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Abstract

A Monte Carlo procedure was used to generate three types of 33 332 conjoint measurement
structures, each type having an additive (respectively, distributive, dual-distributive) simple
polynomial representation. The Monte Carlo results illustrate the restrictiveness of the axioms of
joint independence (respectively, distributive cancellation, dual-distributive cancellation), and
show how close each comes to characterizing the relevant simple polynomial representation. An
empirical example illustrates how the generated measurement structures aid in the selection and
testing of axiomatic models using order-restricted statistical inference.
 2002 Elsevier Science B.V. All rights reserved.
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1 . Review of polynomial conjoint measurement

Polynomial conjoint measurement (PCM) is useful for measuring how a dependent
variable changes as a function of two or more independent variables. Hence, PCM is
similar in spirit to classical analysis-of-variance, although PCM offers a richer and more
insightful description of the data structure (e.g. Krantz et al., 1971, hereafter called
KLST; see also Krantz and Tversky, 1971). PCM identifies measurement axioms that
allow for a detailed test of the hypotheses that a particular composition rule (a function
of the independent variables) describes a given data structure (see KLST, 1971, Fig. 1, p.
345). Since these axioms specify qualitative inequality restrictions, PCM is particularly
useful for the social sciences. This is because psychological variables (e.g. judgement,
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attitudes, and ability) often can not be directly observed, and therefore data arising from
these variables often can only be measured up to an ordinal scale.

We now summarize enough of KLST (KLST, 1971, Section 3.3) to set the PCM
framework for our own results. We first definesimple polynomials, and then describe the
four possible classes of simple polynomials in three variables, namely, the additive,
distributive, dual-distributive, and multiplicative composition rules.

Simple polynomials (Krantz and Tversky, 1971, p. 328) are characterized by the
following: (a) any single variable is a simple polynomial; (b) if, and only if, two simple
polynomials have no variables in common, then their sum and their product is also a
simple polynomial. There are four classes of simple polynomials in three variables,
yielding a total of eight such polynomials. To state those four, letX , X , and X be1 2 3

three, real-valued, independent variables. The four composition rules (KLST, 1971, p.
328) are:

1. Additive: X 1X 1X .1 2 3

2. Distributive: (X 1X )X , and two others by interchangingX and X or X and X .1 2 3 1 3 2 3

3. Dual-Distributive: X X 1X , and two others by interchanging variables, as above.1 2 3

4. Multiplicative: X X X .1 2 3

1Note that, for convenience, this study focuses on a special case of PCM, where the
1scales ofX , X , andX are restricted to the positive real domain, Re . In this case, the1 2 3

additive and the multiplicative composition rules are (ordinally) equivalent (e.g. Krantz
and Tversky, p. 156). This is because, for example, the additive model can be obtained

1by logarithmic transformation of the multiplicative model (having scale values on Re ).
Now consider a product setA 3A 3A , where the values of each of three1 2 3

independent variablesA , A , and A , belong to non-empty and possibly infinite sets.1 2 3

For instance letA 5ha, b, c, . . . j, A 5hp, q, r, . . . j, andA 5hu, v, w, . . . j. Also, let a1 2 3

triple such as ‘apu’ denote an element ofA 3A 3A corresponding to levela of1 2 3

variable A , level p of variable A , and levelu of variable A . An empirical data1 2 3

structure consists of a finite number of levelsn (respectively, n , n ) of A1 2 3 1

(respectively, A , A ), where it may be assumed that the dependent variable is2 3

represented by a weak order& on the n n n elements. Hence,& denotes thedata1 2 3

weak order.
This study addresses the issue of testing whether then n n elements created from the1 2 3

n , n , andn values satisfy the key necessary axioms for the additive, distributive, and1 2 3

dual-distributive composition rules of PCM. Although the current study focuses on
testing axioms of composition rules with three independent variables, these axioms are
relevant for any number of independent variables (Krantz, 1968).

The additive composition rule assumes the existence of real-valued functionsw onk

A , k51, 2, 3, such that:k

apu & bqv ⇔ w (a)1w ( p)1w (u)#w (b)1w (q)1w (v), (1)1 2 3 1 2 3

1Therefore, we do not consider axioms related tosign dependence (KLST, p. 329), which occurs when at least
2 1one of the variables has avariable sign, i.e. its domain is not included wholly in Re or wholly in Re .
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for all a, b [ A , all p, q [ A , and allu, v [ A , wherew , w , andw are interval1 2 3 1 2 3

scales.
2The distributive composition rule assumes real-valued functionsw on A , fork k

k51,2,3, such that:

apu & bqv ⇔ [w (a)1w ( p)]w (u)# [w (b)1w (q)]w (v), (2)1 2 3 1 2 3

for all a, b [ A , all p, q [ A , and allu, v [ A , where [w 1w ] w is a ratio scale.1 2 3 1 2 3
2The dual-distributive composition rule assumes real-valued functionsw on A , fork k

k51, 2, 3, such that:

apu & bqv ⇔ [w (a) w ( p)] 1w (u)# [w (b) w (q)] 1w (v) (3)1 2 3 1 2 3

for all a, b [ A , all p, q [ A , and all u, v [ A , wherew w is a ratio scale.1 2 3 1 2

Five PCM axioms provide a basis for testing whether the empirical order (data)
supports any of the three polynomial composition rules. These five axioms are the
following.

Axiom 1. (Single independence (I))A is singly independent of A and A if and only1 2 3

if (iff):

apu & bpu ⇔ aqv & bqv (4)

is true for alla, b [ A , all p, q [ A , and allu, v [ A . The single independence of1 2 3

A , and of A , is similarly defined.2 3

Axiom 2. (Double cancellation (DC))Double cancellation holds for A 3A iff, with1 2

respect to every choice ofa, b, c [ A and p, q, r [ A , when:1 2

aqu & bru and bpu & cqu implies apu & cru (5)

is true for all u [ A . Double cancellation onA 3A , and onA 3A , is similarly3 1 3 2 3

defined.

Axiom 3. (Joint independence (JI)) The pairA 3A is jointly independent iff:1 2

apu & bqu ⇔ apv & bqv (6)

is true for alla, b [ A , all p, q [ A , and allu, v [ A . The joint independence of1 2 3

the variable pairA 3A , and of the pairA 3A , is similarly defined. A structure that is1 3 2 3

jointly independent for all three variable pairs is denoted by JI3. Likewise, JI2 refers to
two pairs satisfying joint independence, and JI1 refers to one pair.

Axiom 4. (Distributive cancellation) Distributive cancellation holds iff:

apu & crv and bqu & dsv and drv & bpu implies aqu & csv (7)

is true for all a, b, c, d [ A , all p, q, r, s [ A , and all u, v [ A .1 2 3

2In Eqs. (2) and (3), variables 1 and 3, and 2 and 3, are interchangeable, as mentioned earlier. Therefore, the
axiomatic framework, to be described, is the same no matter which permutation of the variables is considered.
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Axiom 5. (Dual-distributive cancellation) Dual-distributive cancellation holds iff:

csv & arw and dpu & btx and drx & esu and eqy & cty and

aty & dqy implies apv & bqw (8)

is true for all a, b, c, d, e [ A , all p, q, r, s, t [ A , and u, v, w, x, y [ A .1 2 3

If a structure violates any single independence or double cancellation test, or all three
tests of joint independence, then the structure cannot (KLST, p. 345) be represented by
any simple polynomial composition rule (for example, additive, distributive, or dual
distributive).

A structure that passes all three single independence tests, all three double cancella-
tion tests, and all three joint independence tests, is denoted by I∧ DC ∧ JI3. The
condition I ∧ DC ∧ JI3 is a necessary, but not sufficient, condition for the additive
composition rule (Ad) to hold (e.g. Krantz and Tversky, 1971, p. 153), thus, Ad implies
I ∧ DC ∧ JI3, but not vice-versa. Scott (1964) gives sufficient conditions for additivity
when n n n is finite; these conditions have been implemented in Sherman’s (1977)1 2 3

additivity-test algorithm (applicable for conjoint structures).
Now consider a non-additive structure that satisfies I∧ DC ∧ JIh, for someh [ h1, 2,

3j. This structure is consistent with the distributive rule if it satisfies distributive
cancellation, and consistent with the dual-distributive rule if it satisfies dual-distributive
cancellation. KLST (1971, pp. 343–344) prove that both distributive cancellation and
dual-distributive cancellation are necessary conditions for an additive representation to
be possible. Also a distributive representation need not satisfy dual-distributive
cancellation, and a dual-distributive representation need not satisfy distributive cancella-
tion (KLST, 1971, pp. 343–344).

The following illustrates earlier applications of the axiomatic approach. In the study
by Ullrich and Painter (1974), the entries of a 33332 structure represented a subject’s
rank-order preference ofn n n 518 job applicants. Each applicant had a unique1 2 3

combination of IQ level (one ofA 5hhigh, medium, lowj), experience level (one of1

A 5h5 years, 1 year, no past experiencej), and motivation (one ofA 5hlow, highj). The2 3

data of each subject was represented by a PCM composition rule. To give another
example, each cell of a structure may indicate the binary-choice proportion for a group
of subjects. A typical tripleapu can then represent the relative frequency that subjects of
group a successfully complete taskp, as perceived by judgeu. The n n n proportion1 2 3

values can then be rank-ordered by their relative frequency prior to axiom testing. In this
case, obviously, the selected composition rule (if one can be supported) represents the
entire sample of subjects. KLST (1971, Chapter 7) and Krantz and Tversky (1971)
mention several other research areas where conjoint composition rules are useful to
measure and explain psychological variables, including behavior theory, decision theory,
and expected utility theory. PCM has, in fact, been applied to data from tasks involving:
decision-making under risk (e.g. Tversky, 1967; Coombs and Huang, 1970; Person and
Barron, 1978), binaural perception (e.g. Levelt et al., 1972; Gigerenzer and Strube, 1983;
Falmagne, 1976), contraceptive values (Nickerson and McClelland, 1988), attitude
measurement (e.g. Michell, 1998), and signal detection (Scheiblechner, 1999).
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It is well-known that because of their deterministic, algebraic form, PCM axioms, in
general, cannot be ‘directly’ applied to social science data, which typically contain
random and/or systematic error (e.g. Falmagne, 1976). However, Iverson and Falmagne
(1985) show that the statistical ideas of order restricted inference (Robertson et al.,
1988) provide a natural framework for testing (probabilistic) measurement theory
axioms. Iverson and Falmagne’s method first specifies a model with inequality
restrictions that correspond to those of a set of measurement axioms, and then employs a
likelihood ratio test of the fit of these restrictions to data. They illustrate the usefulness
of the method, but observe that several issues arise when interfacing statistics with
axiomatic measurement theory.

Recently, Karabatsos (2001) and Karabatsos and Sheu (2001) demonstrate that
Markov Chain Monte Carlo (MCMC) algorithms provide a method of order-restricted
statistical inference that yields a simple way to test measurement axioms, and even to
perform model selection between different axiomatic models. The MCMC methods seem
to have eliminated most of the statistical issues, but one remains. That is, the order-
restricted methods require the analyst to a-priori specify a single ordering on the data
structure. However, as implied in the PCM axiom review above, and mentioned by
Iverson and Falmagne (1985, p. 132), any given measurement axiom, or composition
rule, is usually compatible with many possible orderings on the data structure, not just a
single order. For instance, consider the task of testing whether the data of a 335
conjoint structure (statistically) agree with the axioms of single independence and double
cancellation. To implement the statistical test with order restricted inference, the analyst
needs to study, in turn, each of the 2773 possible orderings of a 335 structure
(McClelland, 1977), and decide which, if any, satisfy both axioms.

This particular issue can be addressed by employing Monte Carlo methods to
enumerate all possible (rank) orders of a conjoint structure. These methods can also
facilitate a better understanding of the measurement axioms. Specifically, enumeration
studies benefit the practice of axiomatic modeling in at least three ways. First, they
demonstrate the restrictiveness of the measurement axioms. Second, they illustrate how
the axioms characterize each of the composition rules. Third, they render available the
set of possible data structures consistent with certain axioms, and certain composition
rules. This third benefit provides information about the degree of structural similarity
between the measurement axioms and between the different composition rules, and it
may also provide a basis on which to develop new measurement axioms. Finally, the
available set of orderings, coupled with order-restricted statistical inference, lead to
focused statistical tests of the axioms, and aid in selecting the best-fitting axiomatic
model. Returning to the example involving the 335 conjoint data structure, the analyst
may explore the 2773 possible orderings available, and test the fit of the single ordering
most ‘similar’ to the empirical ordering (data). The similarity measure is introduced
later.

Three previous studies have enumerated various conjoint structures, although they did
not address the issue of axiom testing. Arbuckle and Larimer (1976), who investigated
structures with simple linear orders (rank orders with no ties), used Monte Carlo
methods to determine the approximate number of two-way conjoint structures satisfying
additivity. They also derived a formula that calculates the exact number of two-way
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structures that satisfy single independence, this number being a function of the number
of levels in each independent variable. Later, McClelland (1977) determined the exact
number of 333, 334, 335, and 434 structures that satisfy single independence
(respectively, double-cancellation, additivity). Ullrich and Wilson (1993) extended
McClelland’s study and determined the exact number of 336, 435, 436, 535,
33332, 33432, and 33333 structures that satisfy the axioms required for an
additive representation to exist. These authors found, as did McClelland (1977) and
Arbuckle and Larimer (1976), that the number of structures satisfying the axioms is
extremely small relative to the number of possible structures. Furthermore, the
possibility of satisfying additivity sharply decreases as the number of items in the
structure increases.

2 . Research objectives

The present study has two general objectives. First, while Ullrich and Wilson (1993)
have generated all 33332 structures satisfying the axioms required for an additive
representation to exist, distributive rule (respectively, dual-distributive rule) structures
have never been enumerated. Therefore, the Monte Carlo method is used to generate two
sets of conjoint structures. The first set is compatible with the distributive composition
rule (yielding the distributive rule set), and the second set is compatible with the
dual-distributive composition rule (yielding thedual-distributive rule set). The next
section describes the enumeration study. It illustrates how the axioms of joint
independence, distributive cancellation, and dual-distributive cancellation, together,
come to characterizing the distributive (respectively, dual-distributive) composition rule.

The section that follows describes a PCM analysis of a 33332 data set. This analysis
demonstrates how Monte Carlo generated sets of conjoint structures are useful for
statistics-based axiom testing, and for selecting the best fitting among the additive,
distributive, or dual-distributive (axiomatically motivated) models. The demonstration
employs the statistical framework developed by Karabatsos (2001). This is introduced in
the following section.

3 . Enumeration study

This enumeration study has five aims. First, to determine the restrictiveness of each of
the three composition rules, i.e. to find out how much the possible data sets are limited
by the requirement that each satisfies one (or more) of the composition rules. Ullrich and
Wilson (1993) suggest that there are far more structures that are distributive or
dual-distributive than there are structures that are additive. If such is the case, it implies
that the restrictions of the distributive or dual-distributive composition rule are much
weaker than those placed by the additive composition rule. Second, the study explores
the conditions under which distributive cancellation holds for the dual-distributive set,
and the conditions under which dual-distributive cancellation holds for the distributive
set. Third, the study examines the number of joint independence tests (indicated by JI1,
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JI2, or JI3) that the distributive set (respectively, the dual-distributive set) tends to
satisfy. Fourth, in order to determine the structural proximity between the three PCM
composition rules, the study measures the similarity between additive rule structures and
the distributive rule set (respectively, with the dual-distributive rule set). Kendall’st

statistic,t [ [21, 1], provides a natural measure of similarity between two rank-ordered
structures. The correlation measuret is linearly related toQ, the minimum number of
pair reversals necessary to transform the ranking of any one structure to the ranking of
the other structure.

The present enumeration study only considers simple linear orderings on the 33332
conjoint structures. Current computer technology renders it difficult to enumerate
conjoint structures for sets larger than 33332, even for simple linear orderings (see
Ullrich and Wilson, 1993). However, a conjoint structure of this size can be used to
distinguish between the additive, distributive, and dual-distributive composition rules
(see KLST, 1971, Chapter 7).

3 .1. Enumeration methods

The Monte Carlo generation of a single random 33332 structure consists of
three-steps (e.g. Park and Miller, 1988). Step one generates three random numbers over
[0,1], orders them, and then assigns them toA 5ha, b, cj. This process repeats for1

A 5hp, q, rj, and for A 5hu, vj. Step two generates a structure satisfying the2 3

distributive (respectively, dual-distributive) rule, yielding a 33332 matrix of real
numbers. Specifically, to generate a distributive rule (respectively, dual-distributive rule)
structure, the value of any one of the 18 cells, sayapu, is determined by calculating
(a1p)u (respectively,a(p)1u), wherea is the random value assigned to elementa in
] ] ] ] ]] ]step one (p andu are similarly defined). The generated matrix of real numbers are then

]]rank ordered 1, . . . ,18 (if a tieoccurs, the process returns to step one). In step three, the
conjoint analysis program CPCJM (Ullrich and Wilson, 1990) determines which PCM

3tests are satisfied by the rank-ordered structure . Since the distributive and dual-
distributive functions, used to generate the structures, are simple polynomials, the
generated structure belongs to one of four classes:

1. I ∧ DC ∧ JI1
2. I ∧ DC ∧ JI2
3. I ∧ DC ∧ JI3 ∧ ¬ Ad
4. Ad.

The above Monte Carlo procedure is used to generate billions of random structures
satisfying the distributive rule (respectively, the dual-distributive rule). For each set so
generated, the procedure discards duplicate structures. Each of these two sets is then
compared with the entire set of 33332 structures enumerated by Ullrich and Wilson

3CPCJM implements both Krantz and Tversky’s (1971) conjoint measurement tests and Sherman’s (1977)
additivity algorithm.
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(1993) to determine the degree of intersection between the three sets. Those authors
identified all 3972 additive rule structures of the 33332 set.

The similarity of a particular distributive (respectively, dual-distributive) structurei to
an additive one is measured by using Kendall’st rank-order correlation coefficient
between that particular structure and each of the 3792 additive structures in turn. The
maximumt correlation value over the 3792 correlated pairs, denotedt(Ad) , measuresi

the proximity between that distributive (respectively, dual-distributive) structurei and
structures satisfying the additive composition rule. The same correlation procedure is
repeated for each and every distributive (respectively, dual-distributive) structure. Hence,
the correlation procedure for the distributive set generates a distribution with values
t(Ad) , m51, . . . ,M, whereM is the number of distributive structures. Similarly, them

procedure for the dual-distributive set generates a second distribution with values
t(Ad) , g51, . . . ,G, whereG is the number of dual-distributive structures. These twog

distributions convey the proximity between the additive, distributive, and dual-distri-
butive composition rules of PCM.

3 .2. Enumeration results

For the distributive rule set (respectively, dual-distributive rule set), eight billion
random matrices were incrementally generated, two billion at a time, while discarding
duplicate structures. The procedure generatedM527 382 distinct distributive rule
structures, andG531 996 distinct dual-distributive rule structures. The final two billion
random matrices added less than 100 new matrices to the distributive rule set
(respectively, dual-distributive rule set).

The resulting counts of the two sets strongly suggest that the requirements of the
distributive composition rule are stricter than the requirements of the dual-distributive
composition rule, with the additive composition rule (having 3792 structures in the
above simulations) being the strictest by far. The full set of 33332 additive,
distributive, dual-distributive structures are available from the authors.

Column 1 of Table 1 lists the total number of 33332 structures, either additive or
non-additive, satisfying single independence, double cancellation, and one or more joint
independence axioms. The results of this column were determined by a previous Monte
Carlo study (Ullrich and Wilson, 1993). The second and third columns detail the same
results for the distributive set and the dual-distributive set, and show that all the 3792
additive structures satisfy distributive and dual-distributive cancellation, as expected.

Note that the distributive set and the dual-distributive set overlap only for the 3792
additive structures. The set of (527 382–3792) 23 590 non-additive distributive rule
structures does not intersect the set of 28 204 (531 996–3792) non-additive dual-
distributive rule structures. Thus, in the case I∧ DC ∧ (JI1 ∨ JI2 ∨ JI3), if a 33332
structure violates additivity and satisfies distributive cancellation, then it violates
dual-distributive cancellation; if a 33332 structure violates additivity and satisfies
dual-distributive cancellation, then it violates distributive cancellation. There is a small
but non-zero possibility that counterexamples to this generalization exist among
structures that were not generated by the Monte Carlo procedure. This seems unlikely,
given that eight billion random matrices were generated for each set. Hence, a future
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Table 1
aThe number of 33332 structures satisfying conjoint measurement axioms

Condition Set of 33332 structures satisfying the given condition

Total set of Structures Structures within
bstructures within the the dual-distributive

distributive set set

I ∧ DC ∧ JI1 124 912 12 759 16 397
I ∧ DC ∧ JI2 45 228 10 397 11 335
I ∧ DC ∧ JI3 ∧ ¬ Ad 1100 434 472
Ad 3792 3792 3792

Total number of structures: 175 032 27 382 31 996
additive and non-additive

Total number of non-additive Distributive Dual-distributive
structures satisfying 23 590 28 204
composition rule (27 382–3792) (31 996–3792)

a 15The total number of possible linear rank orderings on a 33332 structure is 6.4310 (Ullrich and
Wilson, 1993).

b This column contains the 33332 structures enumerated by Ullrich and Wilson (1993).

study might attempt to find an analytical proof generalizing these results for all 33332
conjoint structures to conjoint structures of any size. Such a proof has yet to be derived.

Table 2 represents the enumeration results of Table 1 as relative frequencies. The top
section of Table 2 refers to the distributive and dual-distributive sets containing both
additive and non-additive structures. About 50% of the structures in each set pass one

Table 2
Proportions of structures satisfying PCM axioms (exact to three significant digits)

Additive and non-additive structures
Distributive Dual-distributive
set set

I ∧ DC ∧ JI1 0.466 0.512
I ∧ DC ∧ JI2 0.380 0.354
I ∧ DC ∧ JI3 ∧ ¬ Ad 0.016 0.015
Ad 0.138 0.119

Total number of structures: 27 382 31 996
Additive and non-additive

Non-additive structures
Distributive Dual-distributive
rule set rule set

I ∧ DC ∧ JI1 0.541 0.581
I ∧ DC ∧ JI2 0.441 0.402
I ∧ DC ∧ JI3 ∧ ¬ Ad 0.018 0.017

Total number of non-additive structures 23 590 28 204
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joint independence test, where the dual-distributive set more frequently satisfies JI1.
Also, in each set, less than 40% satisfy JI2, where the distributive set possesses this
condition more frequently. Less than 15% of the structures is additive (14% of the
distributive set, 12% of the dual-distributive set). Less than 2% of structures are both
non-additive and pass all three joint-independence tests (1.6% of the distributive set,
1.5% of the dual-distributive set). In fact, of all JI3 structures, almost 90% is additive
(89% of I ∧ DC ∧ JI3 structures in the distributive set is additive; 88% of I∧ DC ∧ JI3
structures in the dual-distributive set is additive). The bottom section of Table 2 refers to
non-additive structures, either characterized by the distributive composition rule or the
dual-distributive composition rule. That section shows a pattern of results within the
distributive rule set (respectively, within the dual-distributive rule set) that is similar to
that already discussed for additive and non-additive structures taken together. Namely,
the distributive rule set tends to satisfy more joint independence tests than does the
dual-distributive rule set. Also, only about 2% of structures of either composition rule
satisfy JI3.

Table 3 provides the twot(Ad) distributions, based on the correlation of each of the
27 382 structures of the distributive set, and each of the 31 996 structures of the
dual-distributive set, with additive structures. The two rank-order distributions indicate
that the additive, distributive, and dual-distributive structures are very similar, with the
distributive structures being slightly more similar to additivity than are the dual-

1
]distributive structures. Of the (maximum possible) 153 (5 18(1821)) pair reversals to2

Table 3
Correlation distributions that illustrate the proximity between the additive rule, distributive rule, and
dual-distributive rule, for 33332 conjoint structures

t(Ad) Q Distributive set Dual-distributive set

Count Pr[#Q] Count Pr[#Q]

1.000 0 3792 0.138 3792 0.119
0.993 1 5538 0.341 5821 0.300
0.987 2 5707 0.549 6247 0.496
0.980 3 4585 0.717 5372 0.664
0.974 4 3154 0.832 3893 0.785
0.967 5 2077 0.908 2744 0.871
0.961 6 1338 0.957 1826 0.928
0.954 7 714 0.983 1137 0.964
0.948 8 325 0.994 638 0.984
0.941 9 110 0.998 326 0.994
0.935 10 34 0.9997 136 0.998
0.928 11 8 1.000 48 0.9995
0.922 12 0 1.000 12 0.9999
0.915 13 0 1.000 4 1.000

Total 27 382 31 996

A single value oft(Ad) is the Kendall’st correlation of a single distributive (dual-distributive) structure to
additivity. It is obtained by correlating that structure to each and every one of the 3792 additive structures, and
then finding the maximumt over the 3792 correlated pairs. The measureQ is the minimum number of pair
reversals necessary to transform a distributive (dual-distributive) structure into an additive one. The correlation
t(Ad) is a linear function ofQ.
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convert a given structure into an additive one, at most only 11 are needed for a
distributive structure and 13 for a dual-distributive structure (though the maximum may
not be achievable). In fact, approximately 95% of the distributive structures need at most
only six pair reversals;Q#6 corresponds to at correlation range of 0.961 and 1. About
95% of the dual-distributive structures need at most only seven pair reversals;Q#7
corresponds to at correlation range of 0.954 and 1.

Of course, the number of possible structures rapidly increases as a function of conjoint
structure size (e.g. Ullrich and Wilson, 1993). Therefore, the enumeration of larger
conjoint structures in future studies may reveal that the additive, distributive, and
dual-distributive sets are more dissimilar to each other, and also that the non-additive
distributive set fails dual-distributive cancellation, and the non-additive dual-distributive
set fails distributive cancellation. Also, given the results of Table 2, it seems that among
these larger structures, those in the distributive set will be more successful in passing the
joint independence tests than those in the dual-distributive set.

4 . PCM axiom testing: an empirical example

This section uses a data set obtained from a signal detection experiment (Schwarz,
1990), to demonstrate how the conjoint structures generated for that data set aid in
statistical axiom testing and in selecting the best-fitting model (additive, distributive, or
dual-distributive), each motivated by a particular set of axioms. First, it is necessary to
describe the data set, and to present the statistical framework (Karabatsos, 2001) used
for data analysis.

4 .1. Experiment and data

A data set was obtained from a signal detection experiment performed by Schwarz
(1990) (analyzed under the two-factor additive conjoint model in Scheiblechner, 1999).
On a single trial, the subject was randomly exposed to one of three stimulus levels (S ,0

S , S ). The ‘standard’ stimulus S was a rectangle of 2560 (64340) pixels on a2 5 0

monochromatic monitor, of which 850 were ‘darkened’ randomly. The ‘test’ stimuli S2

(respectively, S ) had 890 (respectively, 950 pixels). For each trial, the participant’s task5

was to indicate whether the presented stimulus was the standard stimulus (S ), by giving0

a ‘No’ response, or a test stimulus (either S or S ), by giving a ‘Yes’ response. Hence,2 5

‘No’ is the correct response to a standard stimulus, and ‘Yes’ is the correct response to a
test stimulus.

The experiment also varied the level of payoff to each subject. For each of the three
payoff-conditions C1, C2, and C3, each subject was exposed to 1080 S , 216 S , and0 2

216 S presentations. In the strict-payoff condition C1, a correct response to a standard5

stimulus (‘No’) yielded 3 points for the subject, and a correct response to a test stimulus
(‘Yes’) yielded 1 point. An incorrect response a standard stimulus (‘Yes’) cost 3 points,
and an incorrect response to a test stimulus (‘No’) cost 1 point. In medium-payoff
condition C2, a correct response yielded 2 points, and an incorrect response cost 2
points. In lax-payoff condition C3, a correct response to a standard stimulus yielded 1
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Table 4
Proportions of ‘yes’ responses of two subjects (B and C), by pay-off level (C1, C2, C3), and stimulus level
(S , S , S )0 2 5

Stimulus Subject B Subject C

Pay-off level Pay-off level

C1 C2 C3 C1 C2 C3

S 0.168 0.296 0.433 0.219 0.441 0.4490

S 0.375 0.644 0.718 0.495 0.653 0.7732

S 0.856 0.926 0.991 0.852 0.861 0.9865

Total proportion by:
Subject Subject B: 0.4280. Subject C: 0.484

Each is based on 4536 observations
Pay-off level: C1: 0.322. C2: 0.484. C3: 0.563

Each is based on 3024 observations
Stimulus S : 0.334 (6480 observations)0

S : 0.610. S : 0.912 (each has 1296 observations)2 5

Each of the six cells in level S contains 1080 presentations of the stimulus. Each of the six cells in level S ,0 2

and level S , contains 216 presentations of the stimulus.5

point, and a correct response to a test stimulus yielded 3 points. An incorrect response
cost 1 point for a standard stimulus, and yielded 3 points for the test stimulus.

The 33332 data set of Table 4 contains the proportion of ‘Yes’ responses for each of
the three stimuli, and the three payoff levels for each of two subjects. As one might
expect, the proportions of ‘Yes’ responses generally increase as a function of stimulus
level (increasing number of pixels), and as the pay-off conditions become less
restrictive. Also, Subject C has a greater tendency than does Subject B to respond ‘Yes.’

4 .2. A framework for probalistic measurement theory

As shown in Table 4, the 33332 data set is represented by the 18 proportions:

18p5 ( p up 5 n /N ; j 5 1, . . . ,18)[ 0,1 (9)f gj j j j

wheren is the number of ‘Yes’ responses inN trials. Correspondingly (e.g. Karabatsos,j j

2001),

18Q 5 (u u j 51, . . . ,18)[ S # 0,1 (10)f gj

18where S is a proper subset of [0,1] , represents the expected proportion of ‘Yes’
responses predicted by an axiomatic model (additive, distributive, or dual distributive).
Thus the values in Eq. (10) satisfy the inequality restrictions assumed by the relevant
composition rule.

The statistical framework to be applied treats the parameters ofQ as random, and
therefore adopts a Bayesian perspective, which states the posterior distribution ofQ,
conditional on the responsesp5( p , . . . , p , . . . , p ), by:1 j 18
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L(Q up)p(Q )
]]]]]]p(Q up)5 (11)E L(Q up)p(Q )dQ

where the denominator (integral) is the marginal density. The likelihoodL is given by
the binomial distribution:

18 Nj nj N 2nj jL(puQ )5P u 12u , (12)S D s dj jnj51 j

which assumes that the subjects’ responses are independent, conditional onQ. The
inequality restrictions of the axiomatic model are specified by the prior distribution
p(Q ) that constrains the order of the 18 empirical proportions. The priorp(Q ) is
derived by specifying independent uniform prior distributions over the elements ofQ,
i.e.

21[max(u )2min(u )] iff min(u )#u #max(u )j j j j jp(u )5 (13)Hj
0 otherwise

where the inequality constraints force appropriate values to exist with 0#min(u ),j

max(u )#1.j

Karabatsos (2001) describes a general MCMC algorithm that can generate samples
from the posteriorp(Q up), without requiring calculation of the complicated integral (the
marginal density in Eq. (11)). The details of this algorithm are presented in Appendix A.

After generating samples from the posteriorp(Q up), the measurement axioms of a
model are tested by comparing the elements of the data structurep5( p , . . . ,p ) to the1 18

posteriors of the corresponding model parameter elementsQ 5 (u , . . . ,u ). For each1 18

and everyj, this is done by checking whetherp is contained within the 0.25 and 0.975j

quantiles of the generated posterior distribution ofu . These quantiles define the 95%j

posterior interval ofu .j
For each of three axiomatic models, the MCMC algorithm was applied to analyze the

data set. One set of parametersQ was estimated under the order restrictions of the
additive composition rule, a second set assumed the distributive rule restrictions, and the
third set employed the constraints of the dual-distributive rule.

Using the same MCMC algorithm, the Deviance Information Criterion (DIC,
Spiegelhalter et al., 2001) can be computed for each model (additive, distributive, and
dual-distributive), in order to perform model selection. The model with the lowest DIC
value is identified as best fitting, i.e. having the best tradeoff between underfit and
overfit. For the signal-detection data set, a model’s DIC value is based on the deviance
function:

18 n N 2 nj j j
] ]]]D Q 5 2O n ,n 1 N 2 n ,n (14)s d Fs d s d S DGS Dj j jNu N 2Nuj j j j jj51

(e.g. McCullaugh and Nelder, 1983, p. 81), which measures the ‘distance’ of the model
from the empirical data set (to prevent division by zero in Eq. (14), anyu value of 0 isj
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set to 0.00001, and any value of 1 is set to 0.99999). For a single axiomatic model, the
DIC is determined by:

]]¯ ¯DIC5D Q 12sD Q 2D Q d (15)s d s ds d

¯where the first term is the deviance (15) evaluated at the posterior meanQ5
]]¯ ¯u , . . . ,u , and the second term penalizes model complexity, whereD Q is thes d s d1 18

posterior mean of the deviance. The penalty term represents the ‘effective’ number of
model parameters, and measures the sensitivity of the parameters to changes in the data
(see Spiegelhalter et al., 2001). Unlike the majority of model selection methods (see
Myung et al., 2000,Journal of Mathematical Psychology, Special Issue on Model
Selection), DIC is able to measure the complexity of qualitative models, such as the
three composition rule models of PCM.

4 .3. Data analysis

This sub-section shows that having the PCM axioms allows a detailed analysis of the
data structure. The axioms also provide a basis on which to determine the most likely
composition rule (additive, distributive, or dual-distributive) for the data structure having
three stimulus levels (A 5hS , S , Sj), three levels of payoff (A 5hC1, C2, C3j), and1 0 2 5 2

two subjects (A 5hB, Cj).3

Table 5a gives the empirical ranks (from smallest to largest) of the 18 observed

Table 5
Rank-order representations of Table 4

Stimulus Subject B Subject C

Pay-off level Pay-off level

C1 C2 C3 C1 C2 C3

(a) Empirical ranks
S 1 3 5 2 6 70

S 4 9 11 8 10 122

S 14 16 18 13 15 175

(b) Ranks of the additive composition rule
S 1 3 6 2 5 80

S 4 9 11 7 10 122

S 13 15 17 14 16 185

(c) Ranks of the distributive composition rule
S 1 3 6 2 5 80

S 4 9 11 7 10 122

S 13 15 16 14 17 185

(d) Ranks of the dual-distributive composition rule
S 1 3 5 2 6 80

S 4 9 11 7 10 122

S 13 15 17 14 16 185
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proportions of Table 4. This order corresponds to¬ I ∧ DC ∧ JI1 (as determined by the
program CPCJM). The ‘apparent’ single independence violations ofA (indicated by3

¬ I) are due to the data pairs [(S , C1, C)513],[(S , C1, B)514], [(S , C2,5 5 5

C)515],[(S , C2, B)516], and [(S , C3, C)517],[(S , C3, B)518]. On the other5 5 5

hand, there are two apparent joint independence violations, one onA 3A due to the1 2

data pair [(S , C3, C)57],[(S , C1, C)58], and the other onA 3A due to the data0 2 2 3

pair [(S , C3, B)55],[(S , C2, C)56]. Of course, all of the mentioned violations are0 0

only suggestive, since it is possible that they are only a result of random error, instead of
a systematic underlying incompatibility with the axioms. This is a reasonable perspec-
tive, considering that each of the mentioned pairs only slightly violates the axioms (and
this violation only being in terms of ranks). Therefore, the MCMC statistical procedure
is applied in order to decide whether the empirical ordering, determined by the
proportions of Table 4, satisfies the order restrictions determined by the measurement
axioms.

As mentioned earlier, the analyst faces the statistical issue of having to select from a
very large set of possible rank orders in order to perform axiom and composition rule
testing. Now, the generated additive rule, distributive rule, and dual-distributive rule
structures are already at hand. The ranks in Table 5b represent a single additive structure
(I ∧ DC ∧ JI3 ∧ Ad) from the available 3792 33332 additive structures. Of all the
3792 additive structures, the additive structure in Table 5b has the highest rank
correlation (t50.935) with the empirical ranks of Table 5a. Note that Table 5b has the
reverse of the empirical order for five pairs: each of the three pairs violatingA3

independence, the pair violatingA 3A joint independence, and the pair violating1 2

A 3A joint independence. The ranks in Table 5c represent the most similar distributive2 3

rule structure (I ∧ DC ∧ JI2) among the 23 590 (non-additive) distributive rule
structures. This structure has the highest rank correlation (t50.922) of such distributive
structures with the empirical rank ordering. Table 5c has the reverse of the empirical
order for the five pairs already mentioned, but with a differentA 3A joint in-2 3

dependence violation due to the data pair [(S , C3, B)516],[(S , C2, C)517]. Finally,5 5

of the 28 204 (non-additive) dual-distributive rule structures, Table 5d gives the ranks of
the structure (I∧ DC ∧ JI2); these ranks are the most similar to the empirical ranks
(t50.948). Table 5d reverses the empirical order of each of the three pairs violatingA3

independence, and of the pair violatingA 3A joint independence, but not of the pair1 2

violating A 3A joint independence.2 3

For each of the three composition rule models, the MCMC algorithm generated 4500
samples from the posteriorp(Q up) (after discarding the initial 500 samples generated by
the algorithm). The additive model specified a prior distributionp(Q ) using the ranks in
Table 5b as the order restrictions. The distributive (respectively, dual-distributive) model
provide the prior order restrictions used for Table 5c (respectively, for Table 5d). The

¯DIC concluded that the additive composition rule model (DIC535.1, D Q 5 12.4,s d
¯penalty522.7) and the dual-distributive composition rule model (DIC535.0, D Q 5s d

12.3, penalty522.7) have about the same data fit, while the distributive composition rule
¯is decisively the worst fitting model (DIC561.7, D Q 5 38.4, penalty523.3).s d

For the additive composition rule model, Table 6 gives, for each of the 18 cells, the
¯posterior meanu , and the 95% posterior interval ofu . Each of the three underlinedj j
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Table 6
MCMC posterior estimates of the ‘yes’ response proportions, assuming the order restrictions of the additive
composition rule (Table 5b)

Stimulus Subject B Subject C

Pay-off level Pay-off level

C1 C2 C3 C1 C2 C3

S 0.168 0.296 0.439 0.220 0.427 0.4670

0.148, 0.189 0.270, 0.325 0.417, 0.459 0.196, 0.247 0.402, 0.449 0.441, 0.491

S 0.373 0.624 0.717 0.455 0.661 0.7742
b0.316, 0.423 0.567, 0.673 0.666, 0.766 0.431, 0.482 0.612, 0.710 0.724, 0.820

]]]

S 0.836 0.887 0.980 0.859 0.897 0.9885
a c0.796, 0.868 0.862, 0.914 0.963, 0.991 0.826, 0.887 0.870, 0.923 0.975, 0.996

]]] ]]]

In each cell, the number initalics refers to the posterior mean, and the number pair is the lower and upper
bounds of the 95% posterior interval (based on 0.025 and 0.975 posterior quantiles, respectively). Each of the
superscripts ‘a’, ‘b’, and ‘c’ indicate a cell that contributes to axiom violations of the additive model, where the
observed proportion (given in Table 4) falls outside the 95% posterior interval of that model. The observed
proportion referred to by ‘a’ is 0.926; ‘b’ refers to 0.495, and ‘c’ pertains to 0.861.

intervals in Table 6 indicates a cell where the observed proportion (of Table 4) lies
outside the 95% interval. Though the posteriors of the dual-distributive model are not
presented, the same three observed proportions are outliers with respect to that model.

Two of the underlined cells of Table 6 refer to the empirical order [(S , C2,5

C)515],[(S , C2, B)516] that violatesA single independence. The third underlined5 3

cell of Table 6 refers to the empirical ordering [(S , C3, C)57],[(S , C1, C)58] that0 2

violatesA 3A joint independence. These violations must be attributed to a systematic1 2

underlying incompatibility with the additive model, not only to random error.
As mentioned already, the empirical orders [(S , C1, C)513],[(S , C1, B)514] and5 5

[(S , C3, C)517],[(S , C3, B)518] suggest violations ofA single independence, and5 5 3

the empirical ordering [(S , C3, B)55],[(S , C2, C)56] suggests a violation of0 0

A 3A joint independence. However, the posterior intervals of each of the six cells, in2 3

the three pairs, contain the corresponding observed proportions of Table 4. Therefore,
these order violations are only due to random error; they do not indicate a systematic
underlying incompatibility with the additive model.

In summary, the signal-detection data of Table 4 can, in general, be described by an
additive composition rule, because each of the three violating cell proportions (0.926,
0.495, 0.861) is close to each of the relevant 95% posterior intervals ([0.862, 0.914],
[0.431, 0.482], [0.870, 0.923]) for an additive model.

5 . Conclusion and discussion

In their review of representational measurement theory, Luce and Narens (1994))
describe 15 unsolved problems, one of them being:
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Problem 2. Specify a probabilistic version of measurement theory and the related
statistical methods for evaluating whether or not a data set supports or refutes specific
measurement axioms (Luce and Narens, 1994, p. 227).

The present study introduced and applied practical Monte Carlo methods to address
this particular problem. Specifically, for a given axiomatic model, measurement
structures were generated by Monte Carlo methods in order to find a single (rank) order
restriction to represent the prior distributionp(Q ), and then Markov Chain Monte Carlo
was implemented to generate a sample from the model’s posteriorp(Q up), assuming that
prior. This study showed that, given a generated sample from the posterior, it is possible
to test axioms in detail, and to select the axiomatic model that best fits the data.

As mentioned earlier, generating measurement structures using Monte Carlo methods
is computationally expensive. Therefore, we intend in our to develop a deterministic
optimization routine that, given the data set, finds the most likely rank order under the
assumed PCM composition rule (model). The routine would provide an alternative and
faster method for deriving the prior distributionp(Q ) for a given axiomatic model.

Finally, the current study selected DIC as the model selection criterion, only because
it offers an easy way to compute the complexity of qualitative models through MCMC.
The DIC criterion may not necessarily be the best available for axiomatic models.
Therefore, future research will also investigate the quality of DIC for axiomatic models,
and compare this quality to other model selection criteria applicable to qualitative
models. Examples of other criteria include posterior predictive model selection (Laud
and Ibrahim, 1995; Gelfand and Ghosh, 1998) and the minimum description length
method (e.g. Myung, 2000).
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A  ppendix A. MCMC Algorithm

For a particular axiomatic model chosen for data analysis, the following presents the
technical details of the MCMC algorithm, to illustrate how theQ posterior and DIC are
estimated. The algorithm is described within the context of the signal detection data set.

0 0 0s d s d s dFirst, starting valuesQ 5 u , . . . ,u need to initiate the MCMC algorithm.s d1 18

These values are randomly chosen, under the condition that they follow the rank order
restrictions specified by the axiomatic model through the prior (13). Now, letu 5,j
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u ,u , . . . ,u (whereu 5 [ when j51), and letu 5 u ,u , . . . ,u (whereh jh j h j1 2 j21 ,j .j j11 j12 18

u 5 [ when j518). For a single iterationt, t51, . . . ,T, the MCMC algorithmh j.j

consists of six, looping steps:
Step 1. Setj50.
Step 2. Letj5j11 and draw a random numberR from the uniform distribution on [0,j

1].
C (t ) (t )Step 3. Draw a candidateu from the uniform distribution on [min(u ) , max(u ) ].j j j

Step 4. Decide:
C (t ) (t21)L(puu ,u ,u )j ,j .jC ]]]]]]]u iff R #j j (t21) (t ) (t21)(t ) L(puu ,u ,u )u 5 j ,j .jj 5 (t21)

u otherwisej

Step 5. If j,18, repeat Steps 2, 3, 4, and 5. Ifj518, proceed to Step 6.
stdStep 6. Ifj518, iterationt ends. Compute the deviance for iterationt, DsQ d, where

std std std
Q 5 u , . . . ,u .s d1 18 (t )In Step 3, min(u ) is the current value of a parameter specified (by the prior) to bej

one rank below the parameteru . If the prior constrainsu to have the lowest valuej j
(t ) (t )among (u u1# j # 18), then min(u ) 50 for all iterationst. Likewise, max(u ) refers toj j j

the current value of the parameter specified to be one rank aboveu . If the priorj
(t )constrainsu to have the highest value among the 18 parameters, then max(u ) 51 forj j

all t.
This MCMC algorithm characterizes a hybrid Metropolis Hastings–Gibbs sampler;

descriptions of such a sampler are found in many standard texts on MCMC (e.g. Carlin
C (t21)and Louis, 1998). The ratio in (A1) is a posterior ratio of the formp(Q up) /p(Q up),

simplified to a likelihood ratio. This is because the marginal density constant (the
integral in Eq. (11)) and the prior density cancel out of the numerator and denominator.

C stdWith respect to the prior, the value ofp u of the numerator and the value ofp u ins d s dj j
(t ) (t ) 21the denominator are equal to [max(u ) 2min(u ) ] .j j

The analysis task is to repeat the MCMC algorithm for a ‘large’ number of iterations
1 2 std Ts d s d s dT, because asT approaches infinity, the iterateshQ ,Q , . . . ,Q , . . . ,Q j converge

to a sample from the posteriorp(Q up) (for the conditions of MCMC convergence, see
¯ ¯ ¯Tierney, 1994). Therefore, the posterior meanQ5 u , . . . ,u and the quantiles for thes d1 181 2 std Ts d s d s d95% posterior interval are estimated directly fromhQ ,Q , . . . ,Q , . . . ,Q j. Also,
]]

for DIC, the posterior mean of the devianceD Q is estimated by averaging over thes d
1 2 std Ts d s d s dsamplehDsQ d,DsQ d, . . . ,DsQ d, . . . ,DsQ d j, which is generated by Step 6 of the

algorithm.
Note that prior to calculating the estimates of theQ posteriors and DIC, it is wise to

first discard the first few hundred samples generated by the MCMC algorithm, as they
(0)may depend on the randomly selected starting valuesQ .
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