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a b s t r a c t

We provide a short reply to [Grünwald, P., & Navarro, D. (2009). NML, Bayes and true dis-
tributions: A comment on Karabatsos and Walker. Journal of Mathematical Psychology, in press
(doi:10.1016/j.jmp.2008.11.005)] comment on the article by [Karabatsos, G., & Walker, S. (2006). On the
normalized maximum likelihood and Bayesian decision theory. Journal of Mathematical Psychology, 50,
517–520].
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Grünwald and Navarro (2009) appear to have difficulty
relating to the paper (Karabatsos & Walker, 2006) in which we
discussed aspects of the Normalized Maximum Likelihood (NML)
criterion for model selection. In particular, using straightforward
algebra, we demonstrated in Karabatsos and Walker (2006) that
the NML criterion for model selection can be characterized as
an approach to Bayesian model selection under a noninformative
(Dirichlet Process) prior and under a specific logarithmic utility
function which incorporates a particular penalty for model
complexity.
So let uswrite it as simply aswe can. Awell known loss function

when using the density function f (x; θ) and where P is the true
distribution function is given by

l(θ, P) = −
∫
log f (x; θ) dP(x).

Using standard maximum of expected utility theory, and using a
Dirichlet process prior, given observations (x1, . . . , xn), we have a
posterior expected utility of

U(θ) =
∫
log f (x; θ)

{
cdP0(x)+ ndGn(x)

c + n

}
,

where P0 is the prior guess at P , c > 0 is a scale parameter
and Gn the empirical c.d.f. (i.e., the distribution function for the n
observations). So,
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U(θ) = wn

∫
log f (x; θ) dP0(x)+ (1− wn) n−1

n∑
i=1

log f (xi, θ),

where wn = c/(c + n). Letting c be very small, so small that it
can be ignored or put to 0, then the θ which maximizes U(θ) is the
maximum likelihood estimator. We are not sure what we would
do differently here if we had the luxury to philosophize about if a
true P existed or not.
Now we decide to add some penalty to this loss function for

the dimension of θ which depends on the sample size — call it
v(d(θ), n). So we now want to maximize

U(θ) =
n∑

i=1

log f (xi, θ)− v(d(θ), n).

Our simple point, now, is that for a particular choice of v(d, n) we
recover NML.
The Editor invited us to give a short reply to the article by

Grünwald andNavarro (2009), andwe thankhim for this. However,
we were not sure what could be said other than what we wrote
in Karabatsos and Walker (2006) is quite straightforward, and
that not only did we find Grünwald and Navarro’s (2009) article
to be a bit misleading, but also that they have, by and large,
misunderstood and misrepresented our article. Furthermore, we
do not see how the arguments raised by Grünwald and Navarro
(2009) make any of Karabatsos and Walker’s (2006) conclusions
false. So we respectfully decline to comment any further on their
paper.
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