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Abstract

Under the principle of minimum description length, the optimal predictive model maximizes the normalized maximum likelihood

(NML). While the Bayesian approach to model selection aims to identify the model that best describes the (unknown) true distribution

that generated a set of data, the NML approach to model selection makes no reference to a true distribution, and this is seen as a

significant advantage of the latter approach. In contrast, this article shows that, for a specific choice of utility function, the NML

approach is equivalent to a Bayesian model selection under the Bayesian boostrap and with a specific penalty function for model

complexity. This new characterization uncovers some statistical issues about the NML approach.

r 2006 Published by Elsevier Inc.
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Under the principle of minimum description length
(MDL, Rissanen, 2001), given a set of models M ¼ fMdg

D
1

and available data x ¼ fxi 2 X � Rq
gni¼1, the optimal

decision is to select the model bM 2M that maximizes the
normalized maximum likelihood (NML), according to:

bM ¼ arg sup
Md2M

p�d ðxÞ ¼
f d ðx;byx;d ÞR
f dðy;byy;dÞdy

( )

¼ arg sup
Md2M

log p�d ðxÞ ¼
Xn

i¼1

log f dðxi;byx; dÞ

(

� log

Z
f d ðy;byy;dÞdy

)
,

where for every model Md 2M, the NML p�dðxÞ depends
on the predictive distribution f dðx;byx;dÞ conditioned on the
maximum likelihood estimate byx;d , which is normalized by
the integral

R
f d ðy;byy;dÞdy of such predictive distributions
N
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Rover all possible data sets fyg. This integral is a model
penalty that increases with the ‘‘flexibility’’ of f dð�; ydÞ, and
thus the NML approach rewards model simplicity. In other
words, the NML identifies the optimal model bM 2M as
the one that ‘‘allows the greatest compression of the data’’
(Myung, Navarro, & Pitt, 2006). It has been argued that
one significant advantage of the NML approach is that it
does not assume the existence of a true distribution
function (see Grünwald, 2005a, Section 1.5), and Myung
et al. (2006) go so far as to state: ‘‘We are . . . ill-advised to
base our inferential procedures on an unjustifiable faith in
an unknown truth.’’
In this paper, we adopt a Bayesian approach to model

selection which will be based on a formal decision theoretic
set-up. Therefore, it is worth outlining the Bayesian
decision theoretic approach to model selection, recently
discussed by Gutierrez-Peña and Walker (2005), Karabat-
sos and Walker (2005), and Karabatsos (2006). We will
show how the NML approach to model selection arises as
a special case of Bayesian model selection, for a specific
choice of utility function and a specific choice of prior
distribution.
It is known that Bayes theorem is a mathematical

consequence of the axioms of quantitative coherence, and
provides the only coherent approach to statistical infer-
85
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ence, in which the aim is to find the optimal decision that
maximizes expected utility (Bernardo & Smith, 1994). If the
decision-maker (statistician) defines all the ‘‘possible states
of the world’’ as the set of all sampling distribution
functions OX ¼ fFgX (defined on some sample space X),
then according to Bayes Theorem, s/he must specify a prior
distribution P over OX. A set of data x updates this prior
distribution P to the posterior distribution Pn, such that
for every F 2 OX, the posterior probability distribution
PnðdF Þ represents the degree of belief that F is the true
sampling distribution. The decision-maker specifies a
utility function uða;F Þ over D� OX, that measures the
desirability of decision a 2 D given each possible true
‘‘state of the world’’ F 2 OX.

The first essential component is the prior distribution
PðdF Þ, defined on a space of distribution functions. For
the purposes of the paper, our choice of prior distribution
will be the so-called Dirichlet process prior (Ferguson,
1973). Here we discuss in more detail the Dirichlet process
prior. The first point to make is that this prior has full
(weak) support, that is, positive mass is put on all weak
neighbourhoods of all distribution functions which are
absolutely continuous with respect to the mean distribution
of the Dirichlet process prior. To expand on this, if dw is a
metric which is equivalent to convergence in distribution;
that is, for distribution functions Pn and P,

dwðP;PnÞ ! 0 ()

Z
fðxÞdPnðxÞ !

Z
fðxÞdPðxÞ

for all continuous and bounded f, then the prior is said to
have full (weak) support whenever

PfP : dwðP;QÞo�g40

for all �40 and for all Q absolutely continuous with
respect to the mean distribution function of the Dirichlet
process prior. Hence, if this is correct terminology for a
Bayesian, the prior is not ‘‘wrong’’. That is, the prior gives
support to all possible distributions that may generate a
given set of data x.

The prior model generates random distribution func-
tions. Essentially, a random path (stochastic process) is
generated which behaves as a distribution function. That is,
it starts at zero and moves to one in a non-decreasing way.
It is possible to sample a Dirichlet process via the strategy
of taking fyig

1
i¼1 to be independent and identically

distributed from some fixed distribution G and fvig
1
i¼1 to

be independent and identically distributed from betað1; cÞ
for some c40. Then

F ¼
X1
j¼1

wj dyj
,

where w1 ¼ v1 and for j41,

wj ¼ vj

Yj�1
l¼1

ð1� vlÞ.

It is straightforward to show that the sum of the wj’s is one.
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It is that EðF Þ ¼ G and for suitable sets B,

VarfF ðBÞg ¼
GðBÞf1� GðBÞg

cþ 1
.

Using the Dirichlet process itself for modelling indepen-
dent and identically distributed observations, say
fx1; . . . ; xng, can be done and the posterior is also a
Dirichlet process with updated parameters c! cþ n and

G! Fn ¼
cG þ nGn

cþ n
,

where Gn is the empirical distribution function of
fx1; . . . ; xng. Hence, the Bayes estimate, or predictive
distribution Fn, is a nice mixture of the prior choice and
the empirical distribution. The parameter c has been
viewed as a ‘‘prior sample size’’. According to this view,
a ‘‘non-informative’’ Dirichlet process prior is defined by
taking the limit c! 0. The posterior under this limit is a
Dirichlet process with expectation the probability measure
which assigns probability 1=n to each observation xi 2 x.
In other words, the posterior mean is the empirical
distribution function Gn, which provides the basis for the
Bayesian bootstrap (Rubin, 1981). Under this scenario, the
predictive distribution function is the empirical distribution
function.
The other key component for the coherent approach to

decision making is the utility function defined on the joint
space of actions and distribution functions. We will denote
this by uðy;F Þ, with y 2 Y. This assumes that the decision
space is a parameter space Y, which indexes a parametric
family of densities f ðx; yÞ. This makes sense when the
decision is to select a parameter from a parametric family
of densities for estimation purposes. The idea is that uðy;F Þ
rewards those y which make f ðx; yÞ close to the true
distribution function F. This is the only way to understand
the construction of uðy;F Þ and so it is clear that one must
be thinking about the notion of a true distribution
function. For this reason one wants a prior which is
supported by all distribution functions and the Dirichlet
process prior does precisely this.
Following the theory, the optimal choice, based on the

principle of the maximization of expected utility, is then
given by

arg sup
y2Y

Z
uðy;F ÞPnðdF Þ,

where Pn is the posterior distribution obtained with the
prior P and the data x ¼ fx1; . . . ;xng. We will denote the
maximizer (optimal value) by by. This is standard Bayesian
theory, see for example Bernardo and Smith (1994,
Chapter 2).
We now extend the ideas above to the situation which

covers D possible parametric models, with corresponding
parametric families f dðx; ydÞ and yd 2 Yd . We will label the
model by Md , for d ¼ 1; . . . ;D. Extending the ideas in an
obvious way, one can choose the optimal model by
selecting the model Md which maximizes
rmalized maximum likelihood and Bayesian decision theory, Journal of
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uðMd jxÞ ¼

Z
uðbyd ;F ÞPnðdF Þ.

This is simply an obvious extension of the parameter
estimation choice. One way of looking at this is to extend
the parameter space to

Y ¼
[D
d¼1

Yd

and choose the model which provides the y 2 Y which
maximizes the posterior expected utility.

We now discuss the choice of utility function uðy;F Þ. As
has been mentioned earlier, those y 2 Y which make f ðx; yÞ
close to F receive a high utility. It is natural to measure
closeness through a distance between probability distribu-
tion functions and a popular choice is the Kullback–Lei-
bler distance, or divergence as it is more usually known.
We also seek a penalty term which penalizes model
complexity. Based on the Kullback–Leibler divergence,
having removed terms that do not influence the maximiza-
tion of expected utility, we can define the utility function as
provided by the logarithmic scoring rule, having the form

uðy;F Þ ¼ A

Z
log f ðx; yÞdF ðxÞ þ B,

where A40 and B do not depend on y or F (see Bernardo
& Smith, 1994, Chapter 2; Bernardo, 1979). Hence, we can
write

uðMd jxÞ ¼

Z Z
log f d ðx;byd ÞdF ðxÞ

� �
�PnðdF Þ � vðd; nÞ,

where vðd; nÞ is an as yet unspecified function of the model
complexity associated with Md , the sample size n, and byd

maximizes over Yd the expressionZ Z
log f dðx; ydÞdF ðxÞ

� �
PnðdF Þ.

Here we have put A ¼ 1 and B ¼ �vðd; nÞ. NowZ Z
log f dðx; yd ÞdF ðxÞ

� �
PnðdF Þ

¼

Z
log f dðx; ydÞdFnðxÞ,

where F n is the predictive distribution function given by

Fn ¼

Z
F PnðdF Þ.

In the case of the ‘‘non-informative’’ Dirichlet process
prior P over OX, F n becomes the empirical distribution
function and soZ

log f d ðx; yd ÞdFnðxÞ ¼
1

n

Xn

i¼1

log f d ðxi; ydÞ.

Thus in the Bayesian approach, under a ‘‘non-informative’’
Dirichlet process prior, the optimal decision byd 2 Yd

corresponds to the maximum likelihood estimator.
Please cite this article as: George Karabatsos, Stephen G. Walker, On the no
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We now consider the penalty term for model dimension/
complexity. The most usual penalty term is vðd; nÞ ¼ mðdÞ,
where mðdÞ denotes the dimension of model Md . This gives
the Akaike criterion (Akaike, 1973). An alternative penalty
term is based on the reward

Rd ¼ �
1

n
log

Z
f dðy;byy;dÞdy

for model simplicity.1 That is

vðd; nÞ ¼
1

n
log

Z
f dðy;byy;d Þdy. (1)

Under this penalty term, and assuming the non-informa-
tive Dirichlet process prior P, the optimal choice bM of
model that maximizes the posterior expected utility,
satisfiesbM ¼ arg sup

d2f1;...;Dg
uðMd jxÞ,

where

uðMd jxÞ ¼
1

n

Xn

i¼1

log f d ðxi;byx;dÞ �
1

n
log

Z
f dðy;byy;dÞdy

� �

¼
1

n
log

f dðx;byx;dÞR
f dðy;byy;d Þdy

( )
.

Thus, under the Bayesian bootstrap, which effectively uses
the empirical distribution function as the predictive
distribution, the Kullback–Leibler divergence as a measure
between distribution functions and the vðd; nÞ penalty term
for dimension given in (1), NML and Bayesian decision
theory coincide. It has been mentioned that under
exponential family assumptions (or when one of the
models under consideration is true), that NML corre-
sponds to the Bayes factor approach to model selection
with Jeffrey’s prior. In fact, this is only an approximate
representation, which apparently becomes more accurate
as the sample size increases. Additionally, it carries through
when the Jeffrey’s prior is proper; however, this prior is
invariably improper. Finally, on this point, Bayes factors
are recognized as being based on a 0–1 loss function which
implicitly assumes that one of the models under considera-
tion is the true model. This contradicts one of the key ideas
for NML, namely that it is free from assumptions of a true
model.
We now comment on the two components for achieving

NML under a Bayesian decision theoretic approach. The
first is to do with the prior and the second the penalty term.
The ‘‘non-informative’’ Dirichlet process prior is in-

trinsic to the NML approach, yet this prior is actually a
highly informative prior that assigns probability 1 to the
strict subset G � OX of degenerate sampling distributions
(Ghosh & Ramamoorthi, 2003, Theorem 3.2.6). In fact,
rmalized maximum likelihood and Bayesian decision theory, Journal of
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this prior generates random distribution functions consist-
ing of a single atom, the location of which is coming from
G. However, this said, the predictive is the empirical
distribution function, which can be regarded as ‘‘objec-
tive’’. However, this finding contrasts with the view that
NML corresponds to objective statistical inference under a
Jeffreys prior (Grünwald, 2005a). Our contention is that it
arises under the non-parametric ‘‘non-informative’’ Dirich-
let process prior. Additionally, the idea that NML makes
no mention of a true distribution is a meaningless point.
We have discovered the NML criterion using Bayesian
decision theory and have, as a component of this
procedure, explicitly introduced the notion of a true
distribution function in the construction of the utility
function uðy;F Þ.

We now comment on the penalty term for model
complexity. The first point to make is that, in our view,
the vðd; nÞ in (1) is difficult to understand as a penalty term.
It does increase with model complexity, but to what extent
is incalculable. Another point is that this choice of vðd; nÞ is
not invariant over the (usually subjective) choice of sample
space. However, our specific charge is that vðd; nÞ is too
large, even infinite, for reasonable models, including the
normal model.

Example. Here we consider a simple normal model of
dimension 1, and so we have

f ðx; yÞ ¼
1ffiffiffiffiffiffi
2p
p expf�ðx� yÞ2=2g.

Given a sample of size two, say x1 and x2, it is well known
that the maximum likelihood estimator for the model is
given by by ¼ ðx1 þ x2Þ=2. Consequently,

vð1; 2Þ ¼
1

2
log

1

2p

Z þ1
�1

expf�ðy1 � ȳÞ2=2

�
�ðy2 � ȳÞ2=2gdy1 dy2

�
,

where ȳ ¼ ðy1 þ y2Þ=2. Hence,

vð1; 2Þ ¼
1

2
log

1

2p

Z þ1
�1

expf�ðy1 � y2Þ
2=4gdy1 dy2

� �
UNCO
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and it is easy to see that this leads to vð1; 2Þ ¼ þ1, and as a
consequence the normal model receives a posterior
expected utility of uðMd jxÞ ¼ �1: A simple model, yet a
disaster for NML. This is true especially in light of the fact
that the NML approach intends to encourage the selection
of simple models. There have been ad hoc methods
proposed to solve this particular problem (e.g., restrict
the parameter space), however, they are not fully satisfac-
tory (e.g., Grünwald, 2005b, p. 70).
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