded are placed in CLOSED1 if
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they were chosen from OPEN1, or in CLOSED2 if chosen from OPEN2 or the node is an

island.  A detailed description of Algorithm I can be found in (Chakrabarti et al., 1986).

A search algorithm is said to be admissible if it finds an optimal path whenever an

optimal path exists.  A proof of the admissibility of this algorithm when at least one island

lies on an optimal path can also be found in (Chakrabarti et al., 1986).  Also proved is the

fact that Algorithm I expands no more nodes than A*.

4.2.2 Empirical Results

Although it has been shown that using islands may decrease the number of node

expansions, there is still no empirical evidence to show exactly how much of an

improvement can be expected.  In order to gather such empirical evidence, Algorithm I and

A* were tested using a rectilinear grid search.  The object of the search was to find the

shortest path from point s to point Γ on a grid.  To make the search more interesting,

obstacles were placed between s and Γ, see Figure 5.  The search used a unity cost function

and the air-distance heuristic.  The air-distance heuristic is monotonic for both Algorithm I

and A*.  A heuristic function h(n) is said to be monotone if h(n) ≤ c(n,m) + h(m), where

c(n,m) is the cost of the arc between m and its successor n.
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Figure 5.  Sample grid search problem used to test island search algorithms.
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The rectilinear grid search problem described here contains islands at the edges of

obstacles.  The reason for this is that the edge of at least one obstacle needs to be skirted in

order to reach the goal.  This assumes that the optimal path is blocked by at least one

obstacle.  The island set in this case is the set of all the obstacle edges.  If the optimal path

were not blocked by any obstacles, then there would not be any acceptable island set to use.

Figures 6 and 7 show the results from some test cases where an obstacle was placed

directly between the start and the goal at a random angle while insuring every optimal path

goes through an island.  Each point on the graph in Figures 6 and 7 is an average of 10

random obstacle placements.
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Figure 6.  Node expansion comparison of Algorithm I to A* search.  One random obstacle,

two islands, every optimal path through an island.
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Figure 7.  Elapsed CPU time comparison of Algorithm I to A* search.  One random

obstacle, two islands, every optimal path through an island.

4.3 Multiple Level Island Search

The test results presented in Section 4.2 show that Algorithm I does offer some

improvement over A*.  However, Algorithm I reverts back to A* after it passes through an

island.  Often an optimal path will pass through several islands on the way to the goal.

Clearly this is the case for the grid search instance shown in Figure 5.  Multiple level island

search generalizes the idea of island search to cover cases where it is possible to encounter

one or more islands on an optimal path from the start to the goal.

In the following sections, two types of multiple level island search algorithms will be

presented.  The first one, Algorithm In, is most similar to Algorithm I.  Instead of searching

directly for the goal after an island is found, Algorithm In searches for the next island.  Only

after a fixed number of islands have been passed does Algorithm In search for the goal.

Algorithm Inp is a slightly more sophisticated version of Algorithm In.  Algorithm Inp looks

not for the next island, but for the next set of islands.  This further improves search

performance in certain cases.
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4.3.1 Algorithm In

Algorithm In is exactly the same as Algorithm I, but with the addition of the variable

ISp(n) and the user input parameter E.  The addition of these two variables allows

Algorithm In to keep track of how many islands each newly generated node has passed

through on a path from the start to that node.  The variable ISp(n) is used to keep track of

which islands were passed by each node.  The quantity E is a lower bound on the number of

islands between the start and the goal that must be passed through on an optimal path.

Algorithm In searches for a path to the goal through an island if |ISp(n)| < E, otherwise it

searches for a path directly to the goal.  A newly generated node n will be placed on

OPEN1 when |ISp(n)| < E.  Only when  |ISp(n)| ≥ E will n be placed on OPEN2.  As

testimony to the generality of Algorithm In, note that for E = 0 Algorithm In is equivalent

to A*, and for E = 1 it is equivalent to Algorithm I.

4.3.2 Description of Algorithm In

Algorithm In
Inputs: IS Island set

E Minimum number of islands on path
s Start state

Ouput: Optimal path from s to Γ, if a path exists

Step 1. Put s into OPEN1.  OPEN2, CLOSED1 and CLOSED2 are empty.  Set
g(s) = 0, f(s) = 0, ISp(s) = ∅ and IS = (i1,i2,...ik).

Step 2. If both OPEN1 and OPEN2 are empty, then exit with failure.

Step 3. Select one node n from OPEN1 or OPEN2 such that f(n) is minimum,
resolve ties arbitrarily but always in favor of the goal node.  Put n  in
CLOSED1 if it was selected from OPEN1, otherwise put n  into
CLOSED2.

Step 4. If n is the goal, then exit successfully with the solution obtained.

Step 5. Expand node n.  If there are no successors then go to Step 2.  For each
successor ni  compute
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gi = g(n) + c(n,ni).

Step 6. If n  ∈ IS then set ISpi = ISp(n) ∪ {n} else set ISpi = ISp(n).

Step 7. If |ISpi| ≥  E  or if n  was selected from OPEN2, then do:

(1) If an immediate successor ni is not in any of OPEN1, OPEN2,
CLOSED1, or CLOSED2, then do:

g(ni) = gi

f(ni) = gi + h(ni)
ISp(ni) = ISpi

Put ni  in OPEN2.

(2) If an immediate successor ni is already in one of OPEN1, OPEN2,
CLOSED1, or CLOSED2, and g(ni) > gi, then do :

g(ni) = gi

f(ni) = g(ni) + h(ni)
ISp(ni) = ISpi

Put ni  in OPEN2.

Step 8. If |ISpi| < E and n was selected from OPEN1, then do:

(1) If an immediate successor ni  is not in any of OPEN1, OPEN2,
CLOSED1 or CLOSED2, then do:

g(ni) = gi

f(ni) = gi + Minj h(ni|ij) ij ∈ IS - ISpi

ISp(ni) = ISpi

Put ni  in OPEN1.

(2) If an immediate successor ni is in either OPEN1 or CLOSED1 and
g(ni) > gi, then do:

g(ni) = gi

f(ni) = gi + Minj h(ni|ij) ij ∈ IS - ISpi

ISp(ni) = ISpi

Put ni  in OPEN1.

(3) If an immediate successor ni is in either OPEN2 or CLOSED2 and
g(ni) > gi, then do:

g(ni) = gi

f(ni) = gi + h(ni)
ISp(ni) = ISpi

Put ni  in OPEN2.
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Step 9. Go to Step 2.

4.3.3 Admissibility of Algorithm In

Recall that a search algorithm is admissible if it finds an optimal path whenever an

optimal path exists.  This section will present an informal proof of the admissibility of

Algorithm In given the following assumptions:

• At least E islands lie on an optimal path from the start s to the

goal Γ.

• The heuristic estimate is admissible: 0 ≤ h ≤ h*.

• The heuristic obeys the triangle inequality

h(n,n') ≤ h(n,m) + h(m,n').

A necessary condition for Algorithm In being admissible is that it terminates when a

goal is reachable.  This has been proven for both finite and infinite graphs in (Dillenburg,

1991).

Theorem 1: Algorithm In is admissible if there exists a path from s to Γ.

Proof: The algorithm can either terminate in step 2 after both OPEN lists are empty or in

step 4 after finding the goal.  The algorithm cannot terminate in step 2 because at

least one node exists on the OPEN lists that is on an optimal path (Dillenburg,

1991).  Therefore, the algorithm must terminate in step 4 after finding the goal.

The path it found to the goal must be an optimal one.  To see this, assume the

contrary, that the algorithm terminated without finding an optimal path so that

f f s( ) ( )*Γ > .  There must exist a node n' on one of the OPEN lists just before

termination with f(n') ≤ f*(s).  But this means that the algorithm would have

chosen n' over Γ because of its lower f value.  By contradiction we see the

algorithm must terminate by finding an optimal path.  
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4.3.4 Efficiency of Algorithm In

After showing Algorithm In is admissible, it is easily proved that it expands no more

nodes than Algorithm I.  This means that for any search in which islands can be identified,

Algorithm In would yield a search at least as efficient as Algorithm I, which was previously

shown to be at least as efficient as A*.  We keep the same assumptions as in the previous

section.

Theorem 2: Algorithm In expands no more nodes than Algorithm I.

Proof: Nilsson (Nilsson, 1980) showed that for two admissible algorithms, the one with

the greater heuristic estimate will not expand any more nodes than its less

informed counterpart.   This is the case between Algorithm In and Algorithm I

because
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so one can see that h hI In
≥  when E ≥ 1.   

4.3.5 Island Interference

One problem with island search becomes evident when there is a large number of

islands but relatively few optimal paths through the islands.  What can happen in this case is

that the heuristic estimate h(n|i) guides the search toward the wrong island.  A number of

test results revealed that in these cases island search is only marginally better than A*.

Figure 8 is an extreme example of how an island heuristic can mislead a search.  The

heuristic estimate through island I2 (h2) is smaller than the estimate through I1 (h1) so Minj

h(ni/ij) = h2  for a large portion of the search.  This will lead the search towards I2 when it

really should initially be heading towards I1.  Since I2 is so close to the goal, Algorithm I's
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performance will not be much better than A*.  Similar situations also occur for Algorithm

In.

I

I

1

2

S

G

h1

h2

Figure 8.  Search space with pronounced interference problem.

4.3.6 Algorithm Inp

The quantity Minj h(ni/ij)  picks the island which yields the lowest heuristic estimate.

This guarantees admissibility, but does not cut down the size of the search space for cases

similar to that depicted in Figure 8.  Although Algorithm In does generalize to multiple

islands, it still suffers from the same interference problem as Algorithm I.  One solution is to

use Minjh(n|tj) in place of Minj h(ni/ij).  The function that computes Minjh(n|tj) is called the

permuted heuristic and instead of finding the shortest path through one island in IS - ISp(n),

it finds the shortest path through a permutation of E - |ISp(n)| different islands in

IS - ISp(n).  An algorithm for computing the permuted heuristic can be defined recursively

as follows:
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Permuted Heuristic
function hx(n, ISp)

if (|ISp| == E )
retval = h(n, Γ)

else

retval = ∞
for every island i  in IS but not in ISp  do

retval = Min(retval, h(n, i) + hx(i,  ISp ∪ {i }))
end for

end if
hx = retval

end

The hx heuristic is admissible if and only if at least E islands are on an optimal path

from the start to the goal.  It is also assumed that a heuristic h(n,m) is available to estimate

the distance between any node and any island (or the goal).  The hx heuristic can be added

to Algorithm In to produce Algorithm Inp simply by replacing all occurrences of

Minj h(ni/ij) with calls to hx(ni,ISpi).  Algorithm Inp, like Algorithm In, is equivalent to A*

for E = 0 and Algorithm I for E = 1.

The permuted heuristic is, in general, intractable.  This can be proved by a simple

reduction to the traveling salesman problem.  Note, however, that the heuristic is only

intractable when the number of islands is a function of the size of the search space.

Through the use of branch and bound techniques, the computational complexity can be

reduced as seen in Figure 9.  The branch and bound technique was applied to the permuted

heuristic by keeping a global minimum and stopping a recursive call whenever hx exceeded

this minimum.  The use of branch and bound together with a relatively small island set can

make the permuted heuristic more usable.
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Figure 9.  Comparison of algorithm complexity with and without branch and bound

technique.

4.3.7 Admissibility of Algorithm Inp

Algorithm Inp must be shown to be admissible before further claims can be made

about it.  The theorems showing that Algorithm Inp is admissible are very similar to those

presented for Algorithm In.  The theorems in this section require the same assumptions

made for Algorithm In, exceptions noted.  As with Algorithm In, Algorithm Inp also

terminates when a goal is reachable, see (Dillenburg, 1991).

Theorem 3: Algorithm Inp is admissible if there exists a path from s to Γ.

Proof: This proof is identical to the proof of Theorem 1.   

4.3.8 Efficiency of Algorithm Inp

It has already been shown that Algorithm In is at least as efficient as Algorithm I

which is at least as efficient as A*.  We can show that Algorithm Inp is at least as efficient as

Algorithm In.  Showing that Algorithm Inp is at least as efficient as Algorithm In will prove

(by transitivity) it is at least as efficient as any of the three island algorithms.  Of course, all
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of this is under the assumptions made earlier about there being at least E islands from the

island set IS on an optimal path.

Theorem 4: Algorithm Inp expands no more nodes than Algorithm In.

Proof: Both algorithms are admissible, so the algorithm with the lower heuristic estimate

will expand at least as many nodes as its more informed counterpart.
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One can see that h hI Inp n
≥  because

h(n|t) = h(n,i1) + h(i1,i2) + ... + h(ik,Γ)

is greater than

h(n|i) = h(n,i) + h(i,Γ)

when h(n,m) ≤ h(n,n') + h(n',m).    

4.3.9 Test Results for Algorithm Inp

The rectilinear grid search problem was also used to test Algorithm Inp.  The test

involved partitioning the grid search space into n + 1 spaces using n obstacles, each with a

small hole, as shown in the diagram in Figure 10.  This can be viewed as n + 1 rooms

placed end to end with a doorway (island) between each room in a random location.

Algorithms In and Inp are admissible for this test so long as E ≤ n.  Figure 10 shows the

number of node expansions versus the problem size and Figure 11 shows the elapsed CPU

time versus the problem size.  The improved performance of Algorithm Inp is due to the

elimination of the interference problem.
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Figure 11.  Elapsed CPU time comparison between four different search methods.

In addition to testing search performance as the problem size grows, it is also

interesting to test the search efficiency versus the parameter E.  Remembering that for

E = 0 both algorithms are equivalent to A* and that for E = 1 both algorithms are

equivalent to Algorithm I, we see from Figure 12 that Algorithm I provides little or no
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benefit over A* for this case involving multiple islands.  Figure 13 shows that multiple level

island search needs more CPU time in some cases because the extra time needed to

compute the island heuristic is not made up by fewer node expansions.  The improvement

using Algorithm In as compared to Algorithm Inp is slight due to the interference problem.

The effect of the interference problem can be seen by comparing the two curves in

Figure 12 since the permuted heuristic effectively eliminates this problem.  The results show

that the number of node expansions drop as the parameter E increases.  Past a certain point,

however, hx is no longer admissible and the number of node expansions increases

dramatically.  Only results from admissible heuristics are shown in Figures 12 and 13.
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Figure 12.  Node expansion comparison for multiple level island search.
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Another benefit of reducing the number of node expansions is that the amount of

memory needed to solve the problem is also reduced.  Because fewer nodes are being

expanded, fewer nodes need to be stored in the OPEN and CLOSED lists.  Figure 14 shows

how the amount of memory needed varies as a function of E, the lower bound on the

number of islands.  As E approaches the actual number of islands, the amount of memory

used by Algorithm Inp drops substantially.  Because Algorithm In offers only a small

improvement in the number of node expansions, the amount of memory it uses does not

improve for this case.
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Figure 14.  Memory usage in multiple level island search.

4.4 Island Search for Route Planning

The test results in the previous sections show that when island information is

available, it may be used to improve search performance.  It may be questioned whether

there actually exist any “real” problems for which island information is available.  In this

section, we describe an intelligent vehicle routing problem for which island search is a viable

candidate.

Each year the loss of U.S. productivity due to traffic congestion is estimated to be

$100 billion (Ben-Akiva et al., 1992).  Unless significant improvements are made to our

highway system, the Federal Highway Administration estimates that congestion delays will

increase by 400 percent.  In an attempt to solve congestion and other related problems

associated with our highway system, the development of intelligent vehicle highway system

(IVHS) technology is receiving high priority by both the public and private sector.



35

IVHS covers four broad interrelated areas, advanced traffic management systems,

(ATMS), commercial vehicle operations (CVO), advanced vehicle control systems (AVCS)

and advanced traveler information systems (ATIS) (Jurgen, 1991).

Currently there are several ATI system demonstrations underway including

ADVANCE (Kirson et al., 1992), TRAVTEK (Rillings and Lewis, 1991),  and

SOCRATES (Catling and de Beek, 1991).  The overriding goal of these and other ATI

systems is to provide the motorist with useful travel information.  With this in mind, a

primary function of most ATI systems involves having the ability to plan optimal routes.

The majority of ATI systems currently under development consist of equipping

vehicles with computers that are able to exchange traffic information via radio with a

centralized computer.  Given this type of architecture, the route planning ability of ATI

systems can be facilitated using centralized computing resources, although most ATI

systems currently in development use in-vehicle computational resources (Kirson et al.,

1992; Rillings and Lewis, 1991; Catling and de Beek, 1991).  The primary advantage of this

type of approach is fault tolerance, vehicles can continue to plan routes even in the absence

of a centralized computing center.

However, there are significant challenges associated with planning routes using in-

vehicle electronics.  These challenges are a result of trying to keep the cost of the in-vehicle

electronics to a reasonable (marketable) level.  Achieving this is difficult because the in-

vehicle electronics must meet automotive standards (temperature, vibration, etc.) and

therefore have poor price/performance ratios.  Thus, the route planning algorithm must be

both space and time efficient.

The island search algorithms In and Inp can be used to significantly reduce the

number of node expansions required to find routes and hence are good candidates for use in
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ATI systems.  The reduction in node expansions is possible because most routes between

two regions in a road network end up passing through a small number of intermediate

nodes.  These nodes correspond to an island set and can be determined through a learning

process as described below.

In a practical implementation, it would be necessary to determine the set of islands

associated with each pair of regions in the road network.  For the purposes of testing,

however, just two regions of a 60 mile radius Chicago area map were selected for study.

Each region corresponded to approximately 1% of the map.  The island set for the two

regions was determined by planning every possible route between the two regions during

rush hour traffic conditions.  The rush hour travel times were calculated using a

transportation network model (Hicks, 1992).  Fifty nine nodes were identified which were

present in 95% of the routes.  Six of these nodes were selected randomly for use as islands.

The island search algorithms In and Inp were tested by planning routes between 100

randomly  selected start/destination pairs located in the two regions.  The location of the

islands was determined using simulated rush hour conditions and the algorithms were then

asked to use these islands to find routes in simulated light traffic conditions.  This provided

a worst case scenario for testing and was done because in practice the island set for a pair of

regions would be precomputed and would be used under varying traffic conditions.

Figure 15 shows the results of the tests.  Each point in Figure 15 represents the average

amount of time needed to plan a route over the 100 test cases.  The time data is based on a

simulation of a slow external storage device which requires 800 milliseconds to access each

node (i.e. an automotive quality CD-ROM).  Even though the island search heuristic h(n|i)

required more time to compute than the normal A* heuristic h(n), this time is more than
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made up for by the reduction of node expansions.  In fact, Figure 15 shows that

Algorithm Inp was over 200% faster that A*.

Figure 15 also shows an increase in simulated time for Algorithm In when E=6.

This is due to a combination of the interference effect and the fact that there are actually

only five islands on the optimal paths for the 100 test cases.  Algorithm Inp was not affected

as much by the errant island due to its use of the permuted heuristic hx.  The modeled travel

times of the routes planned by the island search algorithms were optimal in all cases except

when E=6, in which case routes planned by Algorithm In were on average 1% longer and

routes planned by Algorithm Inp were on average 6% longer than optimal.
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Figure 15.  Simulated amount of time required to plan routes using in-vehicle electronics.

4.5 Extensions To Island Search

There are a number of extensions that can be made to island search.  These

extensions allow the algorithms to be used on a wider variety of problems.  For instance,

there are many different categories of admissibility (Pearl, 1984).  These can be applied to
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island search just as easily as they can be applied to A*.  Basically, these semi-admissible

searches cannot guarantee an optimal solution, but instead a solution close to optimal.

Another example of an extension that might be useful is the idea of iterative depth-first

search.  Iterative depth-first search maintains the guarantee of optimality, but has an

advantage in terms of the amount of storage space used during the search when compared

to regular best-first search.  Iterative depth-first search can also be shown to be optimal

with respect to time (Korf, 1985).

4.5.1 Iterative Depth-First Island Search

An iterative depth-first search uses only linear storage space while still being able to

guarantee an optimal solution path.  The algorithm for an iterative depth-first version of

island search (IDIS) would be as follows:

IDIS Algorithm

Step 1. Set next_cutoff = h(s), g(s) = f(s) = 0.  If s is in IS, then set
i(s) = TRUE else set i(s) = FALSE

Step 2. Place s on the stack.  Set cutoff = next_cutoff and next_cutoff = ∞.

Step 3. If the stack is empty, go to step 2

Step  4. Pop a node n off the stack.  If n is the goal, then exit successfully with
the solution obtained.

Step 5. For each immediate successor ni of n do the following:

(1) Set g(ni) = g(n) + c(n,ni)

(2) If i(n) is TRUE or if n is an island, then set i(ni) = TRUE and
f(ni) = g(ni) + h(ni), otherwise set i(ni) = FALSE and
f(ni) = g(ni) + Minjh(ni|ij)

(3) If f(ni) ≤ cutoff, then push ni onto the stack, else set
next_cutoff = Min(next_cutoff,f(ni))

Step 6. Go to step 3
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The iterative depth-first island search algorithm is basically the same as IDA* (Korf,

1985).  By adding a Boolean variable to determine when an island has been encountered,

the algorithm can decide when to use the island heuristic and when to use the normal

heuristic.  Note that the Boolean variable can be kept on the stack along with the other state

information.  Since the heuristic used in IDIS follows the guidelines presented in (Korf,

1985) (admissible and monotone), the IDIS algorithm will also be optimal in terms of time

and memory usage.  A proof detailing the exact conditions for the admissibility of IDA*

(and by extension IDIS) can be found in (Mahanti et al., 1992).

4.5.2 An ∈∈-admissible Multiple Level Island Search

The type of semi-admissible search that will be discussed here is called ∈-

admissible.  A search algorithm is said to be ∈-admissible if it can find a solution with a

cost of not more than f*(s) + ∈.  Compare this to the normal requirement that the solution

have a cost of not more than f*(s).  With an ∈-admissible algorithm, we are only guaranteed

that a solution is close to optimal.  This is the price we pay for a potentially faster search.  A

simple modification to Algorithm I produces an ∈-admissible algorithm.  Chakrabarti et al.

(Chakrabarti et al., 1986) made this extension to Algorithm I to create Algorithm I'.

Algorithm I' requires an additional input d which is used to guarantee that the cost of the

solution will not be more than d + f*(s).

Algorithm In and Inp can become ∈-admissible in a manner similar to Algorithm I.

The only change to the algorithms occurs in steps 8(1) and (2).  Instead of always using

Minjh(ni|ij) for the heuristic, we can use h(ni) whenever |Minjh(ni|ij) - h(ni)| > d.   Basically,

this change insures that the heuristic does not become too large.  By comparing the possibly

inadmissible Minjh(ni|ij) to the admissible h(ni) we can guarantee the search finds a path

within the error bound.   Note that for Algorithm Inp', we use the permuted heuristic in
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place of Minj(h(ni|ij).  With this change to the algorithms, it can be shown that we now

have an ∈−admissible algorithm when ∈ is equal to d.  This proof is very similar to the

proof of Theorem 1.

As mentioned in Section 4.1, the ∈-admissible versions of the island search

algorithms are useful in cases where information about the island set IS or the number of

islands on the optimal path E is unreliable.  By using an ∈-admissible island search

algorithm, one can guarantee a bounded solution if either IS or E are in error.

4.6 Summary of Island Search Results

Experimental results have been presented showing that island search techniques can

be used to reduce the number of node expansions.  The single level island search Algorithm

I (Chakrabarti et al., 1986) was compared with the A* algorithm.  Algorithm I was shown

to offer some improvement.  Search spaces which contain identifiable islands might have

solution paths through multiple islands.  With this in mind two multiple level island search

algorithms, In and Inp, were presented which can be used in such situations.  Test results

show that both of these algorithms outperform Algorithm I, with Algorithm Inp showing the

greatest improvement.  Furthermore, Algorithm Inp has been shown to be admissible and to

expand no more nodes than Algorithm In.

The use of island search for route planning was also mentioned.  By taking

advantage of the fact that many paths in a road network pass through a common set of

nodes, the island search algorithms In and Inp were shown to reduce the number of node

expansions without sacrificing route quality.  These results could have important

ramifications for advanced traveler information systems which must rely on in-vehicle route

planners.



5. CYCLE CHECKING

An experimental evaluation of a technique for improving the efficiency of depth-first

search on graphs is presented in this chapter.  The technique, referred to as cycle checking,

prevents the generation of duplicate nodes in the depth-first search of a graph by comparing

each newly generated node to the nodes already on the search path.  Although cycle

checking can be applied to any depth-first type search, this chapter focuses on its effect with

the heuristic depth-first iterative deepening algorithm IDA*.  Two types of cycle checking

are compared, full cycle checking and parent cycle checking.  Full cycle checking compares

a new node to all nodes on the search path.  Parent cycle checking merely compares a new

node to the parent of the node being expanded.  Both types of cycle checking are shown to

improve the efficiency of IDA* search in a grid search problem and a route planning

problem.  Simple guidelines are presented showing which type of cycle checking should be

used on a given problem.

5.1 Introduction to Cycle Checking

The IDA* algorithm was introduced by Richard Korf in 1985 as an optimal heuristic

search algorithm.  In addition to being a relatively simple algorithm, IDA* is provably

optimal in terms of memory usage and time complexity over all best-first searches on a

tree (Korf, 1985; Mahanti et al., 1992).  Note that the optimality of IDA* applies only to

trees and not to graphs in general.  There are two major shortcomings of using IDA* on

graphs.  First, if IDA* is used on directed acyclic graphs with an edge branching factor

greater than the node branching factor, then it will waste time exploring alternative paths to

41
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the same node.  The second shortcoming deals with using IDA* on graphs in which cycles

are present.  Addressing this second shortcoming will be the focus of this chapter.

To see why cycle checking is important, one must first understand how the IDA*

algorithm works.  The IDA* algorithm is based on the concept of depth-first iterative

deepening (DFID).  A brute force DFID search uses successive depth-first searches to find

the goal.  A normal depth-first search stops only when there are no more nodes left to

expand.  The depth-first search used by DFID stops when a depth limit has been reached.

This is necessary because it is not possible to mark every node which has been expanded

when the search space is large.  Successive depth-first searches are performed to greater

and greater depths.  After each depth-first search, the depth limit is increased by one.

Initially, the depth limit is one.  A DFID search terminates when the goal is encountered.

The IDA* algorithm improves upon brute force DFID by using a heuristic, h(n).

Successive depth-first searches are performed with the A* cost function g(n) + h(n) used to

determine when to stop searching along the current path.  Search continues along a path to

the next node n only if g(n) + h(n) ≤ cutoff.  Unlike brute force DFID, where cutoff is

always incremented by one, the value of cutoff for the next iteration of IDA* is determined

from the minimum of all cost values that exceeded cutoff in the current iteration.  Initially,

cutoff is the heuristic estimate of the cost from the start state to the goal state.  Note that

the path from the start state to the current state must be maintained as part of the depth-first

search in order to obtain the path to the goal when the algorithm terminates.

Since IDA* is based on depth-first search, it will blindly wind its way through a

cycle until its depth limit is reached.  The algorithm can be modified to check for these

cycles fairly easily (Pearl, 1984, p.39).  Since the current path back to the start must be

maintained, a test can be put in place which compares each node being generated to some
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or all of the nodes on the current path.  Two types of cycle checking will be considered

here, parent and full cycle checking.  Parent cycle checking discovers cycles of length two

by simply comparing a newly generated node to the parent of node being expanded.  Full

cycle checking discovers cycles of any length by comparing a newly generated node to

every node on the current path.  Empirical evidence suggests that this O(d) brute force

search is faster than using a O(1) hash table lookup because the overhead of adding and

deleting nodes from the hash table is quite large and usually negates any benefit obtained

from faster cycle detection.

Since cycle checking IDA* cuts off more branches of the search tree, it will have a

lower effective branching factor than regular IDA*.  A lower branching factor means less

time spent doing node expansions.  This is balanced against the extra time needed to check

for cycles.  When comparing two search spaces with different branching factors, IDA* will

be asymptotically faster on the search space with the lower branching factor, even when the

extra time for cycle checking is taken into account.  The next section will provide

experimental evidence which shows that full cycle checking provides a significant reduction

in node expansions and search time for two types of search problems.

5.2 Test Results

Tests were run on a four-connected grid search problem, the 15-puzzle problem

(Pearl, 1984), and a transportation route planning problem in order to determine the

effectiveness of cycle checking.  All tests were run on Sun SparcStation IPX workstations.

It will be shown that parent cycle checking improves the search time of all problems tested.

Full cycle checking is shown to improve the search time of the grid search problem and the

route planning problem.
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5.2.1 The Grid Search Problem

The objective of a grid search problem is to find a path from one point on a grid to

another point on a grid, with obstacles blocking some grid positions.  The results for the

grid search problem are summarized in Figures 16 and 17.  To make things interesting, the

tests run in these figures had a single obstacle placed perpendicular to a line connecting the

start and the goal.  The distance between the start and the goal grid positions was varied

and one test was run for each start/goal position.  The air-distance heuristic was used in all

tests for the grid search problem.  Shown in Figure 16 is the number of node expansions as

a function of the solution length.  By fitting an exponential function to each curve, the

branching factor was determined to drop from 2.15 with no cycle checking to 1.97 with

parent checking and 1.92 with full checking.
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Figure 16.  Cycle checking results for four connected grid.

Reducing the number of node expansions is only meaningful if there is also a

corresponding decrease in the search time.  Figure 17 shows the amount of CPU time

needed to solve each of the grid search problems versus path length.  The amount of time
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needed correlates very closely with the number of node expansions.  The small added cost

of cycle checking is more than made up for by the reduction in node expansions.  Full cycle

checking IDA* is 33% faster than parent cycle checking IDA* when the path length is 28.

This graph shows that for the grid search problem, it is worthwhile to use full cycle

checking.
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Figure 17.  Cycle checking results for four connected grid.

5.2.2 The 15-Puzzle Problem

Unlike the tests for the grid search problem, the tests for the 15-puzzle problem

involved solving twenty random puzzles for each path length rather than solving just one

case for each path length.  Each problem was solved without cycle checking, with parent

cycle checking IDA*, and with full cycle checking IDA*.  The Manhattan distance was used

as the heuristic.  The test results are summarized in Figure 18.  Branching factors were

computed by fitting an exponential curve through the node expansions versus path length

data.  This is basically equivalent to computing the mean value of the dth root of the number

of nodes expanded.  The branching factor dropped from 1.9 without cycle checking to 1.44
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with cycle checking yielding a corresponding exponential improvement in search time.  The

graph shows that cycle checking IDA* is about 800 times faster than non-cycle checking

IDA* at path length 30.  Parent cycle checking IDA* was about 13% faster than the full

cycle checking IDA* at the same path length.
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Figure 18.  15-puzzle test results.

A second test was run to see if full cycle checking would provide more of a benefit

on puzzle instances with longer path lengths.  The second test involved solving twenty

random puzzle instances of arbitrary path lengths.  Random 15-puzzle instances are

intractable with non-cycle checking IDA* and hence no puzzles were solved without cycle

checking.  Once again, the Manhattan distance was used as the heuristic.  The results are

summarized in Table III.  The three columns of the table provide information on six random

variables:  the number of node expansions for full and parent cycle checking, the elapsed

time for full and parent cycle checking, and the percent improvement of parent versus full

cycle checking computed using node expansions and elapsed time.  The table shows that
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even though full cycle checking IDA* expands less nodes, it is about 17% slower than

parent cycle checking IDA*.

Number of Tests = 20 Mean Path Length = 50.25

Parent Cycle

Checking

Full Cycle

Checking

Parent Full

Parent
100

−
×

Nodes Expansions Mean 92,230,862 92,155,932 0.05

Deviation 166,398,011 166,201,336 0.06

Elapsed Time, sec Mean 48,686.0 60,326.2 -16.6

Deviation 95,248.5 116,412.2 15.8

Table III.  Summary of test results for the 15-puzzle problem.

The 15-puzzle experiments show what happens when full cycle checking is used on

a simple search space with a strong heuristic.  The search space for the 15-puzzle problem

contains cycles of length 2 with the next larger length cycles being of length 12 and then

length 16.  Parent cycle checking eliminates the cycles of length 2, and the Manhattan

heuristic eliminates most of the longer length cycles.  For these reasons, full cycle checking

IDA* should not be used on this type of problem.

5.2.3 The Route Planning Problem

The tests for the route planning problem involved finding the fastest travel-time path

between two points on a Chicago area map.  The map contained over 16,000 miles of

roadway within a 60 mile radius of Chicago.  The map did not contain any local residential

streets.  The map was represented as a directed graph with 8,847 nodes and 27,836 edges.

The average node branching factor was 3.1.  The heuristic used was the air-distance divided

by 55 miles per hour.  This heuristic is admissible since the maximum legal speed limit in the

map area is 55 miles per hour.  The cost of traversing a road segment was set equal to the
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length of the segment divided by the speed limit on the segment.  This assumes very light

traffic conditions, a total absence of any congestion, and also ignores traffic signals.

Data was collected on a set of 100 pseudo-randomly selected (start, destination)

pairs.  The start and destination points were restricted to be within 2 to 4 miles of each

other in order to reduce the variance in the test results.  Parent cycle checking and full cycle

checking IDA* were used to solve each of the 100 test cases.  The test results are

summarized in Table IV.  The table shows that full cycle checking IDA* expanded 38%

fewer nodes than parent cycle checking IDA* and was 31% faster.  This is an example of

the improvement in efficiency that can be obtained by using full cycle checking in a complex

search space with a relatively weak heuristic.  Tests run with longer path lengths indicated

an even further improvement in the efficiency of full versus parent cycle checking.

Number of Tests = 100

Parent Cycle

Checking

Full Cycle

Checking

Parent-Full

Parent
100×

Nodes Expansions Mean 16,263,766 3,695,788 38.8

Deviation 48,707,689 11,589,785 33.3

Elapsed Time, sec Mean 5,264 1,481 31.4

Deviation 15,799 4,678 38.0

Table IV.  Summary of test results for the route planning problem.

The effectiveness of full cycle checking was compared to the effectiveness of parent

cycle checking by the analyzing the two hypotheses listed in Table V.  The analysis was

based on the unbiased, non-trivial test cases for the route planning problem domain.  The

significance of the hypotheses were evaluated using the difference-of-means test (Dowdy

and Weardon, 1983).  The results of the hypothesis tests are shown in Table VI.  The

quantity δ is the standard deviation and Z represents the standardized variable.  The results
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show that, for a two-tailed test, the difference between the average performance of parent

and full cycle checking IDA* is significant at the 0.02 level for both hypotheses.  Therefore,

we can assert with 98% confidence that full cycle checking IDA* significantly outperforms

parent cycle checking IDA* in the route planning domain.

Hyp. number Hypothesis

1 Full cycle checking IDA* expands fewer nodes than parent

cycle checking IDA* in the route planning domain

2 Full cycle checking IDA* is faster than parent cycle

checking IDA* in the route planning domain

Table V.  Hypotheses

Hyp. number δ Z Test Significance level Confidence level

1 5006757 2.51 two-tailed 0.006 99.4%

2 1647.7 2.30 two-tailed 0.011 98.9%

Table VI.  Results of tests of hypotheses

5.3 Summary of Cycle Checking Results

Two weaknesses of the IDA* algorithm were discussed.  Both weaknesses stem

from the fact that IDA* is basically a series of depth-first searches with little knowledge of

previous computations.  The weakness pointed out here is that each depth-first search will

blindly follow a cycle if an unmodified version of the IDA* algorithm is used.  A

modification to the IDA* algorithm can eliminate these cycles by checking each newly

generated node to determine if the node is already present on the current path.  This simple

modification to the IDA* algorithm was shown to significantly improve the performance of

IDA* when a complex state space is searched using a weak heuristic.
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Two types of cycle checking were presented.  Deciding which type of cycle

checking to use depends mainly on two factors: heuristic pruning power and search space

complexity.  The 15-puzzle problem showed that longer length cycles will be eliminated by

a strong heuristic and hence obviate the necessity of doing full cycle checking.   Define a

simple search space as a search space with few cycles of length greater than two.  The 15-

puzzle search space is an example of a simple search space.  Full cycle checking should not

be used in a simple search space since the cost of checking for cycles of length greater than

two will negate any benefit obtained by reducing the number of node expansions.  Table VII

provides a guide to the type of cycle checking which should be used on a given problem.

The entries marked with a "?" indicate that experimentation should be used to determine

which type of cycle checking works best.

Simple Search Space Complex Search Space

Weak Heuristic ? Full Cycle Checking

Strong Heuristic Parent Cycle Checking ?

Table VII.  Guide to cycle checking type to use

There are other methods of reducing the complexity of IDA* that are notable.  Sen

and Bagchi present an algorithm called MREC which uses a fixed amount of memory to

store nodes (Sen and Bagchi, 1989).  This not only eliminates cycles, but it also prevents

the same node from being generated more than once.  When memory runs out, however,

MREC reverts back into an IDA* type search and hence the cycle checking modifications

presented here can also be applied to MREC.  Also note that cycle checking IDA*, unlike

MREC, does not require any additional memory usage beyond what IDA* would normally

use.  Taylor and Korf also present a novel method of eliminating cycles by using a finite
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state automaton to generate moves (Taylor and Korf, 1992).  The automaton is constructed

by performing a breadth-first search prior to the use of IDA*.  The drawback to this

approach is that it is only useful for problems which are described implicitly, like the 15-

puzzle problem or the Towers of Hanoi problem.  The full cycle checking approach

presented here, however, can potentially improve the node expansion efficiency of IDA* in

any problem domain.



6. PERIMETER SEARCH

A new type of heuristic search algorithm is presented in this chapter.  This

admissible algorithm is referred to as perimeter search since it relies on a perimeter of nodes

around the goal.  The perimeter search algorithm works as follows:  First, the perimeter is

generated by a breadth-first search from the goal to all nodes at a given depth ∂ .  The path

back to the goal along with each perimeter node's state descriptor are stored in a table.  The

search then proceeds normally from the start state.  During each node generation, however,

the current node is compared to each node on the perimeter.  If a match is found, the search

can terminate with the path being formed with the path from the start to the perimeter node

together with the previously stored path from the perimeter node to the goal.  Both

analytical and experimental results are presented to show that perimeter search is more

efficient than IDA* and A* in terms of time complexity and number of nodes expanded for

two problem domains.

6.1 Introduction to Perimeter Search

The perimeter search algorithm can be categorized as a bidirectional search

algorithm.  As with other bidirectional search algorithms (Champeaux and Sint, 1977; Kwa,

1989; Pohl, 1971; Politowski and Pohl, 1971), perimeter search requires a state space with

reversible operators and a heuristic which can estimate the distance between any two nodes.

Also like other bidirectional search algorithms, perimeter search attempts to reduce the

complexity of heuristic search by splitting the search space between two separate searches;

one from the start, and another from the goal.  Unlike other bidirectional search algorithms,

perimeter search avoids some of the pitfalls of attempting to do the two searches

52
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simultaneously.  After performing a depth-limited breadth-first search from the goal,

perimeter search proceeds as a unidirectional search from the start.

Pohl’s original bidirectional heuristic path algorithm (BHPA) (Pohl, 1971), attempts

to reduce the complexity of heuristic search by performing two simultaneous searches, one

from the start to the goal, the other from the goal to the start.  The algorithm finds

successively better paths as the two searches collide with each other.  The algorithm

terminates when no further improvements can be made to the path length.  A best-case

scenario for BHPA would be for the two searches to “meet in the middle” initially.  This

would reduce a O(bd) search into two O(bd/2) searches.  Unfortunately, the two search

spaces often do not meet at a midpoint.  The result of this, combined with satisfying

BHPA’s admissibility conditions, is that BHPA can end up expanding more nodes than a

unidirectional algorithm.

De Champeaux and Sint eliminated the “meet in the middle” problem with their

BHFFA algorithm by using a heuristic which guides the nodes in each wavefront toward the

closest node in the opposing wavefront.  This guarantees that the first node found by

BHFFA is the best one, but the time complexity of the heuristic used increases

proportionally with the size of the opposing wavefront.  Compounding this problem is the

fact that the heuristic value for a node cannot be stored and must be recomputed every time

the opposing wavefront changes.

Politowski and Pohl created a bidirectional search algorithm similar to BHFFA, but

with the heuristic changed so that the search was guided toward only one special node in

the opposing wavefront called the d-node.  The d-node is the node in the opposing

wavefront furthest from the start(goal).  The d-node retargeting algorithm works by

performing n node expansions towards the d-node, switching directions, recomputing the
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heuristic values for the new d-node, and repeating the process until the wavefronts meet.

Unfortunately, the d-node retargeting algorithm is inadmissible and requires a careful choice

for the value of n.  Choosing too large a value for n leads to a unidirectional search.

Making n too small leads to lower quality paths and more overhead for recomputing the

heuristic values (Politowski and Pohl, 1971).

One of the most recent developments in bidirectional search algorithms is Kwa’s

BS* algorithm.  The BS* algorithm is derived from Pohl’s BHPA algorithm with

refinements added to eliminate excessive node expansions.  The BS* algorithm is provably

admissible and has been shown to outperform BHPA.  Unfortunately, the test results given

in (Kwa, 1989) and in Section 6.5 show that BS* is inferior to A* not only in terms of

running time, but also in terms of node expansions.  This is probably due to the extra

overhead necessary for nipping and pruning useless nodes from the OPEN lists.

The best admissible bidirectional search algorithms considered here, BHFFA and

BS*, take two different approaches to dealing with the “meet in the middle” problem.  The

BHFFA algorithm forces the two wavefronts to meet in the middle, but in doing so

increases the cost of the heuristic exponentially.  The BS* algorithm relies upon the ability

to eliminate useless nodes once the wavefronts have met in order to reduce the number of

node expansions.  Perimeter search takes a third approach to dealing with this problem:

generating one of the wavefronts with a breadth-first search and limiting the size of the

wavefront.

Limiting the size of one of the wavefronts has many important advantages.  First,

the wavefront only needs to be generated once for each possible goal.  This allows the cost

of performing the breadth-first search to be amortized over many problem instances, if

necessary.  In most cases the optimum wavefront size will be so small that the time it takes
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to generate it is insignificant.  Next, fixing a depth limit on one side of the search avoids the

wasteful necessity of retargeting toward a continually changing opposing wavefront as is

done in the BHFFA and the d-node retargeting algorithms.  Finally, the time complexity of

the perimeter search algorithm can be analyzed and the optimum wavefront size can be

calculated.  Section 6.3 will show how these advantages allow perimeter search to

substantially outperform other admissible heuristic search algorithms.

6.2 Perimeter Search Algorithms

The perimeter search algorithm consists of two searches performed in sequence.

The first search, a depth-limited breadth-first search from the goal, generates the perimeter,

see Figure 19.  The second search proceeds from the start using Minm∈P(h(n,m)  + h*(m,Γ))

as the heuristic, where n is the node being expanded, P is the set of perimeter nodes, and

h*(m,Γ) is the cost of the least cost path from perimeter node m to Γ.  Since the two

searches are completely independent, any type of heuristic search algorithm can be used for

the second search.  Discussion will be limited to using A* (Nilsson, 1980) and IDA* (Korf,

1985).  Perimeter search with A* will be denoted as PS* and perimeter search with IDA*

will be denoted as IDPS*.
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s

Γ
perimeter

Figure 19.  Hypothetical search space showing perimeter around goal Γ.

In addition to modifying the heuristic used in the second search, a test needs to be

put in place which compares the node selected for expansion against the nodes in the

perimeter.  If a match is found, the second search can terminate with the solution path being

formed from the path to the perimeter node together with the previously stored path from

the perimeter node to the goal.

Both PS* and IDPS* use a heuristic similar to the one in BHFFA to force the

heuristic search towards the perimeter.  That is, Minm∈P(h(n,m) + h*(m,Γ)) is used instead

of h(n) as the heuristic.  For problem domains with unity cost arcs, h*(m,Γ) is equal to the

perimeter depth ∂.  Since ∂ is constant throughout the search, it can be omitted leaving

Min m Ph n m∈ ( , ) as the heuristic for unity cost problems.

Assuming h(n,n) = 0, it is only necessary to check for a collision with the perimeter

when Minm∈Ph(n,m) = 0.  Once a node in the perimeter has been selected for expansion, the

search can terminate.  The optimal path from s to Γ can be formed by appending the path

from p to Γ onto the path from s to p, where p is the perimeter node encountered.  Since
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PS* and IDPS* are based upon admissible algorithms, and since Minm∈P(h(n,m) + h*(m,Γ))

is an admissible heuristic, both PS* and IDPS* are admissible.

The perimeter search algorithm does not require the perimeter depth ∂ to be a

natural number.  If the problem domain has real valued costs, then the depth-limited

breadth-first search used to generate the perimeter should only add those nodes to the

perimeter which have a depth greater than or equal to ∂.  See Figure 20 for an algorithm

which can generate perimeters for any search domain.

procedure makePerimeter(State goal, Real d, var Perimeter P)

  add goal to the back of the OPEN queue, set g(goal) = 0

  while OPEN is not empty

    Remove n from the front of the OPEN queue

    if CLOSED set does not include n then

      Add n to CLOSED set

      if g(n) < d then

        For each successor ni of n do begin

          Add ni to OPEN, set g(ni) = g(n) + c(n,ni)

        end for

      else

        Add n to perimeter P

      end if

    end if

  end while

end procedure makePerimeter

Figure 20.  Algorithm for generating perimeter P of depth d

The perimeter need not be generated using a breadth-first depth limited search as

shown in Figure 20.  In fact, any set of nodes which encompass the goal will work as a

perimeter.  One such alternative method of generating the perimeter would be to use A*.

This would generate a constant evaluation perimeter because all nodes on the perimeter

would have approximately the same f value.  The algorithm listed in Figure 20 generates
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constant depth perimeters because all the nodes on the perimeter have approximately the

same g value.  This chapter will focus primarily on constant depth perimeters for the

following reasons:  First, analyzing the number of node expansions is much easier with

constant depth perimeters.  Second, constant evaluation perimeters are more expensive to

generate since an agenda must be maintained by A*.  Third, constant evaluations perimeters

can only be used for one start/goal pair whereas constant depth perimeters can be reused as

long as the goal remains the same.  Finally, empirical results show that there is  no

significant advantage to using constant evaluation perimeters instead of constant depth

perimeters, see Section 6.7.

6.3 Analyzing Perimeter Search

A simple analysis of the perimeter search algorithm can be used to help decide when

perimeter search will improve the search efficiency for a particular problem domain.  The

same analysis can also be used to determine the optimal value of ∂ to use.  In the absence of

such an analysis, empirical results based on small problem instances may be used in order to

determine if perimeter search is useful for a particular problem domain.

Let t be the amount of CPU time necessary per node expansion with one heuristic

evaluation to a single goal.  This analysis assumes that t remains constant throughout the

search.  Let f be the fraction of time t spent evaluating the heuristic h(n,m).  Let n∂ be the

number of nodes expanded by the forward search when a perimeter of depth ∂ is used.

Finally, let η  be the number of goals.

The time needed to evaluate h once for each goal during a single node expansion is

tfη.  The time needed for the rest of the operations during a node expansion is t(1 - f).

Since evaluating Minm∈Ph(n,m) requires |P∂| heuristic evaluations for each goal (in the
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worst case, see Section 6.4), the total amount of time spent evaluating the heuristic over all

node expansions is | |P tf n∂ ∂η .  The total amount of time spent on non-heuristic operations is

(1 - f)tn∂.  Let nBFS  be the number of nodes expanded when creating the perimeter for one

goal.  Assuming the cost per node expansion is t for the backwards search, the total running

time of a perimeter search algorithm is

R t P f n d P f f tn t nBFS
* ( , , , , , ) (| | )∂ ∂ ∂ ∂η η η= + − +1 . (1)

Assuming a tree search, n∂ can be estimated as bL-∂ where b is the effective

branching factor and L is the cost of a least cost path from s to Γ.  The perimeter size and

the number of nodes expanded to generate the perimeter can be estimated with B∂ where B

is the brute force branching factor.  Substituting these into equation (1) yields

R t B f b L B f f tb t BL( , , , , , , ) ( )∂ η η η∂ ∂ ∂= + − +−1 . (2)

Equation (2) is plotted in Figure 21 for b=1.44, B=2.13, t=1, L=53,  and various values of

f.  The values for b and L correspond to empirical estimates of the branching factor and

average path length for the 15-puzzle problem when using IDA* and the Manhattan distance

heuristic (Pearl, 1984).  The value for B was computed exactly, see (Taylor and Korf,

1992).
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Figure 21.  Analytical time complexity of perimeter search for the 15-puzzle problem

Figure 21 shows that the usefulness of perimeter search for the 15-puzzle problem

depends critically on the fractional amount of time spent evaluating the heuristic.  For

values of f greater than about 0.3, perimeter search will no longer improve the search

efficiency.  The usefulness of perimeter search can be determined for other problem

domains as well.  Taking the derivative of equation (2) with respect to ∂ yields

dR

d
b tf b b t b b B tf B b B tf b B t BL L L L

∂
η η η∂ ∂ ∂ ∂ ∂ ∂ ∂= − + − +− − − −log log log log log . (3)

Perimeter search is no longer useful when the minimum R occurs at ∂ ≤ 0.  Substituting ∂

 = 0 into equation (3) and solving for dR/d∂ = 0 reveals that perimeter search will be useful

if

f
b b B

b b b B

L

L
≤ −

− +
log log

(log log log )
η

η η
. (4)

For the case with one goal and for sufficiently large values of L, equation (4) simplifies to

f
b

B
≤ log

log
. (5)
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Equation (5) provides a simple test to determine when perimeter search will improve

search performance.  Note that equation (5) only applies to problem domains where ∂ can

be any real number.  For problem domains like the 15-puzzle problem where ∂ must be an

natural number, ∂ = 1 is substituted into equation (3) and dR/d∂ = 0 is solved to yield

f
b b bB B

b b B b B Bnat

L

L
≤ −

− +
log log

(log log log )
η

η η
. (6)

For the case with one goal and for sufficiently large values of L, equation (6) simplifies to

f
b

b B b B Bnat ≤
− +

log
log log log

. (7)

Substituting in the appropriate values of b = 1.44 and B = 2.13  into equation (7) reveals

that perimeter search will be useful for the 15-puzzle problem if f is less than or equal to

0.304.

Equations (4) through (7) are only valid under the assumption of a tree search.  For

problem domains where this is not a valid assumption, a different analysis must be done

based either on empirical equations for n∂ and nBFS, or else exact equations for n∂ and nBFS

can be determined using methods similar to those found in (Pearl, 1984).  Such an analysis

has been done for the grid search problem domain, see Section 6.9.

Once the utility of perimeter search has been verified, the next step is to determine

the value of ∂ which yields the minimum time complexity.  This can be achieved by setting

equation (3) equal to zero and solving for ∂.  Unfortunately, there is no closed form

solution to this equation and a numerical analysis must be used instead.  Table VIII lists out

some optimum ∂ values for the 15-puzzle problem with one goal.  Also shown in the table is

the speedup obtained by using perimeter search.  Speedup is defined here as the ratio

Speedup
R t B f b L

R t B f b L
= ( , , , , , , )

( , , , , , , )
0 1

1∂
. (8)
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f Optimum ∂ Speedup

0.01 6 4.6

0.02 5 3.3

0.05 4 2.2

0.1 3 1.6

0.2 2 1.2

0.3 1 1.1

Table VIII.  Optimum values of ∂ for the 15-puzzle problem and the corresponding search

speedup

6.4 Minimizing Heuristic Evaluations

Table VIII shows that the performance of perimeter search is dependent on the

amount of time spent evaluating the heuristic.  Many of the methods for improving the

heuristic evaluation time are implementation dependent.  However, there is a general

technique which can be used with IDPS* or multiple goal IDA* to minimize the number of

heuristic evaluations.

At first it may seem that using Minm∈Ph(n,m) as a heuristic requires |P| heuristic

evaluations per node expansion.  This is not the case, however, if the heuristic is monotonic.

Recall that if a heuristic is monotonic, then

| ( ) ( )| ( , )h n h m c m n− ≤ (9)

holds for all nodes n and m, where c(n,m) is the cost of traversing the arc between m and n.

With a monotonic heuristic, the estimate of the distance from a node n to a perimeter node

p can only change by at most c(m,n), where m is the parent of n.  The result is that a

heuristic value does not need to be recomputed if its value cannot change enough to affect

the minimum.
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The technique for reducing the number of heuristic evaluations is now as follows.

The heuristic is used once at the beginning of the search to estimate the distance from the

start to each perimeter node and this estimate is then stored along with the node.  Next,

when a node n is generated from a node m, the heuristic value of the current minimum is

recomputed using h.  The arc cost c(m,n) is then subtracted from the rest of the stored

heuristic values.  If any of the stored heuristic values falls below the minimum, it is

recomputed using h also.  Using this technique with IDPS* and a perimeter containing 4

nodes, the number of heuristic evaluations was reduced by 74% when solving 25 random

15-puzzles .

Note that this technique for reducing the number of heuristic evaluations requires

O(|P|) memory to store the heuristic values for every perimeter node.  This is the reason the

technique cannot be used with PS*, it would require O(|P|) memory for each node in the

OPEN list.  IDPS* does not have this problem because the heuristic values only need to be

stored with each node along the current path.

6.5 Test Results

The theoretical analysis of Section 6.3 indicate that perimeter search can improve

search efficiency quite dramatically.  This section will support the theoretical analysis

through experimental results which show that perimeter search improves search efficiency

for the 15-puzzle and Think-A-Dot problems.  All tests in this section were run on Sun

SparcStation IPX workstations.  The elapsed time was calculated based on the number of

CPU seconds required to solve a problem.  The elapsed time for each PS* and IDPS* test

includes the time needed to generate a perimeter.
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6.5.1 15-Puzzle Problem

The 15-puzzle problem is a sliding tile problem based on a game in which

fifteen numbered tiles are placed in a four by four grid.  The objective of the game is to

arrange the tiles in a specified pattern by moving the tiles, one at a time and without

crossing over each other, into the one blank position.  The IDA* and IDPS* algorithms

were used to solve random instances of the 15-puzzle problem.  The A*,  PS*, and BS*

algorithms could not be used due to their large memory requirements.

One of the best heuristics available for the 15-puzzle problem is the Manhattan

distance heuristic.  The Manhattan distance heuristic estimates the number of moves needed

to solve a sliding tile puzzle by summing up the distance between each tile and its “home”

position.  All 15-puzzle problems were solved using the Manhattan distance heuristic.

Perimeter search was shown in Section 6.3 to be useful for the 15-puzzle problem

only if f ≤ 0 3. .  The actual value of f for the Manhattan distance heuristic was estimated to

be approximately 0.02 by solving twenty “easy” problems.  Easy problem instances were

generated by making a limited number of random moves from the goal state.  The low f

value results from computing the Manhattan distance heuristic incrementally using a lookup

table based on the current blank position, the new blank position, and the tile being moved.

This low f value indicates that perimeter search should provide a speedup of at least 3, see

Table VIII.

The test results for the 15-puzzle problem are summarized in Figure 22 and

Table IX.  Each point in Figure 22 represents the average elapsed CPU time required to

solve 100 random 15-puzzles.  Note that the point for perimeter depth 0 represents IDA*

search and the remaining points are IDPS* searches with different perimeter depths.

Table IX shows the mean and standard deviation of six random variables:  the number of
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node expansions for IDA* and IDPS*, the amount of CPU time for IDA* and IDPS*, and

the speedup computed using node expansions and CPU time.  Note that the last column in

the table represents the mean of a ratio and not the ratio of two means.  The test results

show that IDPS* at depth 4 attained the highest speedup; it was 3.8 times faster than IDA*.

This speedup surpasses the theoretical speedup of 3.3, see Table VIII.
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Figure 22.  Test results for 15-puzzle

Number of Tests = 100 Mean Path Length = 50.6

IDA* IDPS*, ∂ = 4 IDA

IDPS

*

*

Nodes Expansions Mean 131,809,315 35,990,122 4.96

Deviation 305,101,594 102,444,848 3.27

Elapsed Time, sec Mean 46,416 16,225 3.85

Deviation 115,069 44,772 2.68

Table IX.  Summary of test results for the 15-puzzle problem.
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6.5.2 Think-A-Dot

The Think-A-Dot problem (Mostow and Prieditis, 1989) is based on a game in

which a ball drops through a series of levers, see Figure 23.  Each lever causes the ball to

drop to either the left or the right.  After a ball passes by a lever, the lever switches

directions so that the next ball to pass by will go the opposite direction.  The objective of

the game is to place all the levers in a given position by dropping balls, one at a time, into

one of the four positions in the top layer.  The number of moves needed to solve a Think-A-

Dot problem can be estimated by finding the maximum number of incorrectly oriented

levers in a single layer.

The utility of using the perimeter search algorithm was determined by estimating the

values of B, b, and f by solving several easy problem instances.  The value for L was

assumed to be large enough so that equation (7) could be used.  The other values, when

substituted into equation (7), indicated that perimeter search could be used to improve

Figure 23.  Think-A-Dot Problem used in tests
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search times.  The optimal value for ∂ was determined to be 4 by finding the minimum value

of equation (2).

The A*, BS*, and PS* algorithms were used to solve 100 random Think-A-Dot

problems.  An augmented red-black tree (Bayer, 1972) was used for maintaining the OPEN

lists used by these algorithms, resulting in O(log n) complexity for all operations performed

on the lists, where n is the number of nodes in the list.  The test results are summarized in

Figure 24 and Table X.  Each point in Figure 24 represents the average elapsed CPU time

required to solve 100 random Think-A-Dot problem instances.  Table X contains the mean

and deviation of eight random variables: the number of node expansions for A*, BS*, and

PS*, the amount of CPU time for A*, BS* and PS*, and the speedup relative to A*

computed using node expansions and CPU time.  The results for A* are shown at perimeter

depth 0 in Figure 24.  The results show that PS* at depth 4 is 1.7 times faster than A*.  The

results of the BS* tests are given in Table X.  These results show that the BS* algorithm

expanded more nodes and took more time to solve the problems than either A* or PS*.  The

perimeter search algorithm PS* had, on average, the least number of node expansions and

required the least amount of running time to solve the problems.
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Figure 24.  Test results for Think-A-Dot

Number of Tests = 100 Mean Path Length = 18.4

A* BS* PS*, ∂ = 4 A

PS

*

*

Nodes Expansions Mean 5,369 5,479 2,673 4.11

Deviation 4,214 4,782 2,916 5.13

Elapsed Time, sec Mean 13.2 38.7 10.9 1.69

Deviation 10.17 52.3 11.8 0.53

Table X.  Summary of test results for the Think-A-Dot problem.

6.6 Near Optimal Perimeter Search

A near-optimal version of the perimeter search algorithm exists and may be useful

for certain problems.  The near-optimal perimeter search algorithm differs from the optimal

algorithm in that the heuristic used is h(n) and not Minm∈Ph(n,m).  Both versions of

perimeter search must check to see if a node on the perimeter has been encountered.  When
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a perimeter node is encountered using Minm∈Ph(n,m) as the heuristic, we are guaranteed to

have an optimal path from s to Γ.  When a perimeter node is encountered using a monotone

heuristic, h(n), we are only guaranteed an optimal path from s to the particular perimeter

node encountered.  This perimeter node may or may not be on an optimal path from s to Γ

and so the algorithm is inadmissible.  It can be shown, however, that the solution cost

obtained using near-optimal perimeter search is at most L + ∂, where L is the cost of the

least cost path from s to Γ and ∂ is the perimeter depth.

Theorem 5: Near-optimal perimeter search is ∈-admissible.

Proof: Since every path to Γ contains at least one perimeter node, near optimal

perimeter search must either expand one perimeter node or else the goal is

unreachable.  Let the perimeter node encountered be n and let the perimeter node

which is on the optimal path from s to Γ be n’, see Figure 25.  Since n was

expanded before n’, it must be the case that f(n) ≤  f(n’).  Substituting f = g + h

and rearranging, we get

g(n) ≤  g(n’) + h(n’) - h(n). (10)

Equation (10) defines an upper bound on the cost of the path found by near-

optimal perimeter search.  Because the optimal path from any perimeter node to

Γ is of length ∂, and since the heuristic is admissible, we have 0 ≤ h(n) ≤ ∂ and 0

≤ h(n’) ≤ ∂.  A worst case scenario has h(n)=∂ and h(n’)=0, in which case

equation (10) simplifies to

g(n) ≤  g(n’) + ∂. (11)

Assuming a monotone heuristic (Nilsson, 1980), the first path found by near-

optimal perimeter search to a node n will be the best path, so g* may be

substituted for g in equation (11) yielding

g*(n)≤  g*(n’) + ∂. (12)

Substituting equation (12) into f*(n)=g*(n)+h*(n) yields

f*(n)≤  g*(n’) + h*(n) + ∂. (13)
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Since h*(n)=h*(n’)=∂ and since f*(n’)=g*(n’)+h*(n’) we get

f*(n)≤  f*(n’) + ∂. (14)

A heuristic search algorithm is said to be ∈-admissible when the path found by

the algorithm is not worse than a factor of 1+∈ from optimal.  Since f*(n’) is the

optimal path length and since f*(n) is the length of the path found by near-optimal

perimeter search, equation (14) shows that near-optimal perimeter search is ∈-

admissible with

∈= ∂ / ( ' )*f n (15)

In fact, equation (14) shows that near-optimal perimeter search is in some

respects better than other ∈-admissible algorithms since near-optimal perimeter

search has an absolute bound and not a relative bound on its worst case path

length.

s

perimeter

n

n'
Γ

Figure 25.  Hypothetical search space showing path found by near-optimal perimeter search

and optimal path

Figure 26 shows the dramatic speedup possible when using near-optimal perimeter

search.  For each perimeter depth, twenty random 15-puzzles were solved and the average

time needed to find a path to a state in the perimeter is plotted.  The search time for IDA* is

shown in Figure 26 at depth 0 for comparison.  Near-optimal perimeter search is over

11 times faster than IDA* when a perimeter of depth 14 is used.
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Figure 26.  Search times for near-optimal perimeter search

Although the search time decreases, the path length increases because near-optimal

perimeter search is not admissible.  Fortunately, as shown in Figure 27, the path lengths are

very close to optimal.  According to Theorem 5, the path lengths could be as much as 14

moves from being optimal.  In fact, the path lengths are no more than three moves from

being optimal when a perimeter of depth 14 is used, a very encouraging result.



72

0 

10 

20 

30 

40 

50 

60 

Pa
th

 L
en

gt
h

0 2 4 6 8 10 12 14 
Perimeter Depth

Near-optimal Perimeter Search

Optimal

Figure 27.  Path lengths for near-optimal perimeter search

6.7 Constant Evaluation Perimeters

As discussed in Section 6.2, there is the possibility of using a constant evaluation

perimeter instead of a constant depth perimeter in the perimeter search algorithms.  Recall

that a constant depth perimeter is one in which every perimeter node n has g(Γ,n) = ∂ and a

constant evaluation perimeter is one in which f(Γ,n)=k, where k is some constant.  Unlike ∂

in constant depth perimeters, the constant k used in constant evaluation perimeters is not as

important since the use of an imperfect heuristic makes choosing an optimal value for k

difficult.  Therefore, it is the size of constant evaluation perimeters (number of nodes in the

perimeter) which is used to characterize the perimeter.

The procedure for generating a constant evaluation perimeter would be as follows:

The search would start at Γ and search toward s using A* until the size of the OPEN list

reached some predetermined limit.  The nodes in the OPEN list are then placed into the
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perimeter and the paths to the goal are computed using the parent pointers maintained by

the A* algorithm.  Because the node expansion rate of A* is slower than the node

expansion rate of a breadth-first search, it will take more time to generate a constant

evaluation perimeter than a constant depth perimeter.

s

Γ

Constant
Evaluation
Perimeter

Constant
Depth

Perimeter

Figure 28.  Graphical depiction of two types of perimeters

Even though a constant evaluation perimeter takes longer to generate, one might

expect better search performance since the bulk of the perimeter nodes would tend to be

closer to the start node s, see Figure 28.  To test this theory, twenty random 15-puzzles

were solved twice, once using each type of perimeter.  The perimeters used in each case

were either the same size or as close to the same size as possible.  The results of the tests

are summarized in Table XI.  The table shows there is no significant performance

improvement when a using constant evaluation perimeter over a constant depth perimeter.
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Number of Tests = 20

Perimeter Size

(nodes)

Constant Depth

(seconds)

Constant Eval

(seconds)

ConstantEval - ConstantDepth
ConstantEval

100×

4 17,238 18,213 5.6

10 23,098 25,429 -5.0

24 34,519 41,084 9.7

Table XI.  Comparison of constant depth and constant evaluation perimeters

6.8 Parallel Perimeter Search

One of the main advantages of bidirectional search algorithms is the possibility of

performing the forward and backward searches in parallel.  Even though the perimeter

search algorithm does not perform simultaneous searches from the start and from the goal,

there are still plenty of opportunities for parallelization.  If a single processor is assigned to

each node in the perimeter, then each processor will search a relatively disjoint portion of

the search space.  However, the main advantage of this type of parallel search is that almost

no communication is required between the processors.  This allows searches to be

conducted on a large number of distributed computing systems with little or no

communication overhead.

To test this theory, the parallel perimeter search algorithm was implemented using a

client/server methodology.  The server generates the perimeter and distributes perimeter

nodes to the clients when requested.  The server also keeps track of the paths found by the

clients.  The clients periodically compare their best estimate of the search cost (f(n) for A*

and cutoff for IDA*) to the cost of the best path found so far.  If the client’s best estimate is

greater than or equal to the best path cost, then the client stops its search and requests

another perimeter node.  When all perimeter nodes have been served out and when all
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clients have terminated, then the optimal path is output by the server process and the

parallel perimeter search algorithm terminates.

The parallel perimeter search algorithm was used to solve 50 random 15-puzzle

problems.  The processors used were Sun SparcStation IPX computers.  The computers

were networked together with ethernet cables and communicated with each other using

connected sockets.  Two sets of tests were run, one with 10 processors and one with 24

processors.  The results of the tests are shown in Table XII.  The uniprocessor time used in

the calculation of the efficiency is based on the IDA* algorithm (Korf, 1985).  The table

shows a disappointingly small efficiency rating.

There are a number of reasons for this low efficiency rating.  First, the parallel

perimeter search algorithm was implemented in C++, was meant to be as general as

possible, and allowed clients to use either PS* or IDPS*.  Unfortunately, overheads

associated with C++ virtual functions are estimated to have lowered the efficiency rating by

about 30% (the efficiency calculated using node expansions was 80% for the 10 processor

case).  Another reason for the low efficiency rating is the fact that a lot of work is being

duplicated among the various processors.  There is no mechanism for controlling which

processors work on which part of the search space.

Number of Processors Speedup Efficiency

10 4.9 49%

24 7.3 30%

Table XII.  Results of parallel perimeter search tests
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An analysis of the efficiency of the parallel perimeter search algorithm reveals that

the efficiency should drop as a function of the number of processors.  This is due to the fact

that the number of processors increases faster than expected improvement in search time.

To see this, note that the number of processors is equal to the perimeter size.  Assuming a

tree search, there will be B∂ processors for a constant depth perimeter of depth ∂.  The

search time will be proportional to the maximum number of nodes expanded by any one

processor.  Assuming that the processors progress at an equal rate, the processors assigned

the closest perimeter node will terminate first with bL-∂ node expansions.  The other

processors will stop searching once their best estimate of the path cost exceeds L - ∂ and so

they too will terminate with bL-∂ node expansions.  The efficiency of a parallel algorithm is

equal to the speedup divided by the number of processors.  For the parallel perimeter search

algorithm,

Efficiency
b

B b

b

B

L

L
= = �

�
�
�−∂ ∂

∂

. (16)

Since the effective branching factor b is smaller than the brute force branching factor B, the

efficiency of parallel perimeter search will decrease as more processors are added.

6.9 Perimeter Search for the Grid Search Problem

An equation for evaluating the effectiveness of perimeter search was given in

Section 6.3.  This equation assumes, however, that the search space of the problem domain

is a tree with a uniform branching factor.  This type of model is sufficient for most problem

domains.  Problem domains which contain many cycles or many paths to the same node are

the exception.  The grid search problem domain is one example of a problem domain which

should not be modeled with a tree.  This section will present an analysis of the performance
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of the perimeter search algorithm for the grid search problem domain.  This analysis for

perimeter search is based upon a similar analysis for A* found in (Pearl, 1984).

This analysis is based on the fact that the A* algorithm expands all nodes n for

which f(n) ≤  L, where L is the cost of the least cost path from s to Γ (Pearl, 1984).  This

also holds true for the PS* algorithm since PS* is based on A*.  The number of nodes

expanded by PS* can be calculated by counting the number of nodes in the search space

which have f(n) ≤  L.

The grid search problem used for the analysis is show in Figure 29.  The start s is at

grid location (0,0) and the goal Γ is at grid location (m,n).  There are no obstacles.  The

search space has been divided into four quadrants labeled I, II, III and IV.  The number of

nodes expanded Zi will be calculated for each quadrant (i = I..IV) and then summed up to

determine the total number of nodes expanded, Z.

=(m,n)n

3

2

1

1 2 3   ...0

III

IV

s

I

II

m

Γ.
.

Figure 29.  Grid search problem used in analysis.
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For this analysis, a constant depth perimeter of depth 1 will be assumed.  This means

there are four perimeter nodes at the grid locations (m-1,n), (m,n-1), (m+1,n) and (m,n+1)

for the four-connected grid search problem.  The heuristic for this perimeter is

h x y

x m y n

x m y n

x m y n

x m y n

( , )

( ) ( ) ,

( ) ( ) ,

( ) ( ) ,

( ) ( )

=

− + + −
− − + −
− + − +
− + − −

�

�

�
�
�
�

�

�

�
�
�
�

Min

1

1

1

1

2 2

2 2

2 2

2 2

 + 1, (17)

where (x,y) is the current grid position.  The quantity g(x,y) is the distance from the start

state s to the current state, so

g(x, y) = |x| + |y|. (18)

Note that slightly modified notations are used here for h and g.  The number of nodes

expanded is equal to the number of nodes for which the inequality

h(x, y) + g(x, y) ≤  m + n (19)

holds since the shortest path from s to Γ is of length m + n.

Quadrant I: x ≥  0, y ≥  0

Equation (19) becomes

h(x, y) + x + y ≤  m + n. (20)

Every grid location above y = 0, to the right of x = 0, and which satisfies equation (20) will

be expanded.  The boundary of the area of nodes expanded can be determined by finding

roots of

h(x, y) + x + y = m + n. (21)

There are six equations which define the roots to equation (21): y=n, x=m-1, y=n-

2+2/(x+m-1), y=n-1, x=m and y=n-1+2/(x+m-2), see Figure 30.  The number of nodes

within the outermost of these boundaries is



79

ZI = nm - 1 (22)

Quadrant II: x ≥  0, y < 0

Equation (19) becomes

h(x, y) + x - y ≤  m + n. (23)

Changing the inequality to an equality and finding the roots reveals that nodes between y=0

and

y n
m n x

n

m n x

n

m n x
= − −

− − +
+

− − +
−

− − +
1

2

2 2

4

2 2

2

2 2

2

(24)

will be expanded.  Integrating equation (24) yields the number of nodes:

Z n
m n x

n

m n x

n

m n x
dxII

x

m

= − − −
− − +

+
− − +

+
− − +=

� ( )1
2
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2 2

2
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2

0

Z n m n n n m nII = − + − − − − + −( ) ( ) log( ) ( ) log( )1 2 1 2 2 2 1 2 22 2 (25)

Quadrant III: x < 0, y ≥  0

This case is symmetric to quadrant II with m and n interchanged, so

Z m n m m m n mIII = − + − − − − + −( ) ( ) log( ) ( ) log( )1 2 1 2 2 2 1 2 22 2 (26)

Quadrant IV: x < 0, y < 0

Equation (19) becomes

h(x, y) - x - y ≤  m + n. (27)

The boundary is defined by two equations which intersect at

x m n m m n mn n0
2 23 2 4 9 16 8 16 16 8 2= − − + − + − + +( ) / .

The equations which define the boundary are

y
n nm x mx nx

x n mA = − + − −
+ + −

2 2
2 1

, (28)

and

y
m mn x mx nx

x n mB = − + − −
+ + −

2
2 2

. (29)
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Integrating equations (28) and (29) yields the total number of nodes expanded in

quadrant IV:

Z y dx y dxIV A

x mn n n m

x

B

x x

= +
= − − − =
� �

( )/ ( )2 2

0

0

0

.

y=n-1+2/(x+m-2)

y=n-2+2/(x+m-1)

mm-1

n
n-1

y=(mn-m)/(2-m-2n)

x

y

mn-n

2-n-2m
x=

x=x0

I

II

III

IV

Figure 30.  Nodes within these boundaries will be expanded by perimeter search

The total number of nodes expanded for PS* with a constant depth perimeter of

depth 1, Z = ZI + ZII + ZIII + ZIV, is plotted in Figure 31 for the special case where m = n.

The figure also shows the theoretical number of nodes expanded by A* (Pearl, 1984).  The

figure shows that PS* offers only a small improvement over A*.  If the number of nodes

expanded when generating the perimeter is taken into account, then PS* actually expands

more nodes than A* for small problems.  For larger problems, PS* potentially offers some

improvement over A*.
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Figure 31.  Theoretical number of nodes expanded for grid search problem

Although PS* decreases the search efficiency of small grid search problems, it

potentially improves search efficiency for larger problems.  The usefulness of perimeter

search on the grid search problem will be both a function of the problem size and of the

amount of time spent evaluating the heuristic.  Let ZPS = Z be the number of nodes

expanded by PS* (with m = n).  Let ZA = 1.436m2 be the number of nodes expanded by A*

(Pearl, 1984).  Since there are four perimeter nodes, the time complexity of perimeter

search can be estimated as

RPS = t(4fZPS + (1 - f)ZPS + 4), (30)

where f is the fractional amount of time spent evaluating the heuristic and t is the amount of

time per node expansion for A* with one goal.  The estimated time complexity of A* is

RA = tZA. (31)

The usefulness of perimeter search is a function of m and f.  The functional relationship

between m and f can be determined by setting RA = RPS and solving for f, see Figure 32.
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The figure shows the upper bound on f for which perimeter search is at least as fast as A*.

The figure shows that if f is greater than about 0.0004, then perimeter search will not be

useful regardless of the problem size.  It is interesting to note that f decreases with problem

size and that it peaks around m = 40.  In summary, an impossibly small value of f is

necessary to make perimeter search as fast as A* for the grid search problem domain.

Therefore, PS* should not be used for the grid search problem.

-0.0004 

-0.0002 
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0.0002 

0.0004 

0.0006 

f

10 30 50 70 90 110 
Problem Size, m

Figure 32.  Maximum value of f versus grid search problem size

6.10Summary of Perimeter Search

A new search algorithm has been presented called perimeter search.  Perimeter

search can be viewed as a bidirectional search algorithm.  Like other bidirectional search

algorithms, perimeter search attempts to reduce search complexity by splitting the search

space into two separate parts.  Unlike other bidirectional search algorithms, perimeter

search does not attempt to perform two searches simultaneously.  This allows perimeter
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search to avoid the overhead involved in retargeting or pruning as in the d-node retargeting

and BS* algorithms.

By assuming the search space is a tree, analytical equations were presented which

provide a method to predict when perimeter search will be useful for a particular problem

domain.  These equations can also be used to calculate the perimeter size which yields

optimum performance.

Unlike the 15-puzzle and Think-a-Dot search spaces, the grid search space cannot

be modeled using a tree.  A separate set of analytical equations were derived for the number

of node expansions when a perimeter of depth 1 is being used on the grid search problem.

It was shown that perimeter search will be an improvement over A* only if the fraction of

time spent evaluating the heuristic can be kept below 0.04% of the overall node expansion

time.  This fraction of time was found to decrease even further as the problem size

increased.  These facts indicate that perimeter search is not useful for the grid search

problem domain.  Since the search space of a typical route planning problem is similar to a

four connected grid, perimeter search will not be useful for most route planning problems.

Tests results performed on the 15-puzzle and Think-A-Dot problems show that

perimeter search can decrease the search complexity quite substantially.  For instance, the

15-puzzle results show that IDPS* is about 3.8 times faster than IDA*.  The Think-A-Dot

tests show that PS* is 1.7 times faster than A*.  Also note that PS* expands only one

quarter of the nodes expanded by A* for the Think-A-Dot problem resulting in a

corresponding reduction in the amount of memory required.

The IDPS* algorithm can be viewed as a memory bounded search algorithm, with

the memory bound equal to the perimeter size.  Unlike memory bounded algorithms like

MA* and MREC, IDPS* keeps a bottom-up memory rather than a top-down memory.  A



84

top-down memory prevents the same node from being reexpanded while memory is

available.  A bottom-up memory does not prevent nodes from being reexpanded, but rather

eliminates the last and most expensive iterations of an IDA* search.

A near-optimal version of the perimeter search algorithm exists and may be useful.

The near-optimal perimeter search algorithm finds paths whose costs are guaranteed to be

at most ∂ from optimal, where ∂ is the perimeter depth.  Tests results for the 15-puzzle

indicate that near-optimal perimeter search is much faster than IDA* while still finding high

quality paths.

A perimeter is defined as any set of nodes such that at least one of the nodes must

appear on an optimal path.  This is basically the same definition as an island set, the

difference being that a perimeter is generated by the search algorithm and an island set is

given as part of the problem description.  Two types of perimeters were discussed, constant

depth and constant evaluation.  Although one would intuitively expect constant evaluation

perimeters to improve search efficiency, test results indicate this is not the case.

A parallel version of the perimeter search algorithm was discussed.  Test results

indicate a 30% efficiency rating for 24 processors and a 50% efficiency rating for 10

processors.  Analytical results show that the efficiency of parallel perimeter search is a

function of the heuristic pruning power and the size of the perimeter.  The weaker the

heuristic, the better the efficiency of parallel perimeter search.  The efficiency decreases as

the number of processors increases.



7. CONCLUSIONS

The research presented in this dissertation has concentrated on ways of improving

the efficiency of heuristic search algorithms.  Chapter 3 presented efficient data structures

which can be used for the agenda in A*, Algorithm I, and MA*.  These data structures

allows node expansions to be performed in Θ(log |OPEN|) time, where |OPEN| is the

number of nodes in the agenda.  This is a substantial improvement over other suggested

data structures whose node expansion time complexity is Θ(|OPEN|).

Chapter 4 presented various island search algorithms.  Test results indicate that

island search improves search performance for two problem types, the grid search problem

with obstacles and the route planning problem.  Unfortunately, the island search algorithms

require an island set as part of their input.  For many problem instances, obtaining an island

set is not a trivial task.  This is somewhat alleviated by the ∈-admissible version of the

island search algorithm which relaxes the requirement that at least one node must be on an

optimal path.  Given the positive results obtained when using the multiple level island search

algorithms for the route planning problem, further research should be conducted to study

the feasibility of a practical implementation of an in-vehicle route planner based on island

search.

Chapter 5 presented a study of the effectiveness of eliminating cycles when using

depth-first type searches.  Problem domains were shown for which full cycle checking

improved search efficiency.  One problem domain was shown for which full cycle checking

actually lowered search efficiency.  A methodology was given for choosing whether or not

to use full cycle checking on a given problem instance.

85
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Finally, chapter 6 presented a new bidirectional search algorithm called perimeter

search.  Perimeter search was shown to be more efficient than other unidirectional and

bidirectional search algorithms.  A detailed methodology was given for deciding when to

use perimeter search based on the properties of the given problem domain.  Both optimal

and near-optimal versions of the perimeter search algorithm were presented.  The near-

optimal perimeter search algorithm was proved to be ∈-admissible.  Two types of

perimeters were presented and it was shown that there was relatively no difference in their

performance.  A parallel perimeter search algorithm was also discussed.  Results of a uni-

processor simulation of a distributed computing environment indicate that perimeter search

has great potential as a parallel/distributed search algorithm.  The distributed perimeter

search algorithm was implemented using a client/server methodology and the resulting

algorithm achieved 50% efficiency when running on 10 Unix workstations.  Further

research should be conducted to study the possibility of increasing the efficiency of the

parallel perimeter search algorithm through a better implementation and by assigning more

than one perimeter node per processor.
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