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Abstract: Consider the estimation of a location parameter or the construction of a
portfolio when uncertainty about a data or return generating process includes the
possibility of fat-tailed distributions. To fix ideas, let X}, ...,X, be independent and
identically distributed with symmetric cdf F. Because of the uncertainty we want a
location estimator to be “good” under minimal conditions on F. Let a good estimator be
defined as one that is more concentrated around the unknown location than the naive
estimator that uses only a single observation. Given this definition, one question is

whether the sample average X qualifies as a good, that is, better than a single observation

for any F. While X may not be best, intuition suggests that averaging could never be
worse than the naive estimate based on a single observation. This intuition is closely
related to the desirability of diversification; a risk averse investor should never put all
eggs in one basket. Averaging data and diversification are related because a portfolio’s
return is the (weighted) average of its constituents. As is known however the intuition is

wrong: a single observation can be better than X , and a risk averse investor can prefer a
single asset to any well diversified portfolio. One objective of the paper is to illustrate
how fat-tailed distributions turn standard intuition about averaging and diversification
upside down. The main objective is to indicate a positive result; namely, the median is
better than a single observation, guaranteed. This is true when F is symmetric (in which
case the sample average and median are estimates of the same location parameter). It is
also true for the median parameter in general. As applied to diversification the result
suggests a way to reformulate the conventional wisdom so that a risk averse investor
should never put all their eggs in one basket.
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1. Introduction

Is the process of combining data via averaging always better than not combining and
using a single observation? To fix ideas let X}, ..., X, be independent and identically

distributed with cdf . Assume F is symmetric about an unknown g, but is otherwise

arbitrary. Let X denote the sample average and X * the estimator based on a single
randomly selected observation.' Intuition suggests that while X may not be the best
(among all the ways of combining data), it must be better than only one observation.

Define a good estimator as one that is better than the simple benchmark estimator

X* We know the variance of X ,Var(X) = o, /n,is less than Var(X*)=o; where
o} denotes the variance of X. So, the average is a good thing, at least when . is finite.
This standard comparison however leaves open what happens when o = oo (since then

the comparison of Var(X*)=coand Var(X)=co is not informative). When o, =wa

dispersion criterion is also needed for comparing estimators in case moments are not
absolutely integrable. With such a general criterion it is conceivable that averaging is a
good principle and the problem is with the variance criterion that cannot resolve
differences in estimators unless the variance of F is finite.

The answer however is known. The problem is not with the variance as a measure
of dispersion, but with the average: it is not an inherently good way to combine data.
Depending on the tails of /' the sample mean as an estimator for x can be no better and
even much worse than the naive X*. The best known example is the Cauchy distribution
where the distribution of X and X * are identical so that averaging is not an
improvement; see e.g. Feller (1971, p.51). But the Cauchy is not the only such example.
With fat enough tails the average can not only be worse than X*, but worse by an ever

increasing amount as n increases.

P x*=x . where i* =i with probability n! i=1,...,n. In the iid case X* has the same distribution as say, X,

We use X* as a prelude to consideration of non iid situations.



Hence, averaging is not an inherently good way to combine data. X being better
than a single observation depends on conditions. Averaging can be good, even very good,
relative to X* for some F. But for other F, averaging is bad, potentially very bad.

Many people’s intuition however is that averaging, if not optimal, must always be
better than a single observation. Many find it hard to imagine how it could be otherwise.
Without intuition about what could go wrong the conditions under which the average is
inferior to X* may be thought of no practical consequence.

Closely related to averaging is the idea of diversification. That is, let X,..., X,
now denote the annual return of n assets. Suppose for simplicity that returns are
independent and follow the symmetric distribution F. Let P* denote the return of $1
invested in an equally weighted portfolio of each asset, so, P* = nili){ .- The

i=1
diversified return is just the average of the constituent returns (the unequally weighted
case will be considered later). Let P* denote the return to a dartboard portfolio in which
$1 is invested in a randomly selected single asset. Should a risk averse investor put all
their eggs in the one asset basket and earn P*, or invest in the nicely diversified portfolio
and earn P*. Is diversification an inherently good principle?

The conventional wisdom that diversification is inherently good is perhaps even
more ingrained than the intuition for averaging.” But the answer is the same;
diversification is not a good principle. In spite of the conventional wisdom, whether or
not you should put all your eggs in one basket has conditions.

The practical importance of the conditions that make diversification and
averaging bad are controversial. Classical statistics identifies the mathematical boundary
that separates the regions where averaging does and does not work. The cases where
averaging fails are often either assumed away, or hoped to be so extreme as to be
empirically implausible. The process of averaging and diversification then become, for
practical purposes, good enough. Rejecting fat-tailed distributions based purely on

mathematical considerations, of course, is no more justified than rejecting the Gaussian

? Diversification is axiomatic in the subadditivity requirement that defines coherent risk measures; see
Artzner et al. (1997). That conditions underlie coherence is evident in the conditional value at risk (CVAR),
which is the expected value of losses below a threshold. If the tails of the loss function are fat enough
CVAR will not be able to distinguish between alternative infinite-valued CVARs.



on account of its unbounded range. Practical considerations underlie the rationale for the
Gaussian in spite of its infinite range and practical considerations have to be the basis for
the consideration of fat-tailed distributions.

The evidence on fat tails, especially in finance, goes back to Mandelbrot (1963)
and Fama (1965). The recent book by Mandelbrot and Hudson (2004) documents a large
number of more recent studies that find evidence for heavy tailed distributions. In a series
of papers, Ibragimov (2006, 2005) and Ibragimov and Waldan(2007) cite the empirical
evidence for fat tails and show that standard results on diversification are turned upside
down in fat tailed environments; also see the recent book by Taleb(2007) that focuses on
the implications of fat tails. Additional evidence as well as implications for
diversification are discussed in Embrechts et al. (2007) and Neslehova, Embrechts, and
Chavez-Demoulin (2006), where the emphasis is on the practical applications of fat-tailed
distributions and the role they play in risk and insurance.

The most compelling evidence for fat tails emphasized in the recent studies is the
distinctive data patterns they exhibit. Financial data generated by a thin tailed distribution
will show a 50-50 pattern in which each day tends to contribute equally to a portfolio’s
overall annual return. The pattern for fat tails in contrast follows an 80-20 (or worse) rule
with 80% (or more) of annual return accounted for by only 20% (or fewer) of the days.
Such patterns are quite common and indicate fat tails in the underlying returns. Intuition
for this feature of fat tails is provided in section 2 below.

Since averaging is not an inherently good way to combine data, one wonders if
there exists any foolproof procedure guaranteed better than a single observation no matter
what. Such a procedure would provide a way to combine observations or assets that
would not require any conditions or assumptions for beating the naive X*. An affirmative
answer is given in Section 3 where the median is shown to be inherently good. While the
proof relies on known results, the statement of the result seems new.

It is important to emphasize the result in Section 3 is not due to the sample mean
being an estimate of the population mean and the sample median being an estimate of the
potentially different population median. In the case of symmetry that has been considered

so far (so that the population mean and median are the same g ): (i) the sample mean is

not good for i because there are symmetric F such that the one observation estimator is



better than X and (ii) the sample median is good for xz because it is better than one

observation for any symmetric F.

The result in section 3 holds for symmetric F, but is established more generally
for any F and its median parameter. Section 4 indicates how the idea of diversification
can be reformulated via the median so that, in fact, diversification is always better than

putting all eggs in one basket.

2. How Averaging/Diversification can be worse than a Single Observation/Asset
Figure 1 shows densities for a thin (Gaussian) and a fat-tailed situation. While the thin
and fat tails are evident, there is nothing in the picture to suggest why the average should
perform so differently in the two situations.

Insight comes from looking at bivariate density contours. Figure 2 shows the
density contours for the thin-tailed case assuming X; and X, are independent. Each
contour is an iso-probability curve. The figure shows the density contours are circles
radiating away from the origin. Also depicted is the half space in the southwest corner
showing the (x;, X) where the mean is less than -3. Because the density contours are
circles, the most likely values are seen to occur where x; and x, are approximately equal.
When the average takes a value around -3, it is most likely that both x; and x, are in a
neighborhood of -3.

Now consider contours for the fat-tailed case. Many who have not seen such
pictures guess that the contours will be circular, and that fat-tailedness will be reflected in
the probability values associated with the contours. Density values on the circles far from
the origin will be much larger reflecting the greater probability of out-lying tail events.

Figure 3 depicts the density contours for the Cauchy distribution. They are
qualitatively very different than the previous picture. The bivariate density is still
unimodal with probabilities decreasing in directions away from the origin. But the equi-
probable contours are no longer circular, not even convex, becoming ever more concave
away from the origin. Instead of probability radiating away from the origin as circular
contours, the fat-tailed probabilities accumulate along the axes while becoming sparse in

the interior regions of the quadrants. Probabilities are higher along the axes where one of



the x; is large and the other small. In the interior regions, with x; and x, comparable in
magnitude, events are rare.

The concave contours away from the origin are a defining feature of the fat-tailed
case. The shape begins to suggest what can go wrong with the average as well as its
diversification counterpart.

As in the thin-tailed picture, Figure 3 depicts the half space such that the average
is less than -3. The shading shows the (x;,x;) that make the average less than -3. These
high probability regions are now seen to fall along the axes, away from the interior. The
average is most likely less than -3, not when both are around the -3 value, but when one
of the observations is less than -6 and the other is less than zero (so that the average is
-3). In the fat-tailed case when the average is extreme it is most likely due to only a few
or one of the x;.

Figure 4 shows the sets of (x1,X2) such that X* and X are in a neighborhood of
the origin. The concave density contours begin to convey how X* could outperform the
average. The probabilities for the average are coming from the sample space where x;
and x; are comparable, and with fat-tailed F these are low probability events. In contrast
X* with all its weight on X is getting its probability mass from along the axis where
probability is accumulating.

Figure 5 shows a similar story for a discreet case. In this case X is simply a

symmetric version of the St. Petersburg lottery: X takes values +2' with probability,

%27, i=1,2,..... Let X1,X; be independent with common distribution X. The sample
space is now a lattice, a portion of which is shown in Figure 5. As in the previous figure
the lines connect points of equal probability. The distinctive feature is again the concave
equi-probability curves in each quadrant. When X is large it is most likely due to one
extreme observation.

Besides motivating what can go wrong with the average and its diversification
counterpart, the figures suggest the different data patterns generated by thin and fat tailed
data. Instead of distinguishing thin and fat tails on the basis of hard to intuit tail integrals
we now look for situations in which the average is determined by only a few large
magnitude observations. For additional discussion of data patterns underlying fat-tails see

Ibragimov (2006) and Neslehova et al. (2006).



3. The Median is better than X* for any F.
For symmetric F there is no ambiguity about the population location: the location
estimators, the sample mean, median, and X* all estimate the same population quantity”.
In this case the sample mean is not good because there exist (symmetric F) such that the
mean’s sampling distribution is more dispersed than X*’s distribution. The result in this
section will show that the situation for the sample median is different: the sample median
is always more concentrated than X*.

The result however will be established for general, not necessarily symmetric, F.
The sample median is in general an estimator for the population median. The one-
observation estimator X* is also an estimator for the median of F since its sampling
distribution (namely, F) has a median that is trivially the same as the median of F. The
theorem will show that the sample median is always more concentrated about the
population median than X*, for any F and hence is inherently good.

The (set of) median(s) of X satisfy, F(m) <2 < F(m+0). Let the interval of
(population) medians of X be denoted, [z, 1" ].We will consider arbitrary
0 > 0 neighborhoods of [z, 1] such that the neighborhood does not already contain all

of the mass of X, Prlu” -0 < X < u" +5]<1.

Given X}, ...X,, the set of sample medians can be defined as the solution set of the

absolute error function, p,(b) = Z| x,—b|. The solution set is a point when 7 is an odd
i=1

number, n=2r+1, and the median corresponds to the »+/ order statistic. When 7 is an

even number, n=2r, the median is the closed interval bounded by the » and r+/ order

statistic.

For present purposes it is sufficient to restrict attention to a definition such that

the median is always a point.4 That is, for any n, denote the median, m, , as

3 A location estimator X is defined as shift and scale equivariant, that is,

X'(X, +a,... X, +a)=X'(X,,. X,)+a,and X'(AX,,...,AX )= AX'(X,,... X,).

* This is not essential and with a slight modification the analysis can be done in terms of a set-valued
sample median.



(1) the regular median when n is an odd number, and
(i1)  the regular median of the first (or randomly selected) n-/ observations
when 7 is an even number.

We now establish,

Theorem. Let Xj, ..., X, n>3, be iid with common distribution F. The probability that the

median is in a & > 0 neighborhood of [z, 1" ]is greater than the probability that X* is in

a 0 > 0neighborhood of [z, " ]for any & > 0 and any F.
Proof: Since X* has the same distribution as X, the probability that X* is in

ao > 0neighborhood is F(u" +8)— F(u — 6 +0), which we will write as, A, +A,,
where A, =F(u" +0)-%>0and A, =%—-F(u —5+0)>0.
Let G,(c) denote the probability that m <c, where n=2r+1. This happens if at

least »+1 of the observations are less than ¢, or
A ,
Pr[m <c]=G,(c) =R, (F(c)) where, R (u) = Z ( -}ﬂ (I1-u)"" . Let G,(c+0) denote the
J=r+l
probability that m < c. This happens if at least +/ of the observations are less than or
equal to ¢, or Pr[m <c]=G,(c+0)=R (F(c+0)). The probability that the median is in a

0 > 0 neighborhood of [z, 1" ] is then given by
R(F(u' +8)~R,(F(u" —8+0)=R,(+A) =R, (i-A,).
The proof now follows from, R ("2+A,)>"2+A,,and R (2—A,)<2—A,; see

appendix. The appendix also shows that as n increases the probability that the median is
in a 0 > 0 neighborhood increases. Hence, it always pays to use more observations. It
also shows that as n increases the probability that the median is in any €0 neighborhood
goes to one; convergence holds for any F. Rates of convergence do depend on F, in
particular on the smoothness of F at the median; for general conditions, see
Knight(1998).

Dependence and Non Identical Distributions. We briefly indicate how the result can be

extended to the non iid case and the case of weighted averages and weighted medians.



Let X}, ..., X, where the X; are arbitrary, possibly dependent and non identically
distributed. The benchmark, single observation/asset is still the dartboard that selects one

of the X; at random; X* = X, where i* =i with probability n’!. The distribution of X* is

denoted by F* and is now given by the weighted mixture of marginal
distributions, F *(c) = z w.F (c). Let u(or in case there is an interval of
i=1
medians, [, 1" ])be the median of F*. X* is an estimator for u and its distribution is F*.

Is there an estimate for y that is guaranteed to be more concentrated around u for any
F*.
Instead of the regular median, consider the estimate based on a bootstrap sample.

That is, let i,...,i; where z/ takes values /,...,n with probability n"'and consider the

median of the X .,..., X .. These X l* are 1id with common distribution F'*, the
ll 1

n

distribution of X*. The above theorem now applies so that the bootstrap median is an
improvement over X* for any F*.
For weighted estimates (corresponding to portfolios with different weights on the

asset returns), let X denote the (weighted) average, X = Z w, X, where the weights w;,

i=1
=1,...,n; w, 20, Z w, =1. In this case the benchmark single observation/asset is
i=1
X*= X, where i* =1 with probability w;; that is, the dartboard probabilities are
determined by the w; weights. The distribution of X* is then the weighted mixture of

marginal distributions, F *(c) = Z w,F(c). This dartboard estimate is a random draw

i=l1
from the (weighted) empirical distribution, F*(c)= z wi[X, <(c)]. The weighted
i=1
sample mean and median estimates then correspond to the mean and median of F*.
4. Median Diversification
The conventional wisdom says: Do not put all your eggs in one basket. But what to do

otherwise? If the alternative is it diversify into a basket that pays the (weighted) average



then the conventional wisdom is wrong. The conventional wisdom is wrong because
putting all your eggs in one basket can be riskier than the one-egg strategy.

To restore the conventional wisdom requires a redefinition of the alternative to
putting all your eggs in one basket. To guarantee risk reduction, requires a derivative
product that pays not the average, but the median return of a group of assets. Unlike
standard diversification based on the average, this will be more concentrated than the
dartboard for any F. Diversification is a good thing, but it means that it always pays to

put your eggs in the median rather than single asset basket.

10



Appendix

. ¢ , 2r+1! )
R (u) can be written R (u) =B, j[t(l —1)]'dt where B, = T(for example, David
) rir!

(1981, p5.)). This is the cumulative distribution of a beta random variable, B(r+1,r+1).
Results for R (1) follow from properties of beta random variables. R (u) is continuous
from [0,1] to [0,1], R (0)=0,R (*2) =", R (1) =1. The median being better than X* is
a consequence of R (u) being greater than u for u> 2, and less than u<)%. To see this
write R (2+0)-"2=0H, (0)where H (5)> B, (/2(72—0)) [verify that
t(l-1t)>%(%h-0)for,s—0 <t <, Va<t<'2a+0.80, R (2+0)—"2>0and
R (2-0)-"2<-0.

The median improves with increasing n because R ,,("2+0) >R (72+05), 6 >0.

To verify write,

Yo+0
R ,(h+8)-%=B,, j (1=O[tA=0)] dt > (= 5) %Rn (a+8). The inequality

A n

follows from Bra >4,

The mean of a beta random variable, B(r+1,r+1) is 4 and the variance is 1/(4r+6)
(for example, Feller(1971 p.50). So, as r goes to infinity, B(r+1,r+1) converges in

distribution to 2 or, as n - o, R (“2+A) — lwhile, R (*2—A) — 0. Hence the median is

in any ¢ > 0 neighborhood of [, 1] with a probability that goes to one as n — oo for

any F.
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Figure 2




Figure 3
Bivariate Fat-tailed Density Contours
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Figure 4
5 -neighborhoods of 2 for X* and Xx
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Figure 5
Fat-tailed Discrete Probabilities
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