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A BAYESIAN NONPARAMETRIC APPROACH TO TEST EQUATING

GEORGE KARABATSOS

UNIVERSITY OF ILLINOIS-CHICAGO

STEPHEN G. WALKER

UNIVERSITY OF KENT

A Bayesian nonparametric model is introduced for score equating. It is applicable to all major equat-
ing designs, and has advantages over previous equating models. Unlike the previous models, the Bayesian
model accounts for positive dependence between distributions of scores from two tests. The Bayesian
model and the previous equating models are compared through the analysis of data sets famous in the
equating literature. Also, the classical percentile-rank, linear, and mean equating models are each proven
to be a special case of a Bayesian model under a highly-informative choice of prior distribution.

Key words: Bayesian nonparametrics, bivariate Bernstein polynomial prior, Dirichlet process prior, test
equating, equipercentile equating, linear equating.

1. Introduction

Often, in psychometric applications, two (or more) different tests of the same trait are ad-
ministered to examinees. The trait may refer to, for example, ability in an area of math, verbal
ability, quality of health, quality of health care received, and so forth. Different tests are admin-
istered to examinees for a number of reasons. For example, to address any concerns about the
security of the content of the test items, to address time efficiency in the examination process, or
the two different tests may have identical items administered at different time points. Under such
scenarios, the two tests, label them Test X and Test Y , may have different numbers of test items,
may not have any test items in common, and possibly, each examinee completes only one of the
tests. Test equating makes it possible to compare examinees’ scores on a common frame of refer-
ence, when they take different tests. The goal of test equating is to infer the “equating” function,
eY (x), which states the score on Test Y that is equivalent to a chosen score x on Test X, for all
possible scores x on Test X. Equipercentile equating is based on the premise that test scores x

and y are equivalent if and only if FX(x) = FY (y), and thus defines the equating function:

eY (x) = F−1
Y

(
FX(x)

) = y, (1)

where (FX(·),FY (·)) are the cumulative distribution functions (c.d.f.s) of the scores of Test X

and Test Y. There are basic requirements of test equating that are commonly accepted (Kolen
& Brennan, 2004, Section 1.3; Von Davier, Holland, & Thayer 2004, Section 1.1). They in-
clude the equal construct requirement (Test X and Test Y measure the same trait), the equal
reliability requirement (Test X and Test Y have the same reliability), the symmetry requirement
(eX(eY (x)) = x for all possible scores x of Test X), the equity requirement (it should be a mat-
ter of indifference for an examinee to be tested by either Test X or Test Y ), and the population
invariance requirement (eY (x) is invariant with respect to any chosen subgroup in the population
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of examinees). Also, we believe that it is reasonable for test equating to satisfy the range require-
ment, that is, for all possible scores x of Test X, eY (x) should fall in the range of possible scores
in Test Y .

Also, in the practice of test equating, examinee scores on the two tests are collected accord-
ing to one of the three major types of equating designs, with each type having different versions
(von Davier et al., 2004, Chap. 2; Kolen & Brennan, 2004, Section 1.4). The first is the Sin-
gle Group (SG) design where a random sample of common population of examinees complete
both Test X and Test Y , the second is an Equivalent Groups (EG) design where two independent
random samples of the same examinee population complete Test X and Test Y , respectively,
and the third is the nonequivalent groups (NG) design where random samples from two differ-
ent examinee populations complete Test X and Test Y , respectively. A SG design is said to be
counterbalanced (a CB design) when one examinee subgroup completes Test X first and the re-
maining examinees Test Y first. NG designs, and some EG designs, make use of an anchor test
consisting of items appearing in both Test X and Test Y. The anchor test, call it Test V (with
possible scores v1, v2, . . .), is said to be internal when the anchor items contribute to the scores
in Test X and in Test Y , and is said to be external when they do not contribute.

If the c.d.f.s FX(·) and FY (·) are discrete, then often FX(x) will not coincide with FY (y)

for any possible score on Test Y , in which case the equipercentile equating function in (1)
is ill-defined. This poses a challenge in equipercentile equating, because often in psychome-
tric practice, test scores are discrete. Even when test scores are on a continuous scale, the
empirical distribution estimates of (FX,FY ) are still discrete, with these estimates given by
F̂X(x) = 1

n(X)

∑
1(xi ≤ x) and F̂X(y) = 1

n(Y )

∑
1(yi ≤ y), with 1(·) the indicator function. A

solution to this problem is to model (FX,FY ) as continuous distributions, being smoothed ver-
sions of discrete test score c.d.f.s (GX,GY ), respectively (with corresponding probability mass
functions (gX,gY )). This approach is taken by the four well-known methods of observed-score
equating. They include the traditional methods of percentile-rank equating, linear equating, mean
equating (e.g., Kolen & Brennan, 2004), and the kernel method of equating (von Davier et al.,
2004). While in the equating literature they have been presented as rather distinct methods, each
of these methods corresponds to a particular mixture model for (FX,FY ) having the common
form:

FX(·) =
p(X)∑

k=1

wk,p(X)FXk(·); FY (·) =
p(Y )∑

k=1

wk,p(Y )FYk(·),

where for each Test X and Test Y , the Fk(·) are continuous c.d.f.s and wp = (w1,p, . . . ,wp,p),∑p

k=1 wk,p = 1, are mixture weights defined by a discrete test score distribution G. For ex-
ample, the linear equating method corresponds to the simple mixture model defined by p(X) =
p(Y ) = 1, with FX(·) = Normal(·|μX,σ 2

X) and FY (·) = Normal(y|μY ,σ 2
Y ), and the mean equat-

ing method corresponds to the same model with the further assumption that σ 2
X = σ 2

Y . While the
equating function for linear or mean equating is usually presented in the form eY (x) = σY

σX
(x −

μX) + μY , this equating function coincides with eY (x) = F−1
Y (FX(x)), when FX(·) and FY (·)

are normal c.d.f.s with parameters (μX,σ 2
X) and (μY ,σ 2

Y ), respectively. Now, let {x∗
k−1 < x∗

k , k =
2, . . . , p(X)} be the possible scores in Test X assumed to be consecutive integers, with x∗

0 =
x∗

1 − 1
2 , x∗

p(X)+1 = x∗
p(X)+ 1

2 , and {y∗
k−1 < y∗

k , k = 2, . . . , p(Y )}, y∗
0 , and y∗

p(Y )+1 are similarly de-
fined for Test Y . The percentile-rank method corresponds to a model defined by a mixture of uni-
form c.d.f.s, with FXk(·) = Uniform(·|x∗

k − 1
2 , x∗

k + 1
2 ) and wk,p(X) = gX(x∗

k ) (k = 1, . . . , p(X)),
along with FYk(·) = Uniform(·|y∗

k − 1
2 , y∗

k + 1
2 ) and wk,p(Y ) = gY (y∗

k ) (k = 1, . . . , p(Y )) (for
a slightly different view, see Holland and Thayer 2000). Finally, the kernel method corre-
sponds to a model defined by a mixture of normal c.d.f.s, with (pX,pY ) defined similarly,
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FXk(·;hX) = Normal(RXk(·;hX)|0,1) and FYk(·;hY ) = Normal(RYk(·;hY )|0,1), where hX

and hY are fixed bandwidths. (In particular, RXk(x;hX) = [x − xkaX − μX(1 − aX)](hXaX)−1,
with a2

X = [σ 2
X/(σ 2

X + h2
X)]1/2. The function RYk(y;hY ) is similarly defined). In the kernel

model, the mixing weights are defined by (GX,GY ) with {wk,p(X) = gX(x∗
k ) : k = 1, . . . , p(X)}

and {wk,p(Y ) = gY (y∗
k ) : k = 1, . . . , p(Y )}, where (GX,GY ) are marginals of the bivariate dis-

tribution GXY assumed to follow a log-linear model. In the kernel equating model, the pos-
sible scores of each test (i.e., all the x∗

k and all the y∗
k ) need not be represented as consecu-

tive integers. In general, for all these models and their variants, it is assumed that the contin-
uous distributions (FX,FY ) are governed by some chosen function ϕ of a finite-dimensional
parameter vector θ (Kolen & Brennan, 2004; von Davier et al., 2004). Also, in practice, a
point-estimate of the equating function at x is obtained by eY (x; θ̂) = F−1

Y (FX(x; θ̂)|̂θ) via
the point-estimate θ̂ , usually a maximum-likelihood estimate (MLE) (Kolen & Brennan, 2004;
von Davier et al., 2004). Asymptotic (large-sample) standard errors and confidence intervals for
any given equated score eY (x; θ) (for all values of x) can be obtained with either analytic or
bootstrap methods (Kolen & Brennan, 2004; von Davier et al., 2004). In the kernel equating
model, given the MLE ĜXY obtained from a selected log-linear model, the marginals (ĜX, ĜY )

are derived, and then the bandwidth parameter estimates (̂hX, ĥY ) are obtained by minimizing a
squared-error loss criterion (̂h = arg minh>0

∑p

k=1(ŵk,p − f̂ (x∗
k ;h))2).

The percentile-rank, linear, mean, and kernel equating models each have seen many suc-
cessful applications in equating. However, for five reasons, they are not fully satisfactory, and
these reasons invite the development of a new model of test equating. First, under any of these
four equating models, the mixture distributions (FX,FY ) support values outside the range of
scores of Test X and/or of Test Y , the ranges given by [x∗

1 , x∗
p(X)] and [y∗

1 , y∗
p(Y )], respec-

tively. The kernel, linear, and mean equating models each treat (FX,FY ) as normal distrib-
utions on R

2, and the percentile-rank model treats (FX,FY ) as continuous distributions on
[x∗

0 , x∗
p(X)+1] × [y∗

0 , y∗
p(Y )+1]. As a consequence, under either of these four models, the estimate

of the equating function eY (·; θ̂) = F−1
Y (FX(·; θ̂)|̂θ) can equate scores on Test X with scores on

Test Y that fall outside the correct range [y∗
1 , y∗

p(Y )]. While it is tempting to view this as a minor
problem which only affects the equating of Test Y scores around the boundaries of [y∗

1 , y∗
p(Y )],

the extra probability mass that each of these models assign to values outside of the sample space
[x∗

1 , x∗
p(X)] × [y∗

1 , y∗
p(Y )] can also negatively impact the equating of scores that lie in the middle

of the [y1, yp(Y )] range. Second, the standard errors and confidence intervals of equated scores
are asymptotic, and thus are valid for only very large samples (e.g., von Davier et al., 2004,
pp. 68–69). Third, the kernel and percentile-rank models do not guarantee symmetric equating.
Fourth, the percentile-rank, linear, and mean equating models each make overly-restrictive as-
sumptions about the shape of (FX,FY ). There is no compelling reason to believe that in practice,
(continuized) test scores are truly normally distributed or truly a mixture of specific uniform
distributions. Fifth, each of the four equating models carry the assumption that the test score dis-
tributions (FX,FY ) are independent (e.g., von Davier et al., 2004, Assumption 3.1, p. 49). This
is not a realistic assumption in practice, since the two tests to be equated are designed to measure
the same trait, under the “equal construct” requirement of equating mentioned earlier. The equal
construct requirement implies the prior belief that (FX,FY ) are highly correlated (dependent),
i.e., that (FX,FY ) have a similar shapes, in the sense that the shape of FX provides information
about the shape of FY , and vice versa. A correlation of 1 represents the extreme case of depen-
dence, where FX = FY . A correlation of 0 represents the other extreme case of independence,
where the shape of FX provides absolutely no information about the shape of FY , and vice versa.
However, the assumption is not strictly true in practice and is not warranted in general.

In this paper, a novel Bayesian nonparametric model for test equating is introduced (Kara-
batsos & Walker, 2007), which address all five issues of the previous equating models, and can
be applied to all the equating designs. Suppose with no loss of generality that the test scores are
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mapped into the interval [0,1], so that each test score can be interpreted as a “proportion-correct”
score (a simple back-transformation gives scores on the original scale). In the Bayesian equating
model, continuous test score distributions (FX,FY ) are modeled nonparametrically and as de-
pendent, through the specification of a novel, bivariate Bernstein polynomial prior distribution.
This prior supports the entire space {FXY } of continuous (measurable) distributions on [0,1]2

(with respect to the Lebesgue measure), where each FXY corresponds to univariate marginals
(FX,FY ). The bivariate Bernstein prior distribution is a very flexible nonparametric model,
which defines a (random) mixture of Beta distributions (c.d.f.s) for each marginal (FX,FY ).
In particular, the (p(X),p(Y )) are random and assigned an independent prior distribution. Also,
the vectors of mixing weights {wp(X),wp(Y )} are random and defined by discrete score distribu-
tions (GX,GY ) which themselves are modeled nonparametrically and as dependent by a bivari-
ate Dirichlet Process (Walker & Muliere, 2003). The Dirichlet process modeling of dependence
between (GX,GY ) induces the modeling of dependence between (FX,FY ). Under Bayes’ the-
orem, the bivariate Bernstein prior distribution combines with the data (the observed scores on
Tests X and Y ) to yield a posterior distribution of the random continuous distributions (FX,FY ).
For every sample of (FX,FY ) from the posterior distribution, the equating function is simply
obtained by eY (·) = F−1

Y (FX(·)), yielding a posterior distribution of eY (·). It is obvious that for
every posterior sample of (FX,FY ), the equating function eY (·) = F−1

Y (FX(·)) is symmetric and
equates scores on Test X with a score that always falls in the [0,1] range of scores on Test Y .
Also, the posterior distribution of the equating function easily provides finite-sample confidence
interval estimates of the equated scores, and fully accounts for the uncertainty in all the parame-
ters of the bivariate Bernstein model. Furthermore, the Bayesian nonparametric method of test
equating can be applied to all major types of data collection designs for equating, with no special
extra effort (see Section 2.3). The bivariate Bernstein polynomial prior distribution is just one
example of a nonparametric prior distribution arising from the field of Bayesian nonparametrics.
For reviews of the many theoretical studies and practical applications of Bayesian nonparamet-
rics, see, for example, Walker, Damien, Laud, and Smith (1999) and Müller and Quintana (2004).
Also, see Karabatsos and Walker (2009) for a review from the psychometric perspective.

The Bayesian nonparametric equating model is presented in the next section, including the
Dirichlet process, the bivariate Dirichlet process, the random Bernstein polynomial prior distri-
bution, and the bivariate Bernstein prior distribution. It is proven that the percentile-rank, lin-
ear, and mean equating models are special cases of the Bayesian nonparametric model, under
highly informative choices of prior distribution for (FX,FY ). Also, it is shown that under rea-
sonable conditions the Bayesian model guarantees consistent estimation of the true marginal
distributions (FX,FY ), and as a consequence, guarantees consistent estimation of the true equat-
ing function eY (·). Furthermore, a Gibbs sampling algorithm is described, which provides a
means to infer the posterior distribution of the bivariate Bernstein polynomial model. Section 3
illustrates the Bayesian nonparametric equating model in the analysis of three data sets gen-
erated from the equivalent groups design, the counterbalanced design, and the nonequivalent
groups design with internal anchor, respectively. These data sets are classic examples of these
equating designs, and are obtained from modern textbooks on equating (von Davier et al., 2004;
Kolen & Brennan, 2004). The equating results of the Bayesian nonparametric model are com-
pared against the equating results of the kernel, percentile-rank, linear, and mean equating mod-
els. Finally, Section 4 ends with some conclusions about the Bayesian equating method.

2. Bayesian Nonparametric Test Equating

2.1. Dirichlet Process Prior

Any prior distribution generates random distribution functions. A parametric model gener-
ates a random parameter which then fits into a family of distributions, while a nonparametric prior
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generates random distribution functions which cannot be represented by a finite-dimensional pa-
rameter. The Dirichlet process prior, which was first introduced by Ferguson (1973), is conve-
niently described through Sethuraman’s (1994) representation, which is based on a countably-
infinite sampling strategy. So, let θj , for j = 1,2, . . . , be independent and identically distrib-
uted (i.i.d.) from a fixed distribution function G0, and let vj , for j = 1,2, . . . , be independent
and identically distributed from the Beta(1,m) distribution. Then a random distribution function
chosen from a Dirichlet process prior with parameters (m,G0) can be constructed via

F(x) =
∞∑

j=1

ωj 1(θj ≤ x),

where ω1 = v1 and for j > 1, ωj = vj

∏
l<j (1 − vl), and 1(·) is the indicator function. Such a

prior model is denoted as Π(m,G0). In other words, realizations of the DP can be represented as
infinite mixtures of point masses. The locations θj of the point masses are a sample from G0. It is
obvious from the above construction that any random distribution F generated from a Dirichlet
process prior is discrete with probability 1.

Also, for any measurable subset A of a sample space X ,

F(A) ∼ Beta
(
mG0(A),m

{
1 − G0(A)

})

with prior mean E[F(A)] = G0(A), and prior variance

Var
[
F(A)

] = G0(A)[1 − G0(A)]
m + 1

.

Hence, m acts as an uncertainty parameter, increasing the variance as m becomes small. The
parameter m is known as a precision parameter, and is often referred to as the “prior sample
size.” It reflects the prior degree of belief that the chosen baseline distribution G0 represents
the true distribution. An alternate representation of the Dirichlet process involves the Dirichlet
distribution. That is, F is said to arise from a Dirichlet process with parameters m and G0 if
for every possible partition A1, . . . ,Ap of the sample space, F(A1), . . . ,F (Ap) is distributed as
Dirichlet (mG0(A1), . . . ,mG0(Ap)).

With the Dirichlet process being a conjugate prior, given a set of data xn = {x1, . . . , xn}
with empirical distribution F̂ (x), the posterior distribution of F is also a Dirichlet process, with
updated parameters given by m → m + n, and

F(A)|xn ∼ Beta
(
mG0(A) + nF̂ (A),m

[
1 − G0(A)

] + n
[
1 − F̂ (A)

])

for any measurable subset A of a sample space X . It follows that the posterior distribution of F

under a Dirichlet process can be represented by:

F(A1), . . . ,F (Ap)|xn ∼ Dirichlet
(
mG0(A1) + nF̂ (A1), . . . ,mG0(Ap) + nF̂ (Ap)

)
,

for every measurable partition A1, . . . ,Ap of a sample space X . The posterior mean under the
Dirichlet process posterior is given by

Fn(x) = E
[
F(x)|xn

] =
∫

F(x)Πn(dF) = mG0(x) + nF̂ (x)

m + n
.

In the equation above, Πn denotes the Dirichlet process posterior distribution over the space of
sampling distributions {F } defined on a sample space X . Hence, the Bayes estimate, the posterior
mean, is a simple mixture of the data, via the empirical distribution function and the prior mean,
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G0. As seen in the above equation, Fn is the posterior expectation and is thus the optimal point-
estimate of the true sampling distribution function (of the data), under squared-error loss.

In general, if FX is modeled with a Dirichlet process with parameters (m(X),G0X), and FY

is modeled with parameters (m(Y ),G0Y ), then given data xn(X) = {x1, . . . , xn(X)} and yn(Y ) =
{y1, . . . , yn(Y )},

P
(
F−1

Y

(
FX(x)

)
> y|FX,xn(X),yn(Y )

)

= Beta
(
FX(x); (m(Y)G0Y + n(Y )F̂Y

)
(y),

(
m(Y)[1 − G0Y ] + n(Y )[1 − F̂Y ])(y)

)
,

where n(Y ) is the number of observations on test Y , and Beta(t; ·, ·) denotes the c.d.f. of a beta
distribution. See Hjort and Petrone (2007) for this result. From this, the density function for
F−1

Y (FX(x)) is available (see (4) in Hjort and Petrone 2007), and so an alternative score for Test
Y which corresponds to the score of x for Test X can be the mean of this density. A sampling
approach to evaluating this is as follows: take FX(x) from the beta distribution with parameters

(
m(X)G0X(x) + n(X)F̂X(x),m(X)

[
1 − G0X(x)

] + n(X)
[
1 − F̂X(x)

])

and then take y = y(i) with probability

(
n(Y ) + m(Y)

)−1
β
(
FX(x);m(Y)G0Y (y(i)) + i,m(Y )

[
1 − G0Y (y(i))

] + n(Y ) − i + 1
)
,

where β(·, ·) denotes the density function of the beta distribution (see Hjort & Petrone, 2007).
Here, y(1) < · · · < y(n) are the ordered observations and assumed to be distinct.

This Dirichlet process model assumes (FX,FY ) are independent, and for convenience, this
model is referred to as the Independent Dirichlet Process (IDP) model. As proven in Appendix I,
the linear equating, mean equating, and percentile-rank models are each a special case of the
IDP model for a very highly-informative choice of prior distribution. This highly-informative
choice of prior distribution is defined by precision parameters m(X),m(Y ) → ∞ which lead to
an IDP model that gives full support to baseline distributions (G0X,G0Y ) that define the given
(linear, mean, or percentile-rank) equating model (see Section 1). Moreover, while the kernel
equating model cannot apparently be characterized as a special case of the IDP, like the mean,
linear, and percentile-rank equating models, it carries the assumption that the true (FX,FY ) are
independent. However, as we explained in Section 1, there is no compelling reason to believe
that real test data are consistent with the assumption of independence or, for example, that the
test score distributions are symmetric.

The next subsection describes how to model (FX,FY ) as continuous distributions using
Bernstein polynomials. The subsection that follows describes the bivariate Bernstein polyno-
mial prior that allows the modeling of dependence between (FX,FY ) via the bivariate Dirichlet
process.

2.2. Random Bernstein Polynomial Prior

As mentioned before, the Dirichlet process prior fully supports discrete distributions. Here,
a nonparametric prior is described, which gives support to the space of continuous distributions,
and which leads to a smooth method for equating test scores. As the name suggests, the random
Bernstein polynomial prior distribution depends on the Bernstein polynomial (Lorentz, 1953).
For any function G defined on [0,1] (not necessarily a distribution function), such that G(0) = 0,
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the Bernstein polynomial of order p of G is defined by

B(x;G,p) =
p∑

k=0

G

(
k

p

)(
p

k

)
xk(1 − x)p−k (2)

= .

p∑

k=1

[
G

(
k

p

)
− G

(
k − 1

p

)]
Beta(x|k,p − k + 1) (3)

= .

p∑

k=1

wk,pBeta(x|k,p − k + 1), (4)

and it has derivative:

f (x;G,p) =
p∑

k=1

wk,pβ(x|k,p − k + 1).

Here, wk,p = G(k/p) − G((k − 1)/p) (k = 1, . . . , p), and β(·|a, b) denotes the density of the
Beta(a, b) distribution, with c.d.f. denoted by Beta(·|a, b).

Note that if G is a c.d.f. on [0,1], B(x;G,p) is also a c.d.f. on [0,1] with probability density
function (p.d.f.) f (x; k,G), defined by a mixture of p beta c.d.f.s with mixing weights wp =
(w1,p, . . . ,wp,p), respectively. Therefore, if G and p are random, then B(x;G,p) is a random
continuous c.d.f., with corresponding random p.d.f. f (x;G,p). The random Bernstein–Dirichlet
polynomial prior distribution of Petrone (1999) has G as a Dirichlet process with parameters
(m,G0), with p assigned an independent discrete prior distribution π(p) defined on {1,2, . . .}.
Her work extended from the results of Dalal and Hall (1983) and Diaconis and Ylvisaker (1985)
who proved that for sufficiently large p, mixtures of the form given in (2) can approximate
any c.d.f. on [0,1] to any arbitrary degree of accuracy. Moreover, as Petrone (1999) has shown,
the Bernstein polynomial prior distribution must treat p as random to guarantee that the prior
supports the entire space of continuous densities with domain [0,1]. This space is denoted by
Ω = {f }, and all densities in Ω are defined with respect to the Lebesgue measure.

We can elaborate further: A set of data x1, . . . , xn ∈ [0,1] are i.i.d. samples from a true
density, denoted by f0, where f0 can be any member of Ω . With the true density unknown in
practice, the Bayesian assigns a prior distribution Π on Ω and, for example, Π could be chosen
as the random Bernstein polynomial prior distribution defined on Ω . Under Bayes’ theorem, this
prior combines with a set of data x1, . . . , xn ∈ [0,1] to define a posterior distribution Πn, which
assigns mass:

Πn(A) =
∫
A

∏n
i=1 f (xi)Π(df )

∫
Ω

∏n
i=1 f (xi)Π(df )

to any given subset of densities A ⊆ Ω . Let f0 denote the true density of the data, which can be
any member of Ω . As proved by Walker (2004, Section 6.3), the random Bernstein prior satisfies
strong (Hellinger) posterior consistency, in the sense that Πn(Aε) converges to zero as the sample
size n increases, for all ε > 0, where:

Aε = {f ∈ Ω : H(f,f0) > ε}
is a Hellinger neighborhood around the true f0, and H(f,f0) = {∫ (

√
f (x) − √

f0(x))2 dx}1/2

is the Hellinger distance. This is because the random Bernstein prior distribution, Π , satis-
fies two conditions which are jointly sufficient for this posterior consistency (Walker, 2004,
Theorem 4). First, the Bernstein prior satisfies the Kullback–Leibler property, that is, Π({f :
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D(f,f0) < ε}) > 0 for all f0 ∈ Ω and all ε > 0, where D(f,f0) = ∫
log[f0(x)/f (x)]f0(x)dx

is the Kullback–Leibler divergence. Second, the prior satisfies
∑

k Π(Ak,δ)
1/2 < ∞ for all δ > 0,

where the sets Ak,δ = {f : H(f,fk) < δ} (k = 1,2, . . .) are a countable number of disjoint
Hellinger balls having radius δ ∈ (0, ε) and which cover Aε , where {fk} = Aε . Moreover, Walker,
Lijoi, and Prünster (2007) proved that consistency is obtained by requiring the prior distribution
π(p) on p to satisfy π(p) < exp(−4p logp) for all p = 1,2, . . . . Also, assuming such a prior
for p under the random Bernstein polynomial prior, the rate of convergence of the posterior dis-
tribution is (logn)1/3/n1/3, which is the same convergence rate as the sieve maximum likelihood
estimate (Walker et al., 2007, Section 3.2).

In practice, Petrone’s (1999) Gibbs sampling algorithm may be used to infer the posterior
distribution of the random Bernstein polynomial model. This algorithm relies on the introduction
of an auxiliary variable ui for each data point xi (i = 1, . . . , n), such that u1, . . . , un|p,G are
i.i.d. according to G, and that x1, . . . , xn|p,G,u1, . . . , un are independent, with joint (likelihood)
density:

n∏

i=1

β
(
xi |θ(ui,p),p − θ(ui,p) + 1

)
,

where for i = 1, . . . , n, θ(ui,p) = ∑p

k=1 k1(ui ∈ Ak,p) indicates the bin number of ui , where
Ak,p = ((k−1)/p, k/p], k = 1, . . . , p. Then for the inference of the posterior distribution, Gibbs
sampling proceeds by drawing from the full-conditional posterior distributions of G, p, and
ui (i = 1, . . . , n), for a very large number of iterations. For given p and ui (i = 1, . . . , n), as
suggested by the Dirichlet distribution representation of the Dirichlet process in Section 2.1, the
full conditional posterior of wp = (w1,p, . . . ,wp,p) is Dirichlet(wp|α1,p, . . . , αp,p), with

αk,p = mG0(Ak,p) + nF̂u(Ak,p), k = 1, . . . , p,

where G0 denotes the baseline distribution of the Dirichlet process for G, and F̂u denotes the
empirical distribution of the latent variables. For given ui (i = 1, . . . , n), the full conditional
posterior distribution of p is proportional to

π(p)

n∏

i=1

β
(
xi |θ(ui,p),p − θ(ui,p) + 1

)
.

Also, it is straightforward to sample from the full conditional posterior distribution of ui , for
i = 1, . . . , n (for details, see Petrone, 1999, p. 385).

2.3. Dependent Bivariate Model

A model for constructing a bivariate Dirichlet process has been given in Walker and Muliere
(2003). The idea is as follows: Take GX ∼ Π(m,G0) and then for some fixed r ∈ {0,1,2, . . .},
and take z1, . . . , zr to be independent and identically distributed from GX . Then take

GY ∼ Π
(
m + r, (mG0 + rF̂r )/(m + r)

)
,

where F̂r is the empirical distribution of {z1, . . . , zr }. Walker and Muliere (2003) show that the
marginal distribution of GY is Π(m,G0). It is possible to have the marginals from different
Dirichlet processes. However, it will be assumed that the priors for the two random distributions
are the same. It is also easy to show that for any measurable set A, the correlation between
GX(A) and GY (A) is given by

Corr
(
GX(A),GY (A)

) = r/(m + r)
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and hence this provides an interpretation for the prior parameter r .
For modeling continuous test score distributions (FX,FY ), it is possible to construct a bi-

variate random Bernstein polynomial prior distribution on (FX,FY ) via the random distributions:

FX

(·;GX,p(X)
) =

p(X)∑

k=1

[
GX

(
k

p(X)

)
− GX

(
k − 1

p(X)

)]
Beta

(·|k,p(X) − k + 1
)
,

FY

(·;GY ,p(Y )
) =

p(Y )∑

k=1

[
GY

(
k

p(Y )

)
− GY

(
k − 1

p(Y )

)]
Beta

(·|k,p(Y ) − k + 1
)

with (GX,GY ) coming from the bivariate Dirichlet process model, and with independent prior
distributions π(p(X)) and π(p(Y )) for p(X) and p(Y ). Each of these random distributions are
defined on (0,1]. However, without loss of generality, it is possible to model observed test scores
after transforming each of them into (0,1). If xmin and xmax denote the minimum and maximum
possible scores on a Test X, each observed test score x can be mapped into (0,1) by the equation
x′ = (x −xmin + ε)/(xmax −xmin +2ε), where ε > 0 is a very small constant, with xmin and xmax
denoting the minimum and maximum possible scores on the test. The scores can be transformed
back to their original scale by taking x = x′(xmax − xmin + 2ε) + xmin − ε; similarly, for y and
y′ for Test Y .

Under Bayes’ theorem, given observed scores xn(X) = {x1, . . . , xn(X)} and yn(Y ) =
{y1, . . . , yn(Y )} on the two tests (assumed to be mapped onto a sample space [0,1]), the random
bivariate Bernstein polynomial prior distribution combines with these data to define a posterior
distribution. This posterior distribution, Πn, assigns mass:

Πn(A) =
∫
A
{∏n(X)

i=1 fX(xi)
∏n(Y )

i=1 fY (yi)}Π(dfXY )
∫
Ω

{∏n(X)
i=1 fX(xi)

∏n(Y )
i=1 fY (yi)}Π(dfXY )

to any given subset of bivariate densities A ⊆ Ω = {fXY } defined on [0,1]2 (with respect to
Lebesgue measure). For notational convenience, the posterior distribution of the bivariate Bern-
stein model is represented by FX,FY |xn(X),yn(Y ), where (FX,FY ) (with densities fX and fY )
are the marginal distributions of FXY . Recall from Section 2.2 that this posterior distribution can
also be represented by wX,wY ,p(X),p(Y )|xn(X),yn(Y ), where the mixing weights wX and wY

each follow a Dirichlet distribution.
It is natural to ask whether the random bivariate Bernstein prior satisfies strong (Hellinger)

posterior consistency, in the sense that Πn(Aε) converges to zero as the sample size n increases,
for all ε > 0. Here, Aε is a Hellinger neighborhood around f0XY , denoting a true value of fXY .
It so happens that this consistency follows from the consistency of each univariate marginal
density fX and fY , since as the sample sizes go to infinity, the dependence between the two
models disappears to zero (since r is fixed). As mentioned in Section 2.2, posterior consistency
of the random Bernstein prior in the univariate case was established by Walker (2004) and Walker
et al. (2007). Moreover, as proven by Walker et al. (2007), consistency of the bivariate model is
obtained by allowing the prior distribution π(pX) to satisfy π(pX) < exp(−4pX logpX) for
all large pX , and similarly for pY . A desirable consequence of this posterior consistency of the
true marginal densities, (f0X,f0Y ), corresponding to marginal distribution functions (F0X,F0Y ),
posterior consistency is achieved in the estimation of the true equating function, given by eY (·) =
F−1

0Y (F0X(·)).
Inference of the posterior distribution of the bivariate Bernstein model requires the use of

an extension of Petrone’s (1999) Gibbs sampling algorithm, which is described in Appendix II.
A MATLAB program was written to implement the Gibbs sampling algorithm, to infer the pos-
terior distribution of the bivariate Bernstein polynomial model. This program can be obtained
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through correspondence with the first author. At each iteration of this Gibbs algorithm, a current
set of {p(X),wX} for Test X and {p(Y ),wY } for Test Y is available, from which it is possible to
construct the random equating function

eY (x) = F−1
Y

(
FX(x)

) = y. (5)

Hence, for each score x on Test X, a posterior distribution for the equated score on Test Y is
available. A (finite-sample) 95% confidence interval of an equated score eY (x) = F−1

Y (FX(x))

is easily attained from the samples of posterior distribution FX,FY |xn,yn. A point estimate of
an equated score eY (x) can also be obtained from this posterior distribution. While one conven-
tional choice of point-estimate is given by the posterior mean of eY (x), the posterior median
point-estimate of eY (·) has the advantage that it is invariant over monotone transformations. This
invariance is important considering that the test scores are transformed into the (0,1) domain,
and back onto the original scale of the test scores.

As presented above, the Bayesian nonparametric equating method readily applies to the EG
design with no anchor test, and the SG design. However, with little extra effort, this Bayesian
method can be easily extended to a EG or NG design with an anchor test, or to a counterbal-
anced design. For an equating design having an anchor test, it is possible to implement the
idea of chained equipercentile equating (Angoff, 1971) to perform posterior inference of the
random equating function. In particular, if xn(X) and vn(V1) denote the set of scores observed
from examinee group 1 who completed Test X and an anchor Test V , and yn(Y ) and vn(V2)

sets of scores observed from examinee group 2 who completed Test Y and the same anchor
Test V , then it is possible to perform posterior inference of the random equating functions
eY (x) = F−1

Y (FV2(eV1(x))) and eV1(x) = F−1
V1

(FX1(x)), based on sample from the posterior dis-
tributions FX,FV1 |xn(X),vn(V1) and FY ,FV2 |yn(Y ),vn(V2) each under a bivariate Bernstein prior.
For a counterbalanced design, to combine the information of the two examine subgroups 1 and 2
in the spirit of von Davier et al. (2004, Section 2.3), posterior inference of the random equating
function eY (x) = F−1

Y (FX(x)) is attained by taking FX(·) = 
XFX1(·) + (1 − 
X)FX2(·) and
FY (·) = 
Y FY1(·) + (1 − 
Y )FY2(·), where (FX1,FX2,FY1,FY2) are from the posterior distrib-
utions FX1,FY2 |xn(X1),yn(Y2)

and FX2,FY1 |xn(X2),yn(Y1)
under two bivariate Bernstein models,

respectively. Also, 0 ≤ 
X,
Y ≤ 1 are chosen weights, which can be varied to determine how
much they change the posterior inference of the equating function eY (·).

3. Applications

The following three subsections illustrate the Bayesian nonparametric model in the equating
of test scores arising from the equivalent groups design, the counterbalanced design, and the non-
equivalent groups design for chain equating, respectively. The equating results of the Bayesian
model will also be compared against the results of the kernel, percentile-rank, linear, and mean
models of equating. In so doing, the assumption of independence will be evaluated for each of the
three data sets. Before proceeding, it is necessary to review some themes that repeat themselves
in the three applications.

1. In applying our Bayesian model to analyze each of the three data sets, we assumed the bi-
variate Dirichlet process to have baseline distribution G0 that equals the Beta(1,1) distrib-
ution. Also, we assumed a relatively noninformative prior by taking m = 1 and r = 4, re-
flecting the (rather uncertain) prior belief that the correlation of the scores between two tests
is 0.8 = r/(m + r). In particular, the Beta(1,1) distribution reflects the prior belief that the
different possible test scores are equally likely, and the choice of “prior sample size” of m = 1
will lead to a data-driven posterior distribution of (FX,FY ). This is true especially considering
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that among the three data sets analyzed, the smallest sample size for a group of examinees was
about 140 (i.e., 140 times the prior sample size), and the other two data sets had a sample size
of around 1,500 for each group of examinees. Furthermore, up to a constant of proportionality,
we specify an independent prior distribution of π(p) ∝ exp(−4p logp) for each p(X) and on
p(Y ). As discussed in Sections 2.2 and 2.3, this choice of prior ensures the consistency of the
posterior distribution of (FX,FY ).

2. For each data set analyzed with the Bayesian model, we implemented the Gibbs sampling al-
gorithm (Appendix II) to generate 10,000 samples from the posterior distribution of (FX,FY ),
including (p(X),p(Y )), after discarding the first 2,000 Gibbs samples as burn-in. We found
that Gibbs sampler displayed excellent mixing in the posterior sampling. Also, while we chose
the first 2,000 Gibbs samples as burn in, this number was a conservative choice because trace
plots suggested that convergence was achieved after the first 500 samples.

3. For the percentile rank model, the estimate (ĜX, ĜY ) is given by the empirical distribution
estimates of the scores in Test X and Test Y , respectively. For either the linear or the mean
equating model, the estimate (μ̂X, σ̂ 2

X, μ̂Y , σ̂ 2
Y ) is given by sample means and variances of the

test scores. For the kernel model, the estimate (ĜX, ĜY ) of the discrete test score distributions
are obtained as marginals of the estimate ĜXY obtained via maximum likelihood estimation of
a chosen log-linear model. The log-linear model needs to be specified differently for each of
the three applications, since they involve different equating designs (von Davier et al., 2004).
Also, the percentile-rank, linear, and mean equating models, 95% confidence intervals of the
equated scores were estimated from 10,000 bootstrap samples, each bootstrap sample taking
n(X) and n(Y ) samples with replacement from the empirical distributions of test scores, ĜX

and ĜY , and then performing equipercentile equating using these samples. For single-group
designs, n = n(X) = n(Y ) samples are taken with replacement from the bivariate empirical
distribution ĜXY having univariate marginals (ĜX, ĜY ). Also, unless otherwise noted, for the
kernel equating model, 95% confidence intervals of the equated scores were estimated from
10,000 bootstrap samples, each bootstrap sample involving taking n(X) and n(Y ) samples
with replacement from the continuous distribution estimates of the test scores, F̂X(·|̂θ) and
F̂Y (·|̂θ), and then performing equipercentile equating using these samples. Efron and Tibshi-
rani (1993) suggest that at least 500 bootstrap samples are sufficient for estimating confidence
intervals.

3.1. Equivalent-Groups Design

The Bayesian nonparametric equating model is demonstrated in the analysis of a large data
set generated from an equivalent groups (EG) design. This data set, obtained from von Davier
et al. (2004, Chap. 7, p. 100), consists of 1,453 examinees who completed Test X, and 1,455
examinees completing Test Y of a national mathematics exam. Each test has 20 items, and is
scored by number correct. The average score on Test X is 10.82 (s.d. = 3.81), and the average
score on Test Y is 11.59 (s.d. = 3.93), and so the second test is easier than the first.

Figure 1 plots the 95% confidence interval of GX(x) − GY (x) (x = 0,1, . . . ,20), estimated
from 10,000 bootstrap samples from the empirical distributions (ĜX, ĜY ). The plot suggests that
GX and GY have quite similar shapes, and thus are not independent (as assumed by the kernel,
percentile-rank, linear, and mean models of equating). In fact, according to the plot, the 95%
confidence interval of GX(x) − GY (x) envelopes 0 for all score points except for scores 5, 8,
18, and 19. Clearly, there is a need to model the similarity (correlation) between the test score
distributions. Furthermore, according to the confidence interval, the two c.d.f.s of the test score
distributions differ by about .045 in absolute value at most.

For the kernel model, von Davier et al. (2004, Chap. 7) reported estimates of the discrete
score distributions (ĜX, ĜY ) through maximum likelihood estimation of a joint log-linear model,
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FIGURE 1.
The 95% confidence interval of the difference GX(x) − GY (x) (x = 0,1, . . . ,20) is given by the thick jagged lines. The
horizontal straight line indicates zero differences for all points of x.

TABLE 1.
Comparison of the 95% confidence (credible) intervals of 5 equating methods: EG design.

Bayes Kernel PR Linear

Kernel 2–18
PR 1–16, 20 19
Linear 2–15, 20 20 19–20
Mean 0, 2–16, 20 20 1–3, 19–20 None

and they also report the bandwidth estimates (̂hX = .62, ĥX = .58). For the Bayesian model, the
marginal posterior distributions of p(X) and of p(Y ) concentrated on 1 and 2, respectively. Fig-
ure 2 presents the posterior median estimate of the equating function for the Bayesian equating
model, and the estimate of the equating functions for the other four equating models. This fig-
ure also presents the 95% confidence interval estimates of the equating functions. For the kernel
model, the 95% confidence interval was obtained from the standard error of equating estimates
reported in von Davier et al. (2004, Table 7.4). This figure shows that the equating function es-
timate of the Bayesian model differs from the estimates obtained from the other four equating
models. Table 1 presents pairwise comparisons of the equating function estimates between the
five equating models. This table reports the values of x which provide no overlap between the
95% confidence interval of the eY (x) estimate, between two models. Among other things, this
table shows that the equating function estimate of the Bayesian model is very different from the
equating function estimates of the other four equating models. The assumption of independence
between (FX,FY ) may play a role, with independence not assumed in the Bayesian model, and
independence assumed by the other four models. Though, as shown earlier, the data present evi-
dence against the assumption of independence.

Also, this table shows that the equating function estimate of the kernel model do not differ
much with the equating estimates of the linear and mean equating models. Furthermore, upon
closer inspection, the kernel, linear, and mean equating models equated some scores of Test X
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FIGURE 2.
For each of the five equating methods, the point-estimate of eY (·) (thick line) and the 95% confidence interval (thin lines).

with scores outside the range of scores for Test Y . For example, the kernel model equated a score
of 20 on Test X with a score of 20.4 on Test Y , and the Test X scores of 0 and 20 led to equated
scores on Test Y with 95% confidence intervals that included values outside the 0–20 range of
test scores. The linear and mean equating models had similar issues in equating.

3.2. Counterbalanced Design

Here, the focus of analysis is a data set generated from a counterbalanced single-group
design (CB design). These data were collected from a small field study from an international
testing program, and were obtained from von Davier et al. (2004, Tables 9.7–8). Test X has 75
items, Test Y has 76 items, and both tests are scored by number correct. Group 1 consists of 143
examinees completed Test X first, then Test Y . The tests of this single-group design are referred
to as (X1, Y2). The average score on Test X1 is 52.54 (s.d. = 12.40), and for Test Y2 it is 51.29
(s.d. = 11.0). Group 2 consists of 140 examinees completed Test Y first, then Test X, and the
tests of this single-group design are referred to as (Y1,X2). The average score on Test Y1 is 51.39
(s.d. = 12.18), and for Test X2 it is 50.64 (s.d. = 13.83).

Since a pair of test scores is observed from every examinee in each of the two single
group designs, it is possible to evaluate the assumption of independence with the Spearman’s
rho statistic. By definition, if GXY is a bivariate c.d.f. with univariate margins (GX,GY ), and
(X,Y ) ∼ GXY , then Spearman’s rho is the correlation between c.d.f.s GX(X) and GY (Y ) (see
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Joe, 1997, Section 2.1.9). The Spearman’s rho correlation is .87 between the scores of Test X1
and Test Y2, and this correlation is .86 between the scores of Test X2 and Test Y1. So clearly, the
assumption of independence does not hold in either data set. In contrast, a Spearman’s rho cor-
relation of 0 (independence) is assumed for the mean, linear, percentile-rank, and kernel models
of equating.

In the kernel and percentile-rank methods for the counterbalanced design, the estimate of
the equating function,

eY (x; θ̂ ,
X,
Y ) = F̂−1
Y

(
F̂X(x; θ̂ ,
X)|̂θ ,
Y

)
,

is obtained through weighted estimates of the score probabilities, given by:

ĝX(·) = 
XĝX1(·) + .(1 − 
X)ĝX2(·), ĝY (·) = 
Y ĝY1(·) + .(1 − 
Y )ĝY2(·),
ĝX1(·) =

∑

l

ĝX1,Y2(·, yl), ĝX2(·) =
∑

l

ĝX2,Y1(·, yl),

ĝY1(·) =
∑

k

ĝX2,Y1(xk, ·), ĝY2(·) =
∑

k

ĝX1,Y2(xk, ·),

while in linear and mean equating methods, the weights are put directly on the continuous distri-
butions, with

F̂X(·; θ̂ ,
X) = 
XNormalX1

(·|μ̂X1, σ̂
2
X1

) + (1 − 
X)NormalX2

(·|μ̂X2, σ̂
2
X2

)
,

F̂Y (·; θ̂ ,
Y ) = 
Y NormalY1

(·|μ̂Y1 , σ̂
2
Y1

) + (1 − 
Y )NormalY2

(·|μ̂Y2, σ̂
2
Y2

)
.

Here, 
X,
Y ∈ [0,1] are weights chosen to combine the information of the two groups of ex-
aminees who completed Test X and Test Y in different orders. This idea for equating in the
counterbalanced design is due to von Davier et al. (2004, Section 2.3). As they describe, the
value 
X = 
Y = 1 represents a default choice because it represents the most conservative use
of the data in the CB design, while the choice of 
X = 
Y = 1/2 is the most generous use of the
(X2, Y2) data because it weighs equally the two versions of Test X and of Test Y . One approach
is to try these two different weights, and see what effect they have on the estimated equated func-
tion. von Davier et al. (2004, Chap. 9) obtain the estimate (ĜX, ĜY ) by selecting and obtaining
maximum likelihood estimates of a joint log-linear model for the single group designs (X1, Y2)

and (Y1,X2). Then conditional on that estimate, they found (von Davier’s et al. 2004, p. 143)
that the bandwidth estimates are (hX = .56, hY = .63) under 
X = 
Y = 1/2, and the band-
width estimates are (hX = .56, hY = .61) under 
X = 
Y = 1. Through the use of bootstrap
methods, it was found that for kernel, percentile-rank, linear, and mean equating methods, the
95% confidence intervals for bootstrap samples of eY (x;1,1) − eY (x; 1

2
1
2 ) enveloped 0 for all

scores x = 0,1, . . . ,75. This result suggests that the equating function under 
X = 
Y = 1/2
is not significantly different than the equating function under 
X = 
Y = 1. Also, no equating
difference was found for the Bayesian model. Using the chain equating methods described at
the end of Section 2.3, it was found that the 95% confidence interval of the posterior distribu-
tion of eY (x;1,1) − eY (x; 1

2
1
2 ) enveloped 0 for all scores x = 0,1, . . . ,75. Also, the marginal

posterior mean of p(X1), p(Y2), p(X2), and p(Y1) was 2.00 (var = .01), 2.01 (var = .19), 2.00
(var = .001), and 2.01 (var = .02), respectively.

Figure 3 presents the point-estimate of eY (·; 1
2

1
2 ) of the equating function for each of the five

equating models, along with the corresponding 95% confidence (credible) intervals. As shown in
Table 2, after accounting for these confidence intervals, there were no differences in the equating
function estimates between the Bayesian equating model and the kernel equating model, and
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FIGURE 3.
For each of the five equating methods, the point-estimate of eY (·) (thick line) and the 95% confidence interval (thin lines).

TABLE 2.
Comparison of the 95% confidence (credible) intervals of 5 equating methods: CB design.

Bayes Kernel PR Linear

Kernel None
PR 0–14, 75 0–1
Linear 0–6, 68–75 None 0–11, 75
Mean 74–75 None 0–16, 22–26 0–35, 65–75

there were no differences between the kernel equating model and the linear and mean equating
models. Also, for scores of x ranging from 0 to 30, the kernel and the percentile-rank models
each have an equating function estimate with a relatively large 95% confidence interval, and for
the percentile-rank model, the equating function estimate is flat in that score range. A closer
inspection of the data reveals that this is due to the very small number of test scores in the 0 to
30 range. In fact, for each test, no more than 16 scores fall in that range. The confidence interval
of the Bayesian method does not suffer from such issues. Also, among all five equating models,
the kernel model had the largest 95% confidence interval. Upon closer inspection, for x scores of
0–4 and 72–75, the kernel model equated scores on Test Y having 95% confidence intervals that
included values outside the [0,76] score range for Test Y . Similar issues were observed for the
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linear and mean equating models in equating the x score of 75, and for the mean equating model
in equating the x score of 0.

3.3. Nonequivalent Groups Design and Chained Equating

This section concerns the analysis of a classic data set arising from a nonequivalent groups
(NG) design with internal anchor, and it was discussed in Kolen and Brennan (2004). The first
group of examinees completed Test X, and the second group of examinees completed Test Y ,
both groups being random samples from different populations. Here, Test X and Test Y each
have 36 items and is scored by number correct, and both tests have 12 items in common. These
12 common items form an internal anchor test because they contribute to the scoring of Test
X and of Test Y . While the two examinee groups come from different populations, the anchor
test provides a way to link the two groups and the two tests. The anchor test completed by the
first examinee group (population) is labeled as V1 and the anchor test completed by the second
examinee group (population) is labeled as V2, even though both groups completed the same
anchor test. The first group of 1,655 examinees had a mean score of 15.82 (s.d. = 6.53) on Test
X, and a mean score of 5.11 (s.d. = 2.38) for the anchor test. The second group of examinees
had a mean score of 18.67 (s.d. = 6.88) on Test Y , and a mean score of 5.86 (s.d. = 2.45) on
the anchor test. Also, the scores of Test X1 and Test V1 have a Spearman’s rho correlation of
.84, while the Spearman’s rho correlation is .87 between the scores of Test V2 and Test Y2. In
contrast, a zero correlation (independence) is assumed for the mean, linear, percentile-rank, and
kernel models of equating.

In the analysis of these data from the nonequivalent groups design, chained equipercentile
equating was used. Accordingly, under either the kernel, percentile-rank, linear, and mean equat-
ing models, the estimate of the equating function is given by eY (x; θ̂) = F−1

Y2
(FV2(eV1(x); θ̂)|̂θ)

for all x, where eV1(·; θ̂) = F−1
V1

(FX1(·; θ̂)|̂θ), and θ̂ is the parameter estimate of the correspond-

ing model. In the kernel method, to obtain the estimate of the marginals (ĜX, ĜY ) through
log-linear model fitting, it was necessary to account for the structural zeros in the 37×13 contin-
gency table for scores on Test X and Test V1, and in the 37 × 13 contingency table for the scores
on Test Y and Test V2. These structural zeros arise because given every possible score x on
Test X (and every possible score y on Test Y ), the score on the internal anchor test ranges from
max(0, x − 24) to min(x,12) (ranges from max(0, y − 24) to min(y,12)), while for every given
score v on the anchor test, the score on Test X (Test Y ) ranges from v to 36− (12−v). Therefore,
for the two tables, log linear models were fit only to cells with no structural zeros (e.g., Holland
and Thayer 2000). In particular, for each table, 160 different versions of a loglinear model were
fit and compared on the basis of Akaike’s Information Criterion (AIC; Akaike, 1973), and the one
with the lowest AIC was chosen as the model for subsequent analysis. Appendix III provides the
technical details about the loglinear model fitting. After finding the best-fitting loglinear model
for each of the two tables, estimates of the marginal distributions (ĜX, ĜY ) were derived, and
then bandwidth estimates (̂hX = .58, ĥY = .61, ĥV1 = .55, ĥV2 = .59) were obtained using the
least-squares minimization method described in Section 1. In the analysis with the Bayesian
model, a chained equipercentile method was implemented, described at the end of Section 2.3.
The marginal posterior distribution of p(X1),p(V1), p(V2), and p(Y2) concentrated on values
of 6, 1, 3, and 5, respectively.

Figure 4 presents the equating function estimate for each of the five models, along with
their corresponding 95% confidence interval. It is shown that for the percentile-rank models, the
95% confidence interval is relatively large for x scores ranging between 20 to 36. According to
Table 3, taking into account the 95% confidence intervals, the equating function estimate of the
Bayesian model again differed from the estimate yielded by the other four models. The equating
function estimate of the kernel model did not differ much with the estimates of the linear model.
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FIGURE 4.
For each of the five equating methods, the point-estimate of eY (·) (thick line) and the 95% confidence interval (thin lines).

TABLE 3.
Comparison of the 95% confidence (credible) intervals of 5 equating methods: NG design.

Bayes Kernel PR Linear

Kernel 11–32
PR 0–1, 7–36 0–1, 10, 11, 36
Linear 11–32, 36 None 0–1, 5–15, 33–36
Mean 0–7, 15–36 0–36 0, 3–20, 31–36 0–35

Also, upon closer inspection, the kernel model equated scores of x = 0,1,2 with scores below
the range of Test Y scores. The model also equated an x score of 36 with a score on Test Y having
a 95% confidence interval that includes values above the range of Test Y scores. The linear and
mean equating models had similar issues.

4. Conclusions

This study introduced a Bayesian nonparametric model for test equating. It is defined by
a bivariate Bernstein polynomial prior distribution that supports the entire space of (random)
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continuous distributions (FX,FY ), with this prior depending on the bivariate Dirichlet process.
The Bayesian equating model has important theoretical and practical advantages over all previous
approaches to equating. One key advantage of the Bayesian equating model is that it accounts
for the realistic situation that the two distributions of test scores (FX,FY ) are correlated, instead
of independent as assumed in the previous equating models. This dependence seems reasonable,
considering that in practice, the two tests that are to be equated are designed to measure the same
psychological trait. Indeed, for each of the three data sets that were analyzed, there is strong
evidence against the assumption of independence. While perhaps the Bayesian model of equating
requires more computational effort and mathematical expertise than the kernel, linear, mean, and
percentile-rank models of equating, the extra effort is warranted considering the key advantages
of the Bayesian model. It can be argued that the four previous models make rather unrealistic
assumptions about data, and carry other technical issues such as asymmetry, out-of-range equated
scores. The Bayesian model outperformed the other models in the sense it avoids such issues.
Doing so led to remarkably different equating function estimates under the Bayesian model.
Also, the percentile-rank, linear, and mean equating models were proven to be special cases of
the Bayesian nonparametric model, corresponding to a very strong choice of prior distribution
for the continuous test score distributions (FX,FY ). In future research, it may be of interest
to explore alternative Bayesian approaches to equating that are based on other nonparametric
priors that account for dependence between (FX,FY ), including the priors described by De Iorio,
Müller, Rosner, and MacEachern (2004) and by Müller, Quintana, and Rosner (2004).
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Appendix I. A Proof About Special Cases of the IDP Model

It is proven that the linear equating model, the mean equating model, and the percentile-rank
equating model, is each a special case the IDP model. To achieve fullest generality in the proof,
consider that a given equating model assumes that the continuous distributions (FX,FY ) are
governed by some function ϕ of a finite-dimensional parameter vector θ . This way, it is possible
to cover all the variants of these three models, including the Tucker, Levine observed score,
Levine true score, and Braun–Holland methods of linear (or mean) equating, the frequency-
estimation approach to the percentile-rank equating model, all the item response theory methods
of observed score equating, and the like (for details about these methods, see Kolen & Brennan,
2004).

Theorem 1. The linear equating, the mean equating model, and the percentile-rank equating
model is each a special case of the IDP model, where m(X),m(Y ) → ∞, and the baseline
distributions (G0X,G0Y ) of the IDP are defined by the corresponding equating model.

Proof: Recall from Section 2.1 that in the IDP model, the posterior distribution of (FX,FY ) is
given by independent beta distributions, with posterior mean E[FX(·)] = G0X(·) and variance
Var[FX(·)] = {G0X(A)[1 − G0X(A)]}/(m(X) + 1), and similarly for FY . First, define the base-
line distributions (G0X,G0Y ) of the IDP model according to the distributions assumed by the lin-
ear equating model, with G0X(·) = Normal(·|μX,σ 2

X) and G0Y (·) = Normal(·|μY ,σ 2
Y ), where



« PMET 11336 layout: SPEC (pmet)reference style: apa file: pmet9096.tex (Ramune) aid: 9096 doctopic: OriginalPaper class: spr-spec-pmet v.2008/12/03 Prn:3/12/2008; 15:54 p. 19/22»

GEORGE KARABATSOS AND STEPHEN G. WALKER

901

902

903

904

905

906

907

908

909

910

911

912

913

914

915

916

917

918

919

920

921

922

923

924

925

926

927

928

929

930

931

932

933

934

935

936

937

938

939

940

941

942

943

944

945

946

947

948

949

950

(μX,σ 2
X,μY ,σ 2

Y ) is some function ϕ of a parameter vector θ . Taking the limit m(X),m(Y ) → ∞
leads to Var[FX(·)] = Var[FY (·)] = 0, and then the posterior distribution of (FX,FY ) assigns
probability 1 to (G0X,G0Y ), which coincide with the distributions assumed by the linear equat-
ing model.

The same is true for the mean equating model, assuming σ 2
X = σ 2

Y . The same is also true

for the percentile-rank model, assuming G0X(·) = ∑p(X)

k=1 gX(·;ϕ(θ))Uniform(·|x∗
k − 1

2 , x∗
k + 1

2 )

and G0Y (·) = ∑p(Y )

k=1 gY (·;ϕ(θ))Uniform(·|y∗
k − 1

2 , y∗
k + 1

2 ), for some function ϕ depending on
a parameter vector θ . This completes the proof. �

Appendix II. The Gibbs Sampling Algorithm for Bivariate Bernstein Model

As in Petrone’s (1999) Gibbs algorithm for the one-dimensional model, latent vari-
ables are used to sample from the posterior distribution. In particular, an auxiliary vari-
able ui is defined for each data point xi (i = 1, . . . , n(X)), and an auxiliary variable ui(Y )

is defined for each data point yi (i = 1, . . . , n(Y )), such that u1(X), . . . , un(X)|p(X),GX

are i.i.d. according to GX , and u1(Y ), . . . , un(Y )|p(Y ),GY are i.i.d. according to GY . Then
x1, . . . , xn(X)|p(X),GX, {u1(X), . . . , un(X)} are independent, and y1, . . . , yn(X)|p(Y ), GY , and
{u1(Y ), . . . , un(Y )} are also independent, with joint (likelihood) density:

n(X)∏

i=1

β
(
xi |θ

(
ui(X),p(Y )

)
,p(X) − θ

(
ui(X),p(Y )

) + 1
)

×
n(Y )∏

i=1

β
(
yi |θ

(
ui(Y ),p(Y )

)
,p(Y ) − θ

(
ui(Y ),p(Y )

) + 1
)
.

Then for the inference of the posterior distribution, Gibbs sampling proceeds by drawing from the
full-conditional posterior distributions of GX , GY , p(X), p(Y ), ui(X) (i = 1, . . . , n(X)), ui(Y )

(i = 1, . . . , n(Y )), and zj (j = 1, . . . , r), for a very large number of iterations.
The sampling of the conditional posterior distribution of GX is performed as follows. Note

that given p(X), the random Bernstein polynomial density fX(x;GX,p(X)) depends on GX

only through the values GX(k/p(X)), k = 0,1, . . . , p(X), and thus GX is fully described by the
random vector wp(X) = (w1,p(X), . . . ,wp(X),p(X))

′, with wk,p(X) = GX(k/p(X)] − GX((k −
1)/p(X)], k = 1, . . . , p(X), that random vector having a Dirichlet distributions (e.g., see Sec-
tion 2.1). This considerably simplifies the sampling of the conditional posterior distribution of
GX . So given p(X), {u1(X), . . . , un(X)} and {z1, . . . , zr }, the full conditional posterior distribu-
tion of wp(X) (i.e., of GX) is Dirichlet(wp(X)|α1,p(X), . . . , αp(X),p(X)), with

αk,p(X) = mG0(Ak,p) + rF̂r (Ak,p(X)) + n(X)F̂u(X)(Ak,p(X)), k = 1, . . . , p(X)

where F̂u(X) is the empirical distribution of {u1(X), . . . , un(X)}, and

Ak,p(X) = (
(k − 1)/p(X)

)
, k/p(X)].

Likewise, given p(X), {u1(Y ), . . . , un(Y )} and {z1, . . . , zr }, the full conditional posterior distrib-
ution of wp(Y ) (i.e., of GY ) is Dirichlet(wp(Y )|α1,p(Y ), . . . , αp(Y ),p(Y )).

Given {u1(X), . . . , un(X)}, the full conditional posterior distribution of p(X) is proportional
to

π
(
p(X)

) n(X)∏

i=1

β
(
xi |θ

(
ui(X),p(X)

)
,p(X) − θ

(
ui(X),p(X)

) + 1
)
,
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and given {u1(Y ), . . . , un(Y )}, the full conditional posterior distribution of p(X) is defined simi-
larly. Thus, a straightforward Gibbs sampler can be used for p(X) and for p(Y ).

Given p(X) and {z1, . . . , zr}, the sampling of each latent variable ui(X) (i = 1, . . . , n(X))
from its conditional posterior distribution, proceeds as follows. With probability

β
(
xl |θ

(
ul(X),p(X)

)
,p(X) − θ

(
ul(X),p(X)

) + 1
)
/(κ1 + κ2),

l �= i, set ui(X) equal to ul(X), where

κ1 =
p(X)∑

k=1

{(
mG0(Ak,p) + rF̂r (Ak,p)

)
β
(
xi |k,p(X) − k + 1

)}
,

κ2 =
∑

q �=i

β
(
xq |θ(

uq(X),p(X)
)
,p(X) − θ

(
uq(X),p(X)

) + 1
)
.

Otherwise, with probability κ1/(κ1 + κ2), draw ui(X) from the mixture distribution:

πG0(Ak∗,p(X)) + (1 − π)Uniform
{
zk ∈ (Ak∗,p(X))

}
,

with mixture probability defined by π = m/(m + rF̂r ((k
∗ − 1)/p(X), k∗/p(X)]), where k∗ is a

random draw from a distribution on k = 1,2, . . . that is proportional to

{
mG0(Ak∗,p) + rF̂r (Ak∗,p)

}
β
(
xi |k,p(X) − k + 1

)
.

Also, Unif{z ∈ (a, b]} denotes a uniform distribution on a discrete set of values falling in a
set (a, b]. Each latent auxiliary variable ui(Y ) (i = 1, . . . , n(Y )) is drawn from its conditional
posterior distribution in a similar manner (replace p(X) with p(Y ), the ui(X)s with ui(Y )s, and
the xis with yis).

Furthermore, up to a constant of proportionality, the full conditional posterior density of the
variables {z1, . . . , zr} is given by

(
z1, . . . , zr |wp(X),wp(Y ),p(X),p(Y )

)

∝ π(z1, . . . , zr )dir(wp(X)|α1,p(X), . . . , αp(X),p(X))dir(wp(Y )|α1,p(Y ), . . . , αp(Y ),p(Y )),

where dir(w|α1,p, . . . , αp,p) denotes the density function for the Dirichlet distribution, and

αk,p(X) = mG0(Ak,p) + rF̂r (Ak,p) + n(X)F̂u(Ak,p), k = 1, . . . , p(X).

Also, π(z1, . . . , zr ) denotes the density function for the first r samples from a Pólya-urn scheme
with parameters (m,G0); see, for example, Blackwell and MacQueen (1973).

In particular, to generate a sample of each latent zj (j = 1, . . . , r) from its full conditional
posterior distribution, the following steps are taken. Let

A1,t = (c1 = 0, c2], A2,t = (c2, c3], . . . ,

Al,t = (cl−1, cl], . . . , At,t = (ct−1, ct = 1],

denote sets formed by taking the union defined by

{0, c2, . . . , ct−1,1} = {
k/p(X) : k = 1, . . . , p(X)

} ∪ {
k/p(Y ) : k = 1, . . . , p(Y )

}
,
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and let F̂r−1 denote the empirical distribution of {zd : d �= j}. Then a sample of each latent zj is
generated from the mixture distribution

πzG0(Al∗,t ) + (1 − πz)Uniform{zd ∈ Al∗,t },
where πz = m/(m + (r − 1)F̂r−1(Al∗,t )) is the weight of the mixing distribution, and l∗ is a
random draw from a distribution on l = 1, . . . , t defined by

dir(wp(X)|α1,l,p(X), . . . , αp(X),l,p(X))dir(wp(Y )|α1,l,p(Y ), . . . , αp(Y ),l,p(Y )),

with

αk,l,p(X) = G0(Ak,p(X)) + (r − 1)F̂r−1(Ak,p(X)) + 1(Ak,p(X) ∩ Al,t ),

αk,l,p(Y ) = G0(Ak,p(Y )) + (r − 1)F̂r−1(Ak,p(Y )) + 1(Ak,p(Y ) ∩ Al,t )

for k = 1, . . . , p(X), and for k = 1, . . . , p(Y ), respectively.

Appendix III. The Loglinear Model Used for the Third Data Example

As an Appendix to Section 3.3, here we provide details about the log-linear methods used for
the kernel equating model, in the analysis of test scores arising from the non-equivalent groups
design. As mentioned in that section, independent log-linear models were fit only to cells without
structural zeros. These models are jointly defined by

log ĝX,V1(x
∗
k , v∗

l ) = αX +
T (X)=4∑

t=1

λ̂X(x∗
k )t +

T (V1)=2∑

t=1

λ̂V1(v
∗
l )t

+
I (X)=3∑

t=1

I (V1)=2∑

t ′=1

λ̂X,V1,t,t
′(x∗

k )t (v∗
l )t

′
,

log ĝY,V2(y
∗
k , v∗

l ) = αY +
T (Y )=4∑

t=1

λ̂Y (y∗
k )t +

T (V2)=4∑

t=1

λ̂V2(v
∗
l )t

+
I (Y )=3∑

t=1

I (V2)=1∑

t ′=1

λ̂Y,V2,t,t
′(x∗

k )t (v∗
l )t

′
.

The first fitted model presented above was selected after using Akaike’s Information Criterion
(AIC; Akaike, 1973) to compare the goodness-of-fit of 160 log-linear models described by com-
binations of the vector of values for (T (X),T (V1), I (X), I (V1)), for T (X),T (V1) ∈ {1, . . . ,4}
and I (X), I (V1) ∈ {0,1,2,3} (and I (X) = I (V1) whenever I (X) or I (V1) is zero), and similarly
for the second fitted model presented above. The AIC was 256.06 and 229.14 for the selected log-
linear models for the first and second contingency tables, respectively. Then conditional on the
maximum likelihood estimates of (ĜX,V1, ĜY,V2) obtained via these best models, the estimate of
the discrete test score distributions (ĜX, ĜV1 , ĜY , ĜV2) are obtained via marginalization. Then
the bandwidth estimates (̂hX = .58, ĥY = .61, ĥV1 = .55, ĥV2 = .59) were obtained using their
least-squares minimization method described in Section 1. Finally, a reviewer points out that in-
stead, more elaborate log-linear models can be used for the data. These models would include up
to four cross-product moments, as described in von Davier et al. (2004, Chap. 10).
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