
A pplicationsofM ixed-E®ectM odels
1in B iostatistics

B y R obertD .G ibbons

U niversity ofIllinoisatC hicago

D onaldH edeker

U niversity ofIllinoisatC hicago

July 1998

SU M M A R Y .W epresentrecentdevelopm entsin m ixed-e®ectsm odelsrelevantto

application in biostatistics.Them ajorfocusison application ofm ixed-e®ectsm odels

to analysisoflongitudinaldata in generalandlongitudinalcontrolledclinicaltrials

in detail.W e presentapplication ofm ixed-e®ectsm odelsto thecase ofunbalanced

longitudinaldata with com plexresidualerrorstructuresforcontinuous, binary and

ordinaloutcom em easuresfordata with two andthreelevelsofnesting(e.g., a m ulti-

centerlongitudinalclinicaltrial).W ealsoexam ineotherapplicationsofm ixed-e®ects

m odelsin thebiologicalandbehavioralsciences, such asanalysisofclustereddata,

andsim ultaneousassessm entofmultiple biologicendpoints(e.g., m ultivariate pro-

bit analysis). W e describe the generalstatisticaltheory and then presentrelevant

examplesofthesem odelsto problem sin thebiologicalsciences.
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K05-M H 01254toD r.G ibbonsandN IM H grantsR 01-M H 44826 andR01-M H 56146 toD rs.H edeker
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1 Introduction

A com m on them e in the biologicalsciencesistwo-stage sam pling i.e., sampling of

responseswithin experim entalunits(e.g., patients) and sampling ofexperim ental

unitswithin populations.Forexample, in prospective longitudinalstudiespatients

arerepeatedlysam pledandassessedin term sofa variety ofendpointssuch asm ental

andphysicalleveloffunctioning, ortheresponseofoneorm orebiologicsystemsto

one orm ore formsoftreatm ent.T hese patientsare in turn sam pledfrom a popu-

lation, often strati¯edon the basisoftreatm entdelivery such asa clinic, hospital,

orcom munity health system .L ike allbiologicalandbehavioralcharacteristics, the

outcom em easuresexhibitindividualdi®erences.W eshouldbeinterestedin notjust

the m ean responsepattern, but in thedistribution ofthese responsepatterns(e.g.,

tim e-trends) in the population ofpatients. Then we can speak ofthe numberor

proportion ofpatientswho are functioning m oreorlesspositively, atsuch andsuch

a rate.W ecan describethetreatm ent-outcom erelationship, notasa ¯xedlaw, but

asa fam ily oflaws, the param etersofwhich describe the individualbio-behavioral

tendenciesofthe subjectsin the population (B ock, 1983). Thisview ofbiological

andbehavioralresearch leadsinevitably to B ayesian m ethodsofdata analysis.The

relevantdistributionsexistobjectively andcan be investigatedempirically.

In biologicalresearch a very typicalexam ple oftwo-stage sam pling isthe longi-

tudinalclinicaltrialin which patientsarerandom ly assignedto di®erenttreatm ents

andrepeatedlyevaluatedoverthecourseofthestudy.D espiterecentadvancesin sta-

tisticalm ethodsforlongitudinalresearch, thecostofm edicalresearch isnotalways

com m ensuratewith thequality oftheanalyses, often consistingoflittlem orethan an

endpointanalysisin which only thosesubjectscom pletingthestudy areconsideredin

theanalysisorthelastavailablem easurem entforeach subjectiscarriedforwardasif

allsubjectshad, in fact,com pletedthestudy.In the¯rstexam pleofa completeronly

analysis, the available sample at the endofthe study m ay have little sim ilarity to

thesample initially random ized.Thingsaresom ewhatbetterin thecaseofcarrying
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thelastobservation forward, however, subjectstreatedin theanalysisasifthey have

had identicalexposure to thedrug m ay havequite di®erentexposuresin reality or

theirexperience on the drug m ay be com plicatedby otherfactorsthatledto their

withdrawalfrom thestudy thatare ignoredin theanalysis.O fcourse, in both cases

there isa dram aticlossin statisticalpowerdue to the factthatthe m easurem ents

m ade on the interm ediate occasionsare sim ply discarded. A review ofthe typical

levelofintra-individualvariability ofresponsesin thesestudiesshouldraiseserious

question regarding relianceon any singlem easurem ent.

To illustratetheproblem , considerthefollowing exam ple.Supposea longitudinal

random izedclinicaltrialisconducted to study the e®ectsofa new pharm acologic

agent fordepression. O nce a week, each patient isratedon a seriesofpsychiatric

sym ptom s(e.g., depressedm ood, troublesleeping, suicidalthoughts, etc.) thatm ay

havesom erelation to the underlying disorderthatthedrug isintendedto alleviate.

A tthe endofthe ¯ve-week study, the data com prise a ¯le ofnumberofsym ptom s

ratedpositively foreach patient in each treatm entgroup.In addition to the usual

com pleterand/orendpoint analysisa data analyst m ightcom pute m eansforeach

week and ¯t a linearorcurvilineartrend line separately foreach treatm ent group

showing averagenumberofsymptomsperweek.A m oresophisticatedanalystm ight

¯t the line using som e variant ofthe Pottho®-R oy procedure, although thiswould

requirecompleteandsim ilarly tim estructureddata forallsubjects(seeB ock, 1979).

D espitetheobviousquestion ofwhetherthesym ptom sareequally relatedto the

underlying disorderofinterest(e.g., depression)m ostobjectionable istherepresen-

tation ofthem ean trendin thepopulation asa behavioralrelationshipacting within

individualsubjects. The analysism ightpurport that asany patient takesa given

m edication, he orshe willdecrease theirnumberofpositively rated symptomsat

som e¯xedrate(e.g., 3sym ptom sperweek).Thisisa grossoversim pli¯cation.T he

accountissom ewhatim provedby reporting ofm ean trendsforim portantsubgroups

e.g., patientsofhigh andlow initialseverity, m alesand fem ales, andso on. Even
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then within such groupssom epatientswillrespondm oreto a given treatm ent, som e

less, andotherswillnotchange atall.L ike allbehavioralcharacteristics, there are

individualdi®erencesin responsetrends.N otonly isthem ean trendofinterest, but

so isthedistribution oftrendsin thepopulation ofpatients.Then wecan speak of

the numberorproportion ofpatientswho respondto a clinically acceptable degree

andtheratesatwhich theirclinicalstatuschangesovertim e.

2 TheG eneralL inearM ixed-E®ectR egression M odel

A nalysisofthistypeoftwo-stagedata (undertheassum ptionsthat¯ hasa distribu-

tion in thepopulation ofsubjects, " hasa distribution in thepopulation ofresponses

within subjectsand also in the population ofsubjects)belongsto the classofsta-

tisticalproblem scalled \m ixed-m odel" (Elston & G rizzle, 1962;L ongford, 1987),

\regression with random ly dispersedparam eters" (R osenberg, 1973), \exchangeabil-

ity between multipleregressions" (L indley & Sm ith, 1972), \two-stagestochasticre-

gression" (Fearn, 1975), \Jam es-Stein estim ation" (Jam es& Stein, 1961), \variance

com ponentm odels" (H arville, 1977;D em pster, R ubin, & Tsutakawa, 1981), \random

coe± cientm odels" (D eL eeuw & K reft, 1986), \hierarchicallinearm odels" (B ryk &

R audenbush, 1987), \m ultilevelm odels" (G oldstein, 1986), and \random -e®ectre-

gression m odels" (L aird and W are, 1982). A long with these sem inalarticles, sev-

eralbook-length textshavebeen publishedfurtherdescribing thesem ethods(B ock,

1989a;B ryk & R audenbush, 1992;D iggle, L iang, & Zeger, 1994;G oldstein, 1995;

Jones, 1993;L ongford, 1993;L indsey, 1993).Forthem ostpart, thesetreatm entsare

basedon the assumption thattheresiduals, ", aresim ilarly distributedasN (0;§ )"

in allsubjectsandthepersonaltrendparam eters, ,̄ areN (0;§ )independentof".¯

To describe the m odelin a generalway fordata which are eitherclustered or

longitudinal, theterm inologyofm ultilevelanalysiscanbeused(G oldstein, 1995).For

this, letidenotethelevel-2units(clustersin theclustereddata context, orsubjects
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in the longitudinaldata context), andletjdenotethelevel-1units(subjectsin the

clustereddata context, orrepeated observationsin the longitudinaldata context).

A ssum ethattherearei= 1;:::N level-2unitsandj= 1;:::;n level-1unitsnestedi

within each level-2unit.T he m ixed-e®ectsregression m odelforthen £ 1responsei

vectoryforlevel-2uniti(subjectorcluster)can bewritten as:

y = W ®+ X ¯ + "; i= 1;:::N ; (1)i i ii i

where W isa known n £ pdesign m atrixforthe¯xede®ects, ® isthep£ 1vectori i

ofunknown ¯xedregression param eters, X isa known n £ rdesign m atrixforthei i

random e®ects, ¯ isthe r£ 1vectorofunknown individuale®ects, and " istheii

n £ 1errorvector.T hedistribution oftherandom e®ectsistypically assum edtobei

m ultivariatenorm alwith m ean vector0andcovariancem atrix§ , andtheerrorsare¯

assum edto be independently distributedasmultivariatenorm alwith m ean vector0
2andcovariance m atrix§ = ¾ ­ .A lthough ­ carriesthesubscripti, itdepends" i i"

on ionly through itsdim ension n , thatis, thenumberofparam etersin ­ willnoti i

dependon i.In thecaseofindependentresiduals, ­ = I , butforourpurposes, wei i

willdē ne!tobethesx1vectorofautocorrelation term sthat­ dependson (C hii

andR einsel, 1989).

D i®erenttypesofautocorrelatederrorshavebeen consideredincluding ¯rst-order

autoregressive process, A R (1), the ¯rst-orderm oving average process, M A (1), the

¯rst-orderm ixedautoregressive-m ovingaverageprocess, A R M A (1,1), andthegeneral

autocorrelation structure.A typicalassum ption in m odelswith autocorrelatederrors

isthatthevarianceoftheerrorsisconstantovertim epointsandthatthecovariance

oferrorsfrom di®ering tim epointsdependsonly on the tim e intervalbetween these

tim epointsandnoton the starting tim epoint. T hisassumption, referredto asthe

stationarity assum ption, isassum edforthe aforem entionedforms.A notherform of

autocorrelatederrorsisdescribedby M ansour, N ordheim , andR utledge(1985), who

exam ine autocorrelated errorswhich follow the ¯rst orderautoregressive process,

however, wheretheassum ption ofstationarity isrelaxed.
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A sa resultoftheaboveassum ptions, theobservationsy andrandom coe±cientsi

¯ havethejointm ultivariatenorm aldistribution:
2 3 02 32 31

0 2y W ® X § X + ¾ ­ X §i i ¯ i i ¯i i "6 7 B6 7 6 7C»N ; : (2)4 5 @4 5 4 5A
0¯ 0 § X §¯ ¯i

T hem ean oftheposteriordistribution of ,̄ giveny , yieldstheem piricalB ayes(EB )i

orEA P(\ExpectedA Posteriori")estim atorofthelevel-2param eters,

h i¡10 ¡1 02 ¡1 2 ¡1~̄ = X (¾ ­ ) X + § X (¾ ­ ) (y ¡ W ®); (3)i i ¯ i ii ii " i "

with thecorresponding posteriorcovariancem atrixgiven by

h i¡10 2 ¡1 ¡1§ = X (¾ ­ ) X + § : (4)i i ¯¯jy i "i

2Furtherdetailsregardingestim ation of§ ,®,¾ and!areprovidedin theA ppendix.¯ "

2.0.1 Illustration

G ibbonset.al., 1993reanalyzedthe H am ilton R ating Scale ofD epression (H R SD )

data from theN IM H Treatm entofD epression C ollaborativeR esearchProgram (Elkin

et.al., 1989).In thedesign ofthisstudy, a prim ary hypothesisinvolvedthe e®ec-

tivenessofcognitivebehaviortherapy (C B T )andinterpersonalpsychotherapy (IPT)

aloneandascomparedwith eachotherin thetreatm entofoutpatientdepression.T he

m ajorm easureofdepressivesymptom atology wasa m odi¯edversion ofthe17-item

H R SD , com pletedby a \blind" clinicalevaluator.A sa standardreferencetreatm ent,

an im ipram ineplusclinicalm anagem entgroup(IM I-C M )wasincludedin thedesign,

and, asan additionalcontrol(particularly fortheIM I-C M condition), a placeboplus

clinicalm anagem entgroup(PL A -C M ).T hestudy lasted16 weeksandm easurem ents

wereperform edatweeks0, 4, 12and16.

Theoriginalanalysisofthesedata (Elkin et.al., 1989)com paredthefourtreat-

m entgroupsin term softhelastavailableH R SD m easurem ent(i.e.,endpointanalysis)
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forall239subjects, 204subjectshaving atleast3.5weeksoftreatm entandthe155

subjectsthatcom pletedthe trial. A sexpected, resultsofthe analysesvaried asa

function ofthesampleanalyzed.In thetotalsam pleof239,theprobability associated

with theoverallF -statisticforthecom parison ofthefourgroupsapproachedsignif-

icance (p< :053)with signi¯cantpost-hoccomparisonsofIM I vsPL A (p< :017)

and IPT vsPL A (p< :018).N o signi¯canttreatm entrelatede®ectswere seen for

the othertwo samples(i.e., n = 204andn = 155).These equivocalresultsraised

trem endouspubliccontroversy in thatproponentsofpsychotherapy claim edthatthe

resultsindicatedequivalentbenē tforpharm acotherapy andpsychotherapy andused

thisasevidenceto change insurancebenē tplans.

Table1presentsthem ean baseline H R SD scoresforthosepatientsrem aining in

the study at each tim e point, aswellthe corresponding sam ple sizes. In general,

patientsthatdroppedouthadslightly higherH R SD scoresatbaseline,butthise®ect

wasconsistentforallfourtreatm entgroups.
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Table1

1M ean B aseline H R SD Scores forSample M aking itto Each T im e-Point

W eek 0 W eek 4 W eek 8 W eek 12 W eek 16

A llC enters

C B T 19.6 (59) 19.7(49) 19.4(43) 19.1(35) 19.2(37)

IPT 19.6 (61) 19.2(53) 18.8(46) 18.9(47) 18.9(47)

IM I-C M 19.5(57) 19.2(48) 19.3(44) 19.3(39) 19.2(37)

PL A -C M 19.5(62) 19.0(50) 19.0(45) 19.1(38) 19.1(34)

1 R e-screening scores

C B T = C ognitive B ehaviorT herapy

IPT = InterpersonalPsychotherapy

IM I-C M = Im ipram inewith C linicalM anagem ent

PL A -C M = Placebo with C linicalM anagem ent

Table 1also showsthat IPT hadthe lowestdropoutrate (23%), PL A -C M had

the highest(40%)whereasC B T (32%)and IM I-C M (33%)were interm ediate and

roughly thesam e.

G ibbonset. al., (1993)reanalyzed these data using a m ixed-e®ectsregression

m odelapplied to the totaln = 239 sample. T he generalm odelpositsthat the

individualresponseofeachsubjectcan bedescribedby a linewith intercept(baseline

response)andslope (im provem entrate)that isspeci¯cto the individual.A nalysis

ofthesedata revealedthatperson-speci¯cdeviationsin severity atbaseline didnot

representa signi¯cantcom ponentofvariance, butvariation in trendwassigni¯cant;

hence, a single random e®ect (i.e., random trend m odel)wasused. In thiscase,

it wasfound that approxim ate linearity could be achieved by using a logarithm ic

transform ation on tim e (i.e., log (weeks+1), see F igure 1 forobserved m eansande

F igure2form odel¯ttedm eans).
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F igures1and2here

F irst, itwasfoundthat in addition to a random trende®ect, there wasresidual

serialcorrelation bestdescribedby a ¯rst-ordernonstationary autoregressiveprocess

with ½ = .35, p < .001.Second, no signi¯cantdi®erenceswere foundbetween the

two psychotherapies(IPT vsC B T ), see Table 2. Third, im ipram ine producesa

signi¯cantly fasterrate ofim provem entrelative to placebo (p< .032).The M M L E

estim ate of1.2H R SD unitsperlog tim e (see Table2), equalsan averagedi®erence

between IM I andPL A of3.4H R SD unitsatweek16.T hise®ectcanbeseen in F igure

1, wheretheobservedraw responsepattern forIM I-C M consistentlydrawsaway from

that forPL A -C M .F igure 2presentsthe m odel-̄ tted response patterns, in which

the patterns(basedon including allsubjectsatalltim es, andsm oothing)are even

clearer.Fourth, nosigni¯cantdi®erenceswerefoundbetween thetwopsychotherapies

consideredjointly (IPT + C B T = PSY )andthe standardreference therapy (IM I-

C M ).
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Table2

Param eterEstim ates, StandardErrors, TestStatistics

N = 239, W eeks0-16, L og (W eek + 1)e

E®ect Estim ate SE Z P<

O verallIm provem entR ate -3.858 .196 -19.661 .001

O verallB aseline R esponse 19.349 .453 42.671 .001

D i®erencesin B aselines:

C B T vsIPT 0.049 .831 0.059 .953

PL A -C M vsIM I-C M 0.017 .835 0.020 .984

PSY vsIM I-C M 0.245 .732 0.335 .738

D i®erencesin Im provem entR ates:

C B T vsIPT 0.388 .548 0.707 .480

PL A -C M vsIM I-C M 1.204 .561 2.145 .032

PSY vsIM I-C M 0.720 .484 1.486 .137

C B T vsIM I-C M 0.914 .563 1.621 .105

IPT vsIM I-C M 0.527 .549 0.960 .337

PL A -C M vsC B T 0.291 .560 0.519 .604

PL A -C M vsIPT 0.677 .546 1.240 .215

C B T = C ognitive B ehaviorT herapy

IPT = InterpersonalPsychotherapy

IM I-C M = Im ipram inewith C linicalM anagem ent

PL A -C M = Placebo with C linicalM anagem ent

N o furthersigni¯cantdi®erencesam ong treatm entgroupswerefound, andthisis

apparentin F igure2, the¯ttedresponsepatterns.Inspection ofF igure2revealsthat

PL A -C M patientsexhibit the least response followed by the two psychotherapies.

IM I-C M departsfrom theothertrendlinesearly in treatm ent.

N ote that in F igure1, theraw responsepatternsshow irregularbehaviorin the
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PL A -C M andIPT groupsat16 weeks, with whatappearsto bea sharpdecrease in

H R SD scoresbetween 12and16 weeks.G ibbonset.al., (1993)redidthe analysis,

om itting the16th week (seeTable3).

Table3

Param eterEstim ates, StandardErrors, TestStatistics

N = 239, W eeks0-12, L og (W eek + 1)e

E®ect Estim ate SE Z P <

O verallIm provem entR ate -3.704 .215 -17.244 .001

O verallB aseline R esponse 19.348 .460 42.084 .001

D i®erencesin B aselines:

C B T vsIPT 0.099 .828 0.120 .905

PL A -C M vsIM I-C M -0.460 .832 -0.055 .956

PSY vsIM I-C M 0.078 .729 0.107 .915

D i®erencesin Im provem entR ates

C B T vsIPT 0.204 .601 0.339 .734

PL A -C M vsIM I-C M 1.489 .613 2.429 .015

PSY vsIM I-C M 1.318 .531 2.481 .013

C B T vsIM I-C M 1.419 .618 2.296 .022

IPT vsIM I-C M 1.215 .603 2.017 .044

PL A -C M vsC B T 0.070 .612 0.114 .909

PL A -C M vsIPT 0.273 .597 0.458 .647

C B T = C ognitive B ehaviorT herapy

IPT = InterpersonalPsychotherapy

IM I-C M = Im ipram inewith C linicalM anagem ent

PL A -C M = Placebo with C linicalM anagem ent

T he di®erentiale®ect ofIM I-C M versusPL A -C M rem ained m uch the sam e (p
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< .015, a di®erence in im provem entrate of1.5unitspertim e, equalto an average

di®erence of4.2 H R SD unitsat week 12). N ow, however, a signi¯cant di®erence

between the two combinedpsychotherapy groups(PSY )andthe Im ipram ine (IM I-

C M )groupwasalsofound(p< .013, a di®erencein im provem entrateof1.3unitsper

tim e, equalto an averagedi®erenceof3.4H R SD unitsatweek 12), an e®ectclearly

seen in F igure1.

To illustratetheusefulnessofperson-speci¯ce®ectsin thesem odels, theempirical

B ayesestim atesofseveralpatientswith m issingm easurem entsaredisplayedin Table

4.Thehighlightedvaluesin Table4arethem odelestim atesofthem issing data and

thosevaluesdisplayedin norm altypeface aretheobservedvalues.Theestim atesof

them issing m easurem entsincludethee®ectsoftheoverallpopulation interceptand

trend, aswellastreatm entgroupdi®erencesandtherandom trende®ect.T he¯rst

fourpatientsin Table4exhibitedlittle orno response to treatm ent, the nextthree

patientsexhibitedm oderateresponse, andthe¯nalsixpatientsexhibiteda consider-

ableresponsetotreatm ent.T heempiricalB ayesestim atesofthem issingdata appear

to bereasonably consistentwith the observedvalues, andarewelldi®erentiatedbe-

tween the three response groupsdisplayed in Table4.T hese estim atessupportthe

assum edignorability ofm issing data in thestandardm ixed-e®ectsregression m odel.
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Table4

EmpiricalB ayesEstim atesofM issing D ata

week

ID group slope 0 4 8 12 16

32 Pla -1.15 17 23 17 20 17.3

57 Pla -0.40 27 26 26 23 19.8

172 C bt -0.72 24 30 24 19.9 17.5

142 Pla -2.70 14 16 14.2 13.1 12.4

218 Im i -2.97 20 15 17 15 12.1

160 Im i -4.01 22 20 13.0 5 9

211 Pla -2.13 21 16.5 14 19 15.1

133 Im i -5.66 20 10 7 2 2.7

206 Im i -5.97 22 9 3 2.8 1

233 Pla -5.43 20 11 4 4.1 0

114 C bt -4.79 21 8 8 7.3 6.7

226 Ipt -4.87 25 10 8.2 6.9 5.6

161 Im i -5.91 22 5 4.5 4.1 2.5

2.1 A Three-L evelM odel

T hepreviously describedm ixed-e®ectsm odelcan beexpandedto includetwo levels

ofnesting.To expressthe3-levelm odelin a generalway, itisusefulto usea m atrix

representation ofthe m odel.Stacking theresponsevectorsofeach subjectwithin a

3-levelunit, the3-levelm odelfortheresulting N responsevectorfortheith 3-leveli
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unit(classroom , clinic, etc., ), i= 1;2;:::;N , can bewritten asfollows:
2 3 2 32 3 2 32 3 2 3
y 1 X 0 0 ::: 0 ¯ 1 W ® "i 1 i1 0i i 1 i1 0 i1i16 7 6 76 7 6 76 7 6 76 7 6 76 7 6 76 7 6 76 7 6 76 7 6 76 7 6 7y 1 0 X 0 ::: 0 ¯ 1 W ® "i 2 i2 i2 i2 1 i2i2 i16 7 6 76 7 6 76 7 6 76 7 6 76 7 6 76 7 6 76 7 6 76 7 6 76 7 6 7y 1 0 0 X ::: 0 ¯ 1 W ::: "i 3 i3 i 3 i3 i3i3 i26 7 6 76 7 6 7 6 74 5= + +6 7 6 76 7 6 7 6 76 7 6 76 7 6 7 6 7::: ::: ::: ::: ::: ::: ::: ¯ ::: ::: ® :::pi36 7 6 76 7 6 7 6 76 7 6 76 7 6 7 6 7 (5)6 7 6 76 7 6 7 6 7::: ::: ::: ::: ::: ::: ::: ::: ::: ::: :::4 5 4 54 5 4 5 4 5
y 1 0 0 0 ::: X ¯ 1 W "i n in i n in inin ini i i i ii i

y X ¯ W ® "i i ii i

N £1 N £((n £r)+1) ((n £r)+1)£1 N £p p£1 N £1i i i i i i

2 2where, ¯ »N (0;¾ ), ¯ » N (0;§ ), and " »N (0;¾ ­ ). N otice, there0i ¯(2) i iij "¯(3)

are n subjectswithin site i and N totalobservationswithin site i(the sum ofi i

allrepeated observationsforallsubjectswithin the site). T he numberofrandom

subject-levele®ectsisrandthe numberof¯xedcovariatesin the m odel(including

the intercept)isp.Each person hasa n £ 1vectory ofrepeatedobservationsofij ij

the dependentvariable, a n £ rdesign m atrixX fortheirrrandom e®ects¯ ,ij ij ij

and a n £ pm atrix ofcovariatesW .The covariate m atrix usually includestheij ij

m ixed-e®ectsdesign m atrixsothattheoverallintercept,linearterm , etc., isestim ated

andthustherandom e®ectsrepresentdeviationsfrom theseoverallterms.In term s

oftheautocorrelatederrors, although ­ carriestheisubscript, itdependson ionlyi

through itsdim ension N , that is, the numberofparam etersin ­ willnotdependi i

on i.N otethatwithin a three-levelcluster, theresidualsarenotcorrelatedbetween

individuals, thus­ hastheform:i

2 3
­ 0 0 ::: 0i16 76 76 76 70 ­ 0 ::: 0i26 76 76 7­ = :0 0 ­ ::: 0i 6 7i36 76 76 7::: ::: ::: ::: :::6 74 5
0 0 0 :::­ini

14



W ith these assum ptions, the observationsy andrandom coe± cients¯ have ai

joint m ultivariate norm aldistribution asin equation (2), where the distribution of

therandom coe± cients¯ , is:i

2 3 02 32 31
2¯ 0 ¾ 0 0 ::: 00i6 7 B6 76 7C¯(3)6 7 B6 76 7C6 7 B6 76 7C6 7 B6 76 7C¯ 0 0 § 0 ::: 0¯(2)i16 7 B6 76 7C6 7 B6 76 7C6 7 B6 76 7C» N :¯ 0 0 0 § ::: 06 7 B6 76 7C¯(2)i26 7 B6 76 7C6 7 B6 76 7C6 7 B6 76 7C::: ::: ::: ::: ::: ::: :::6 7 B6 76 7C4 5 @4 5 4 5A

¯ 0 0 0 0 :::§¯(2)ini

Param eterestim ation isa directextension ofthe two-levelcase asdescribed in the

A ppendix.

2.1.1 Illustration

In thepreviousillustration, weconsidereda two-levelm odelforlongitudinalresponse

data from theN IM H T D C R Pstudy.In theseanalyses,thereareclearlysigni¯cantpa-

tientrelatede®ectsthatpredisposetherateofchangeovertim etovarioustreatm ents.

W enotehowever, thatsubjectsarenestedwithin therapistsandbothobservable(e.g.,

psychiatristversuspsychologistornumbersofyearsofexperience)andunobservable

therapistcharacteristicsm ay play a role in the e±cacy ofthe given treatm ent.To

thisend, we applieda three-levelextension ofthe originalm odeldescribedby G ib-

bonsandco-workers(1993)in which both random patientandtherapiste®ectswere

jointly estim ated.In addition, weincludedcovariatesatthelevelofthetherapistthat

includedyearsofexperienceanddiscipline(i.e., psychiatristversuspsychologist).A t

the levelofthe patient, covariatesincludedweek, andtreatm ent(i.e., C B T versus

IPT sincetherapistsareonly relevantto the two psychotherapy conditions)andthe

week by treatm entinteraction.

R esultsofourreanalysisofthesedata revealedseveralinterestinge®ects.F irst,the

therapiste®ectwasnotstatisticallysigni¯cant.In thescaleof17-item H R SD scores,

15



therandom e®ectstandarddeviationswere.53fortherapist, 2.36 forpatienttrends

overtim e(i.e., H R SD versusnaturallogarithm ofweekplus1.0)and3.82forresidual

variation.T heseresultsyieldintra-classcorrelationsof.02fortherapistand.27for

patient.A ssuch, therapistto therapistvariability doesnotplay a signi¯cantrole in

the variancedecom position oncethee®ectsoftreatm ent, tim e, therapistexperience

anddiscipline areaccountedfor.

In term softhem easurabletherapiste®ectsofdisciplineandexperience, nosignif-

icantdisciplinerelatede®ectswereobserved.In termsofexperience, thepatternsof

changeovertim ewere independentofyearsofexperienceofthetherapists, however,

a signi¯cant experience by treatm ent interaction (p < :004)wasfound indicating

that averaging overtim e, the H R SD scoreswere di®erentially related to therapist

experience in the two treatm entgroups(i.e., C B T versusIPT).The source ofthis

interaction appearsto be an overalldecrease in H R SD scores(i.e., lesssevere)with

therapistexperienceforC B T whereasan overallincrease in H R SD scoreswith ther-

apistexperienceforIPT.Inspection oftheobservedm eansovertim erevealthatthe

interaction islargelyduetoa largerweek4decreasein H R SD scoresforC B T patients

with m ore experiencedtherapists.The e®ectforIPT waslargely due to the m ore

experienced therapistshaving m ore severely depressedpatientsatbaseline. T hese

e®ectsareonlysigni¯cantaveragingovertim eandtherapistcharacteristicsplayedno

role in changing theoverallrateofchangeovertim e.

In term sofpatientlevel¯xede®ects, therewereno signi¯canttreatm entrelated

di®erencesbetween the two psychotherapies(i.e., m ain e®ectoftreatm entortreat-

m entby tim e interaction).

F igure3presentsa graphicaldisplay oftheem piricalB ayesestim atesofweek 16

H R SD scoresforindividualsubjects(obtainedfrom thethree-levelm odelindividual

patientslope estim ates)and average therapist week 16 H R SD estim ates(obtained

from the random therapist e®ect and m ean intercept andslope ofthe regression).

The average therapiste®ectsare the starsconnectedby a line in the centerofthe
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plotandthesquaresrepresent individualpatientweek 16 H R SD estim atesforeach

therapist.Inspection oftheplotrevealsthata sm allsubgroupofC B T patientshave

high estim atesofweek16 H R SD scoreswhich isconsistentwith previousobservations

thatIPT perform edsom ewhatbetterthan C B T (seeG ibbonset.al.,1993).Interest-

ingly, theIPT psychiatrist(denotedM D on thegraph)andpsychologistwith thebest

outcom eshadthe leastam ountofexperience (i.e., therapist9(a psychiatrist)with

3 yearsofexperience andtherapist15(a psychologist)with 12yearsofexperience

respectively).B y contrast, thetherapistwith bestresultsforC B T (i.e., therapist8)

hadthem ostexperience.Thisobservation isconsistentwith thepreviouslydescribed

treatm entby experience interaction.T here do notappearto be any consistentdif-

ferencesbetween psychologistsandpsychiatristsin estim atedweek 16 H R SD scores.

A sisobviousby theoverlapin F igure3, none ofthedi®erencesbetween treatm ent,

profession oryearsofexperiencesigni¯cantly e®ectoutcom e.

F igure3here

2.2 M odeling N onignorableN onresponse

A spresentedto thispoint, the m ixed-e®ectsm odelassum esthat the m issing data

are \ignorable" conditionalon both the covariatesin the m odeland the available

responsesforthatsubject(L aird, 1988).T hisisan im portantdistinction between

full-likelihoodapproachesasdescribedin theprevioussection andalternativepartial-

likelihood procedures, such asgeneralized estim ating equations(G EE), L iang and

Zeger(1986)andZegerandL iang(1986),which assum enospeci¯cdistributionalform

fortheresponsem easurebutareless°exible in term softheirassum ption regarding

m issingdata.G EE typem odelsforlongitudinaldata assum ethatthem issingdata are

ignorableconditionalon thecovariatesalone.Inform ation containedin theavailable

17



data forthatsubjectpriorto dropoutdo notprovide a basisforignorability ofthe

m issing data asthey do in thefull-likelihoodapproach.

Incertaincases, them issingdata arenotrelatedtopriorresponsesorcovariatesin

them odel;thereforetheyare\nonignorable" even inthefull-likelihoodcase.R ecently,

L ittle (1993, 1994and 1995)hasdescribed a generalclassofm odelsdealing with

m issing data underthe rubricof \pattern-m ixture m odels." In particular, L ittle

(1995)andH edekerandG ibbons(1997)havepresentedonesolution to thisproblem

basedon m ixed-e®ectspattern-m ixturem odelsforlongitudinaldata with drop-outs

in which the usualignorable m issing data assumption istoo restrictive. In these

m odels, subjectsare divided into groupsdepending on theirm issing-data pattern.

These groupsthen can be used, forexample, to exam ine the e®ectofthe m issing-

data pattern on the outcom e(s)ofinterest.Forexam ple, suppose thatsubjectsare
3m easuredatthreetim e-points;then thereare2 = 8possiblem issing data patterns.

B y grouping subjectsin thisway, orin reasonable subsetsofpossible m issing data

patterns(includingthesim plestsubseti.e.,com pleterversusdropout)wehavecreated

a between-subjectsvariable, the m issing data pattern, that can be included in a

m ixed-e®ectsm odelasa covariate. O fcourse, thiswillonly work form odelsthat

allow m issing data sincem odelsthatrequirecompletedata wouldhavem issing data

forthem issingdata pattern covariate.B asedon thenumberofm issingdata patterns

selected,dum mycodedvariablesrepresentingdeviationsfrom thenonm issingpattern

can be entered into the m ixed-e®ectsm odel.In thisway, one can exam ine (a)the

degreetowhichthem issingdata patternsdi®erintermsofoutcom eand(b)thedegree

towhich them issingdata pattern m oderatestheother̄ xede®ectsin them odel(e.g.,

treatm ent).H edekerandG ibbons(1997)go on to illustrate how subm odelscan be

obtainedforeach m issing data pattern andhow to obtain overallaveragedestim ates

andstandarderrorsforeach treatm ent(i.e., averaging overm issing data patterns).

R esultsofan application ofthism ethodarepresentedin a following section.

B esidesthepattern-m ixtureapproach, otherm ethodshavebeen proposedtohan-
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dlem issingdata in longitudinalstudies(H eckm an, 1976;D iggleandK enward, 1994).

These alternative approachesare term ed\selection m odels," andinvolve two stages

which are eitherperform edseparately oriteratively.T he ¯rststage isto developa

predictive m odelforwhetherornot a subjectdropsout, using variablesobtained

priortothedropout, often thevariablesm easuredatbaseline.T hism odelofdropout

providesa predicteddropoutprobabilityorpropensityforeachsubject;thesedropout

propensity scoresare then used in the (secondstage)longitudinaldata m odelasa

covariateto adjustforthepotentialin°uenceofdropout.W hiletheselection m odels

provide valuable inform ation on whatthepredictorsofstudy dropoutm ightbe, an

advantageofthepattern-m ixturem odelsisthattheycan beusedeven when nosuch

predictorsareavailable.A lso, som eauthors(L ittle, 1987)havepointedoutthatthe

adjustm entprovidedby selection m odelslargely restson assum ptionswhich aredif-

¯culttoempirically assess(e.g., doyou havethecorrectpredictorsofdrop-outin the

¯rstplace).

3 M odelsforB inary D ata

W hile there hasbeen considerable interest in m ixed-e®ectsm odelsforlongitudinal

andhierarchical,clustered, ormulti-levelm easurem entdata, therehasbeen lessfocus

on m ixed-e®ectsm odelsfordiscretedata.Stiratelli et.al.,(1984)developeda m ixed-

e®ectslogitm odelform odelingcorrelatedbinarydata andG ibbonsandB ock (1987)

developeda m oregeneralm ixed-e®ectsprobitm odelforsim ilarapplications.G ibbons

et.al., (1994)andG ibbonsandH edeker(1994)furthergeneralizedthem ixed-e®ects

probitm odelforapplication to m ultiple tim e-varying andtim e-invariantcovariates

andalternateresponsefunctionsandpriordistributions.U singquasi-likelihoodm eth-

odsin which no distributionalform isassum edfortheoutcom em easure, L iang and

Zeger(1986)andZegerand L iang (1986)have shown that consistent estim atesof

regression param etersandvarianceestim atescan beobtainedregardlessoftim ede-
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pendence.K och et. al., (1977)andG oldstein (1991)have illustratedhow random

e®ectscan be incorporatedinto log-linearm odels.G eneralizationsofthelogisticre-

gression m odelin which the valuesofallregression coe± cientsvary random ly over

individualshave been proposedby W ong and M ason (1985)and C onoway (1989).

These m odelsare applicable to both longitudinalandclusteredproblem s;m any are

described in the recent review articlesofF itzm aurice, L aird, & R otnitzky (1993)

andPendergast et. al., (1996). In the following, som e detailsofthe m ixed-e®ects

probit/logisticregression m odelsareprovided.

3.1 M ixed-E®ectM odelsforL ongitudinalB inary D ata

T hegeneraltheory introducedin theprevioussection can beusedtoderivea m ixed-

e®ectsprobitorlogisticregression m odelfortheanalysisoflongitudinalbinary data.

In thecaseofa binary outcom eanda singlerandom e®ect(e.g., a random intercept

m odel)thegeneralm ixed-e®ectsregression m odelin (1)now describesy asa vectori

ofunobservablecontinuous\responsestrengths", forexample:

y = ® + ® t + ® x + ® x + ¯ + " ; (6)ij 0 1 ij 2 2 3 3 0i iji ij

where
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y = theunobservablecontinuous\responsestrength" orij

\propensity" on tim e-pointjforsubjecti

t = isthetim e(i.e., day, week, yearetc.)thatij

correspondsto thejth m easurem entforsubjecti

¯ = therandom e®ectforsubjecti(i.e., deviation from the0i

population intercept® .0

® = the¯xede®ectofthesubjectlevelcovariatex2 2i

® = the¯xede®ectofthetim e-speci¯ccovariatex3 3ij

2" = an independentresidualdistributedN (0;¾ )ij "

fora probitm odelorassum ing a logisticdistribution
2 2with variance¾ ¼ =3fora logisticregression m odel."

Ifwe assum e that distribution ofthe ¯ isnorm alN (0;¾ ), then the conditionali ¯

probability forthebinary responsepattern ofsubjecti(i.e., Y )isi

niY Y 1¡Yij ij(̀Y j̄ ;®)= [©(z )] [1¡ ©(z )] ; (7)i ij ij
j=1

where

z = (̄ + ® + ® t + ® x + ® x ¡ °)=¾ :ij i 0 1 ij 2 2i 3 3 "ij

H ere, ° representsa thresholdon the underlying distribution andwithoutlossgen-

erality wecan let¾ = 1and°= 0.Thus, them arginalprobability is:"

Z
h(Y )= (̀Y j̄ ;®)g(̄ )d̄ ; (8)i i

¯

2whereg(̄ )isthenorm aldensity with m ean0andvariance¾ .A lternatively, wecan¯

express¯ in standardizedform i.e.,i

z = ® + ® t + ® x + ® x + ¾ µ ;ij 0 1 ij 2 2i 3 3 ¯ iij

where µ » N (0;1).In the generalcase ofmultiple random e®ects, G ibbonsandi

B ock (1987)orthogonally transform the response m odelsuch that¯ = ¤µ, where
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0¤¤ = § isthe C holesky decomposition of§ . A consequence oftransform ing¯ ¯

from ¯ to µ isthat the C holesky factor¤, which isa lowertriangularm atrix, is

estim atedinsteadofthecovariancem atrix§ .A sthe C holesky factorisessentially¯

thesquare-rootofthecovariancem atrix, thisthen allowsm orestableestim ation of

near-zero varianceterm s.

Thegeneralm ethodofestim ation fortheparam etersofthisnonlinearm odelwas

originally describedby G ibbonsandB ock (1987).G ibbonsandH edeker(1997)have

introduceda three-levelversion ofthism odel.

3.1.1 Illustration

G ibbonsand H edeker(1994) illustrated application ofm ixed-e®ectsprobit m odels

in a reanalysisofthe N ationalInstitute ofM entalH ealth Schizophrenia C ollabora-

tive Study.Thestudy wasdesignedto com parethree anti-psychoticm edicationsto

placebo in a large random izedclinicaltrial. T he study isofhistoricalim portance

because itrepresentsoneofthelaststudiesin which schizophrenicswere allowedto

berandom izedto a placebo.In thisanalysis, thebinary outcom ewasoverallseverity

ofillness, where0representsnot illto m ildly illand1representsm oderately illto

severely ill.H edekerandG ibbons(1994)perform ed a sim ilaranalysistreating the

responseson an ordinalscale.Experim entaldesign andcorresponding sam ple sizes

aredisplayedin Table5.
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Table5

Experim entalD esign andW eekly Sam pleSizes

Treatm ent Sam pleSize atW eek

G roup 0 1 2 3 4 5 6

Placebo 110 108 5 89 2 2 72

C hlorprom azine 110 108 3 96 4 5 87

F luphenazine 114 108 2 100 2 2 89

Thioridazine 106 107 4 93 3 0 90

Table5revealsthatthelongitudinalportionofthestudy ishighlyunbalancedwith

largedi®erencesin thenumberofm easurem entsm ade in thesixweeksoftreatm ent.

R esultsof¯tting a ¯xed-e®ect m odeland m ixed-e®ectsm odelswith one and two

random e®ectsarepresentedin Table 6.Table 6 revealsdi®erentresultsdepending

on whetherornotrandom e®ectsare included.The m odelwith one random e®ect
2signi¯cantly im proved ¯t overthe ¯xed-e®ectsm odel(Â = 131:04p < :0001),1

andthem odelwith two-random e®ectssigni¯cantly im proved¯toverthem odelwith
2onerandom e®ect(Â = 73:70p < :0001).Person-speci¯cvariability in intercepts1

¾ = :860andslopes¾ = :630wereboth signi¯cant(p < :0001), butuncorrelated¯ ¯0 1

(¾ = :056, p < :48).¯0̄ 1
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Table6

Param eterEstim ates, StandardErrorsandProbabilities

forN IM H Schizophrenia C ollaborativeStudy

F ixed 1M ixed 2M ixed

F ixedE®ects M L E SE P< M L E SE P< M L E SE P <

Intercept -1.777 .158 .0001 -2.630 .314 .0001 -2.507 .457 .0001

Slope .217 .037 .0001 .309 .042 .0001 .102 .105 .331

Sex .126 .056 .02 .178 .140 .20 .215 .188 .25

C hlorvsPla .265 .175 .13 .395 .285 .16 .050 .285 .86

F luph vsPla .516 .187 .006 .810 .303 .008 .209 .339 .54

T hiorvsPla .314 .170 .07 .357 .284 .21 .079 .284 .78

C vsPla by T .064 .050 .20 .111 .055 .04 .427 .136 .002

F vsPla by T .102 .054 .06 .164 .061 .007 .706 .155 .0001

T vsPla by T .078 .050 .12 .165 .061 .007 .526 .144 .0002

M ixedE®ects

¾ 1.180 .112 .0001 .860 .220 .0001¯0

¾ .056 .093 .48¯ ®0 1

¾ .630 .112 .00011̄

L og L -780.81 -715.29 -678.44
2C hange Â 131.04 73.70

C hangedf 1 2

C hangep< .0001 .0001

Sex, m ain e®ectoftreatm entandtreatm entby tim e interaction were exam ined.

B oth m ixed-e®ectsm odelsrevealedsigni¯canttreatm entby tim e interactionsforall

three active treatm entsversusplacebo control, although m agnitude wassom ewhat

greaterforthe m odelwith two random e®ectsindicating that di®erencesbetween

treatm entgroupsandtheplacebo controlgroupwerelinearly increasedoverthesix

week study.H owever, the¯xed-e®ectm odeldidnotidentify signi¯canttreatm entby

tim e interactions.O nly them ain e®ect(i.e., averaging overtim e-points)correspond-
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ing to di®erencebetween F luphenazine andplacebo wassigni¯cant.In contrast, the

¯xed-e®ectm odelidenti¯eda signi¯cantsexe®ectnotfoundin eitherm ixed-e®ects

m odel.

These resultsillustrate that ignoring system aticperson-speci¯ce®ectsleadsto

poorm odel¯t, andcan biasthem axim um likelihoodestim ates, standarderrors, and

probability valuesassociatedwith testsoftreatm ent-relatede®ects.Indeed, hadwe

naively applied a traditionalprobit orlogisticregression m odelto these data, we

wouldhaveincorrectlyconcludedThioridazineandC hlorprom azinedidnothaveany

benē ciale®ectsrelativetoplacebo control.

To betterunderstandthesedi®erences, predictedprobability ofillnesscurvesare

displayedin F igure4.T hetreatm entversuscontroldi®erencesareclearly evidentin

the F igure, with consistentdi®erencesem erging asearly asoneweek.

F igure4here

H edekerand G ibbons(1997)applied a pattern-m ixture m odelto these data to

determ ine the extentto which the m issing data couldbeconsidered ignorable.A l-

though they foundthattherewasa signi¯cantdrugby tim eby dropoutinteraction,

in which thecombineddrug versuscontroldi®erencewasm orepronouncedin those

subjectswhodidnotcom pletethestudy, theoveralldruge®ectanddrugby tim ein-

teraction werevirtually identicaltothem ixed-e®ectsm odelwhich assum edignorable

nonresponse.

3.2 M ultivariate M ixed-E®ectProbitM odels

Probitanalysis(B liss, 1935)isclassically usedtodescribea dosageresponserelation

between a continuousdosage m etam eterand a quantal(i.e., presence orabsence,

aliveordead)response.In m ultivariateprobitanalysis(A shfordandSowden, 1970),
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a continuousgrouping variable (e.g., dosage)isassum edto statistically controlthe

jointresponseon n-quantalvariables.Then-quantalresponsevariablesm aydescribe

the presence orabsence ofan abnorm ality in m ultiple biologicalsystems, the joint

occurrenceofseveralpsychopathologicalsym ptom sin a singlepatient, a setofcoex-

isting attitudesm easuredby a sociologicalsurvey, a pattern ofcorrectorincorrect

responsesona testora seriesofdiscretechoicesm adebya consum er.T hesen-quantal

variablesm ayrepresenta m ultivariateobservation ata singlepointin tim eora series

ofunivariateobservationsm aderepeatedly overtim e in thesam e individual.

A shfordandSowden (1970)generalizedprobit analysisto the bivariate case by

assum ing thatthe jointresponse oftwo biologicalsystem sfolloweda bivariate nor-

m aldistribution with correlation coe± cient r. T hisgeneralization providesa full

likelihoodsolution forthebivariatecase, butiscomputationally intractableform ore

than two quantalvariates.M uthen (1979)introduceda m ore generalprobitm odel

forn dichotom ousindicatorsofm continuouslatent variables. M uthen proposed

a psychom etricm easurem ent m odel(B ock and L ieberm an 1970;L ord and N ovick

1968)to relate a p-dim ensionalvectorofdichotom ousresponse variablesto an m

dim ensionalvectorofcontinuouslatentvariables.Structuralrelations(e.g., dosere-

sponses)are then estim ated in term softhe m latent variablesandnotn m anifest

quantalresponses.

B ockandG ibbons(1996), G ibbonsandW ilcox-G Äok,(1998), G ibbonsandL avigne

(1998) generalized A shford and Sowden's(1970) resultsasa m ultivariate m ixed-

e®ectsprobitm odelwhichcanbeappliedsim ultaneouslytoa largenumberofquantal

responsevariables.Theyassum ethateachsubjecthasa covariatevectorW oflengthi

pthatcanbeanym ixtureofdiscreteandcontinuousvariables.Eachsubjectproduces

n distinctquantalresponsesorisclassi¯edwith respectto n dichotom ousvariables.

The quantalresponsesforsubject iare accounted forby a n-vectorofunderlying

\responsestrengths"

y = W A+ ¤µ + " ;i i ii
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where W isthe p-vectorofcovariatesassociated with subjectiandA isa n xpi

m atrix ofcoe± cientsoftheregression ofy on W .Ther-vectorµ, r< n, contains

valuesoftheunderlying factors(i.e., random e®ectsorlatentvariables)thataccount

forcorrelation am ong the n quantalresponse variablesthrough the n xrm atrix of

factorcoe±cients, ¤.U ltim ately, thesecorrelationsareexpressedin theassociations

am ong thequantalvariables.F inally, " isa n-vectorofuncorrelatedresiduals.

U nderm ultivariatenorm alassumptionsthere isno lossofgenerality in assum ing

2µ»g(µ)»N (0;I) and "»N (0;dI );nj

2whereµ and" are m utually independentandd isthe unique variance forquantalj
P r2 2responsevariatej(i.e., d = 1¡ ¸ ).j q=1 jq

Jointdistribution ofy andµ istherefore(p+ m )-variatenorm al:i

2 3 02 3 2 31
0 2y W A ¤¤ + dI ¤i ni j6 7 B6 7 6 7C= N ; :4 5 @4 5 4 5A

0µ 0 ¤ I

B ock andA itkin (1981)developthefactorportion ofthe m odelby assum m ing that

foreach binary responsevariablea positiveresponseby subjection variablej(i.e.,

Y = 1)occurswhen the corresponding underlying response strength (y )exceedsij ij

a threshold °;otherwise, Y = 0. Thuson the previousassum ptionsregardingj ij

norm alityandindependenceoftheelem entsof", theprobabilityofa positiveresponse

forsubjection variablej, conditionalon µ, is

½ ¾Z11 1 2qP(Y = 1jµ) = exp ¡ [y ¡ (w ® + ¸ µ)=d] dyij i ij ij j j i j2 2°j2¼dj

= ©(¡(° ¡ z )=d); (9)j ij j

where© isthestandardunivariatenorm aldistribution function and

z = w ® + ¸ µ ;ij ij j j i
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and® and¸ arethej-th rowsofAand¤, respectively.W ithoutlossofgenerality,j j

theorigin andunitcan bechosen arbitrarily.Forconvenience, let° = 0andd = 1.j j

O n theseassumptions, thequantalresponsesareconditionally independentgiven

µ, andtheconditionalprobability ofobserving n-vectorY = [Y ] isi ij

nY Y 1¡Yij ijL (µ)= [©(z )] [1¡ ©(z )] :i ij ij
j

M oreover, becausethecom ponentsofµareuncorrelated, them arginalprobability of

observing thepattern Y = [1;1;:::;1] isi

Z Z Z r1 1 1 Y
P(Y )= ¢¢¢ L (µ) g(µ)dµdµ ¢¢¢dµ ;i i q 1 2 r

¡1 ¡1 ¡1 q

where g(µ)isthe standardnorm alordinate atµ i.e., Á(µ).Thisdē nite integralq q q

istheprobability ofpositive orthantofthen-variatedistribution fora subjectwith

covariate m atrix W .To obtain any otherorthantprobability, we reversedirectioni

of integration forthose variableswith Y = 0. Evaluation ofthese integralsandij

param eterestim ation are closely related to the m ixed-e®ectsbinary probit m odel

andaredescribedin detailby B ock andG ibbons(1996).

3.2.1 Illustration

A shford and Sowden (1970) illustrated theirm ethod using two of ¯ve sym ptom s

collectedaspartoftheN ationalC oalB oard'sPneum oconiosisF ieldR esearchProject

(Fay, 1957).T hesedata wereobtainedby periodicm edicalexam inationsofworking

coalm inersin theU nitedK ingdom.Subjectswereaskedtoreporton ¯verespiratory

sym ptom s;excessive coughing, phlegm , breathlessness, wheeze andwhetherornot

theirsym ptom swere dependent on the weather. The data set consistsof18,000

subjectsclassi¯edassm okerswithoutradiologicalpneum oconiosisbetween the ages

of20and64yearsofage.

B ock andG ibbons(1996)havepresentedthe32responsepattern frequenciesfor

the full¯ve sym ptom data separately foreach age group. B ased on the com plete
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¯ve-sym ptom data, factorloadings, trendparam eterestim atesandstandarderrors

arepresentedin Table7.

Table7

Factorloadings, trendparam eterestim atesandstandarderrors

^ ^ ^ ^ ^ ^ ^¸ ¸ ¸ ¸ ¯ ¯ ¯j1 j2 j3 j4 j0 j1 j2

C ough 0.5905 0.6564 0.1709 0.3082 ¡2.0532 1.3647 ¡0.1069
Phlegm 0.6081 0.6209 0.1912 0.3110 ¡2.2032 1.1684 ¡0.0245
B reathl 0.1732 0.4314 0.5148 0.5203 ¡3.6965 2.2659 ¡0.0518
W heeze 0.1837 0.4433 0.4552 0.6469 ¡2.7049 1.5981 ¡0.0848
W eather ¡0.0717 0.6519 0.3256 0.6347 ¡2.7424 1.6240 ¡0.0900

0.00000 0.00000 0.00000 0.00000 0.02473 0.02553 0.02435

Standard 0.01183 0.00000 0.00000 0.00000 0.02454 0.02514 0.02434

Errors 0.03988 0.03930 0.00000 0.00000 0.03624 0.04019 0.03327

0.04076 0.03698 0.02089 0.00000 0.02727 0.02879 0.02644

0.04041 0.03988 0.03243 0.02026 0.02745 0.02894 0.02663

R esultsoftheanalysisrevealsigni¯cantlinearage-relatedtrendsforall̄ vesym ptoms.

In contrastto the originalanalysis, there isalso evidence ofsigni¯cantnonlinearity

in thatthequadraticorthogonalpolynom ialterm wassigni¯cant.T he¯vesym ptom s

requiredtwo factorsto properly m odelthe inter-sym ptom correlation m atrix which

yieldedcorrelationsin therangeof.60to.85indicatingstrong association am ongthe

¯vesym ptoms(seeTable8).
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Table8

C orrelation m atrixandstandarderrors

C ough Phlegm B reathl W heeze W eather

C ough 1.0000

Phlegm 0.8952 1.0000

B reathl 0.6337 0.6334 1.0000

W heeze 0.6766 0.6752 0.7939 1.0000

W eather 0.6369 0.6208 0.7666 0.8346 1.0000

0.00606

Standard 0.01002 0.01029

Errors 0.00915 0.00973 0.01272

0.00973 0.00971 0.01320 0.01347

The estim atedfactorloadingsrevealedthatcoughing andphlegm characterizedthe

¯rstfactorandbreathlessness, wheezeandweathersensitivity characterizedthesec-

ondfactor.T he observed andestim atedage trendlinesforeach symptom are dis-

playedgraphically in F igure5.

F igure5here

4 M odelsforO rdinalR esponse D ata

O rdinalresponsedata arecom m on in biom edicalstudies, forexample, subjectsm ay

be classi¯ed in term sofexhibiting dē nite, m ild, orno symptom atology ofa given
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disease orcondition. Forordinalresponses, severalauthorshave describedm odels

includingboth random and¯xede®ects.H arvilleandM ee(1984)andJansen (1990)

both describe ordinalprobitm odelsim plem enting the EM algorithm forparam eter

estim ation.Ezzet and W hitehead(1991)provide a random -interceptsproportional

oddsm odelfora crossovertrialusing the N ewton-R aphson m ethod. A random -

interceptsproportionaloddsm odelisalso described by A gresti and L ang (1993),

however, theirapproach islim itedto within-clustercovariates.U tilizing thecomple-

m entary log-log link function, Ten H ave(1996)describesa random -interceptsm odel

forordinalresponsesassum ing a log-gam m a random e®ectsdistribution. H edeker

andG ibbons(1994)describeboth an ordinalprobitandlogisticm odelwith m ultiple

random e®ects, andallow forboth within andbetween-clustercovariates.

A lloftheabovem odelsutilizingtheordinallogisticregression form ulation include

theproportionaloddsassum ption (M cC ullagh, 1980)form odelcovariates.Thisas-

sum ption im pliesthat the e®ect ofa regressorvariable isthe sam e acrossthe cu-

m ulative logitsofthe m odel, orproportionalacrossthecum ulative odds.A snoted

by Peterson andH arrell(1990), however, examplesofnon-proportionaloddsarenot

di± cultto¯nd.R ecently, H edekerandM erm elstein (underreview)havedescribedan

extension oftherandom e®ectsproportionaloddsm odeltoallow fornon-proportional

oddsfora setofexplanatory variables.T he resulting m ixed-e®ectspartialpropor-

tionaloddsm odelfollowsPeterson andH arrell's(1990)extension ofthe¯xed-e®ects

proportionaloddsm odel.H ere, we willdescribe both the proportionalandpartial

proportionaloddsm odels, andillustrateapplication ofthesem odels.

4.1 M ixed-e®ectsProportionalO ddsM odel

A ssum ing that there are i= 1;:::;N level-2unitsand j = 1;:::;n level-1unitsi

nestedwithin each level-2unit, cum ulativeprobabilitiesforthek orderedcategories

(k= 1;:::K )aredē nedfortheordinaloutcom esY as:

P = Pr(Y · kjx ;w ;̄ ) : (10)ijk ij ij i
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T hem ixed-e®ectslogisticregression m odelforthesecumulativeprobabilitiesisgiven

as

Pijk 0 0log = ° +x ¯ + w ® ; (11)k iij ij(1¡ P )ijk

with K ¡ 1strictly increasing m odelintercepts° (i.e., ° > ° :::° ).A sbefore,k 1 2 K ¡1

w isthep£ 1covariatevectorandx isthedesign vectorfortherrandom e®ects,ij ij

both vectorsbeing forthejth level-1unitnestedwithin level-2uniti.A lso,® isthe

p£ 1vectorofunknown ¯xedregression param eters, and¯ isther£ 1vectorofi

unknown random e®ectsforthelevel-2uniti.Sincetheregression coe± cients® do

notdependon k, the m odelassum esthattherelationshipbetween the explanatory

variablesandthecum ulativelogitsdoesnotdependon k.M cC ullagh (1980)callsthis

assum ption ofidenticaloddsratiosacrossthe K ¡ 1cut-o®stheproportionalodds
assum ption.A ssum ptionsregardingthem ixed-e®ectsandm issingorunbalanceddata

areidenticaltothepreviouslydescribedm ixed-e®ectsm odels.A gain, itisconvenient
0to orthogonally transform theresponsem odel.L etting¯ = ¤µ, where¤¤ = § is¯

the C holesky decomposition of§ , thereparam eterizedm odelisthen written as¯

Pijk 0 0log = ° +x ¤µ + w ® ; (12)k iij ij(1¡ P )ijk

whereµ aredistributedaccording to a m ultivariatestandardnorm al.i

A sindicatedearlierin thesection on binary responses, in m otivating probitand

logisticregression m odels, it isoften assum ed that there isan unobservable latent

variable(y)which isrelatedto theactualresponsethrough the\thresholdconcept".

Fora binary response, onethresholdvalue isassum ed, whileforan ordinalresponse,

a seriesofthresholdvalues° ;° ;:::;° , where K equalsthe numberofordered1 2 K ¡1

categories, ° = ¡1 , and° = 1.H ere, a responseoccursin category k (Y = k)if0 K

the latentresponseprocessy exceedsthethresholdvalue ° , butdoesnotexceedk¡1

the thresholdvalue° .A spointedoutby M cC ullagh (1980), the thresholdconceptk

anditsreferencetotheexistenceofa latentvariable, though usefulin m otivating the

ordinalm odel, isnotrequiredform odelinterpretation.
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4.2 PartialProportionalO dds

To allow fora partialproportionaloddsm odelthe intercepts° aredenotedinsteadk

as° , andthefollowing term sareaddedto them odel:0k

Pijk ¤ 0¤ 0 0log = ° + (u )° +x ¤µ + w ® (13)0k iij k ij ij(1¡ P )ijk

¤orabsorbing ° and° into° ,0k kk

Pijk 0 0 0log = u ° +x ¤µ + w ® (14)ikij ij ij(1¡ P )ijk

where, u isa (h+ 1)£ 1vectorcontaining (in addition to a 1for° )the valuesij 0k

ofobservation ijon thesubsetofhw covariatesforwhich proportionaloddsisnotij

assum ed.In thism odel,° isa (h+1)£1vectorofregression coe± cientsassociatedk

with the h variables(plusthe intercept) in u . N otice that the e®ectsofthese hij

¤covariates(u )vary acrosstheK ¡ 1cumulativelogits.Thisextension ofthem odelij

followssim ilarextensionsoftheordinary¯xed-e®ectsordinallogisticregression m odel

discussedby Peterson andH arrell(1990)and C ox(1995).Terza (1985)discussesa

sim ilarextension fortheordinalprobitregression m odel.

In general, thisextension oftheproportionaloddsm odelisnotproblem atic, how-

ever, onecaveatshouldbem entioned.Fortheexplanatory variableswithoutpropor-
¤ 0¤tionalodds, thee®ectson thecumulative log odds, nam ely (u )° , resultin K ¡ 1ij k

non-parallelregression lines.T heseregression linesinevitably crossforsom e values
¤ ¤ofu , leadingtonegative¯ttedvaluesfortheresponseprobabilities.Foru variables

contrasting two levelsofan explanatory variable (e.g., gendercodedas0or1), this

crossing ofregression linesoccursoutside the range ofadm issible values(i.e., < 0

or> 1).H owever, ifthe explanatory variable iscontinuous, thiscrossing can occur

within therangeofthedata, andso, allowing fornon-proportionaloddsisproblem -

atic.Forcontinuousexplanatory variables, otherthan requiring proportionalodds,

a solution to thisdilem m a issom etim espossible ifthe variable u has, say, m levels

with a reasonablenumberofobservationsateach ofthesem levels.In thiscasem ¡1
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dum my-codedvariablescan becreatedandsubstitutedinto them odelin placeofthe

continuousvariableu.

W ith the above m ixed-e®ectsregression m odel, the probability ofa response in

category k fora given level-2uniti, conditionalon ° , ®, andµ isgiven by:k

Pr(Y = kj° ;®;µ)= P ¡ P (15)j jk jk¡1k

where, underthelogisticresponsefunction,

1
P = ; (16)jk 1+ exp(¡z )jk

0 0 0with z = u ° +x¤µ+ w ®.N otethatP = 0andP = 1.jk j0 jkkj j j

L etting Y denotethe vectorpattern ofordinalitem responsesfrom level-2uniti

iforthen level-1unitsnestedwithin, theprobability ofany pattern Y , given ° ,i i k

and®, andµ isequalto theproductoftheprobabilitiesofthelevel-1responses:

n KiY Y
cijk(̀Y j° ;®;µ)= (P ¡ P ) (17)i ijk ijk¡1k

j=1 k=1

8
><1 if Y = kij

wherec = :ijk >: 0 if Y 6= kij

T hem arginaldensity ofY in thepopulation isexpressedasthefollowing integralofi

thelikelihood, (̀¢), weightedby thepriordensity g(¢):
Z

h(Y )= (̀Y j° ;®;µ)g(µ)dµ (18)i i kµ

where g(µ)representsthe multivariate standardnorm aldensity.Estim ation ofthe

pcovariate coe± cients®, the population variance-covariance param eters¤ (with

r(r+ 1)=2elem ents), andthe(h+ 1)(K ¡ 1)param etersin ° (k= 1;:::;K ¡ 1)isk

describedin detailby H edekerandG ibbons(1994)andsum m arizedin theappendix.
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4.3 Illustration

A gresti andL ang (1993)previously exam inedthedata presentedin Table9using a

cumulativelogitm odelundertheproportionaloddsassumption.T hesedata aretaken

from the 1989G eneralSocialSurvey, conductedby the N ationalO pinion R esearch

C enteratthe U niversity ofC hicago.475subjectsgavetheiropinion on three items:

(1)early teens, age 14-16, having sex relationsbefore m arriage, (2) a m an and a

wom an having sexrelationsbeforem arriage, and(3)a m arriedperson having sexual

relationswith som eone otherthan the m arriagepartner.Theseopinionsweregiven

in term soffourorderedcategories:\alwayswrong," \alm ostalwayswrong," \wrong

only som etim es," and\notwrong atall."
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Table9

N O R C data:opinionsaboutteenagesex, prem aritalsex, andextram aritalsex

Teen Prem arital Extram aritalsex

sex sex 1 2 3 4

1 1 140 1 0 0

2 30 3 1 0

3 66 4 2 0

4 83 15 10 1

2 1 3 1 0 0

2 3 1 1 0

3 15 8 0 0

4 23 8 7 0

3 1 1 0 0 0

2 0 0 0 0

3 3 2 3 1

4 13 4 6 0

4 1 0 0 0 0

2 0 0 0 0

3 0 0 1 0

4 7 2 2 4

N ote: 1=alwayswrong,

2=alm ostalwayswrong,

3=wrong only som etim es,

4=notwrong.
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Table10listsresultsforanalysisofthesedata considering both proportionaland

partialproportionaloddsm odels.In both m odels, a random subjecte®ectisassum ed

to account forthe dependency in the three repeated observations. Two contrasts

(prem aritalversusteen sex, andextram aritalversusteen sex)were also includedas

covariatesin them odels.In twom odels, thee®ectsofthesecovariateswereestim ated

assum ing proportionalandpartialproportionalodds, respectively.

37



Table10

N O R C data -ProportionalandPartialProportionalO ddsM odels

M axim um M arginalL ikelihoodEstim ates(standarderrors)

term ProportionalO dds PartialProportionalO dds
¤¤¤ ¤¤¤intercept1° 2.047 1.80801

(.199) (.191)
¤¤¤ ¤¤¤intercept2° 3.176 3.40802

(.250) (.257)
¤¤¤ ¤¤¤intercept3° 4.812 5.02603

(.329) (.390)

¤¤¤Prem aritalsex® -3.7741

(.270)
¤¤¤Prem aritalsex1° -3.15211

(.266)
¤¤¤Prem aritalsex2° -4.12412

(.304)
¤¤¤Prem aritalsex3° -4.21913

(.388)

¤¤¤Extram aritalsex® .5722

(.198)
¤¤¤Extram aritalsex1° .60221

(.199)

Extram aritalsex2° .33522

(.281)

Extram aritalsex3° 1.21323

(.650)

¤¤¤ ¤¤¤subjectsd¾ 2.234 2.106¯

(.213) (.195)

¡2logL 2437.84 2401.70

¤¤¤ ¤¤ ¤p< 0:01 p< 0:05 p< 0:10

Exam ining the resultsforthe ¯rstm odel, we see signi¯cant e®ectsforboth co-

variates. Prem aritalsex isconsidered to be \not aswrong" (i.e., opinionsin the

highercategories)ascom paredtoteen sex.C onversely, extram aritalsexisseen tobe

\m ore wrong" (i.e., opinionsin the lowercategories)than teen sex.T he variability

attributableto subjectsishighly signi¯cantandwhen expressedasan intra-subject
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correlation equals.60, re°ecting the high degree ofdependency in these ordinalre-

sponseswithin subjects.The estim ate ofthe intra-subjectcorrelation iscalculated
2 2 2 2according to theformula ½= ¾ =(¾ + ¾ )where¾ isthevarianceoftheunderlying¯ ¯ " "

2continuous(standardlogistic)latentvariabley, discussedabove, nam ely, ¼ =3.

C omparing thesecondm odelto the ¯rst, the likelihood-ratio testclearly rejects
2theassum ption ofproportionaloddsforthesetwocovariatesconsideredjointly (Â =

236:14;df = 4;p< :001).Sim ilarly,a m ultiparam eterW aldtestyieldsÂ = 34:96;df =

4;p < :001 fora test ofthisassum ption. Testing proportionaloddsforthe two
2covariatesseparately yieldsW aldÂ = 22.54and3.13forprem aritalandextram arital

sex, respectively (each on 2df).T hus, basedon these tests, it would appearthat

proportionaloddsm ay be reasonable forextram aritalversusteen sex, but not for

prem aritalversusteen sex.

To aid in interpretation, it isusefulto calculate m arginalempiricalcumulative

odds(andlog odds)foreach ofthe three items.These arecalculatedfrom Table9

as2.99, 8.69, and28.69(logodds1.10, 2.16, and3.36)forteen sex;.44, .64, and1.57

(log odds-.81, -.45, and.45)forprem aritalsex;and4.40, 11.18, and78.17(log odds

1.48,2.41, and4.36)forextram aritalsex.In agreem entwith theparam eterestim ates

in Table10, theobserveddi®erence in log oddsbetween teen sexandprem aritalsex

ism orepronouncedforthelattertwo(-2.61and-2.91, respectively)than forthe¯rst

com parison (-1.91), indicating the non-proportionaloddsrelationship. C onversely,

com paring extram aritaland teen sex yieldsobserved log oddsdi®erencesthat are

relatively sim ilar(.38, .25, and1.00, respectively)andrely on sparsedata (6 and16

of475subjectsgave a response in the 4th category forteen andextram aritalsex,

respectively).N ote that, asdiscussedby N euhaus, K alb°eisch, and H auck (1991),

to thedegreethatthere ispositive intra-clustercorrelation, the m ixed-e®ectsm odel

produces(cluster-speci¯c)log-oddsestim atesthat are largerin absolute value than

theobservedm arginallog-odds.
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5 C om puterProgram s

C om putersoftwareforestim atingm ixed-e®ectsm odelsisbecom ingincreasinglyavail-

able, especially fornorm al-theory m odels(M L n, R asbash, Yang, M ., W oodhouse, G .,

& G oldstein, 1995;H L M , B ryk, R audenbush, & C ongdon, 1994;V A R C L , L ongford,

1986;theB M D P5V procedure, Schluchter, 1988;theSA S procedureM IX ED ).A de-

tailedcom parison ofsom eoftheseprogram sisincludedin K reft, de L eeuw, andvan

derL eeden (1994).A lso, them ultilevelhom epage(http://www.uic.edu/m ultilevel/)

providesa wealth ofinform ation aboutthe M L n program in particular, andm ixed-

e®ectsanalysisin general.Forthe analysesoftheN IM H T D C R Pdata presentedin

thecurrentarticle, M IX R EG (H edekerandG ibbons, 1996b)wasused.Softwarepro-

gramsare also available forbinary (EG R ET , StatisticsandEpidem iology R esearch

C orporation, 1991) and ordinal(M IX O R , H edekerand G ibbons, 1996a)response

data.T he M L n, H L M , and V A R C L programsadditionally have facilitiesforanal-

ysisofbinary outcom es. In the current article, M IX O R wasusedforthe analyses

presented in sections3.1.1and 4.3.B oth M IX R EG and M IX O R can be obtained

free ofcharge through the internetfrom eitherthe multilevelhom epage orlocation

http://www.uic.edu/ehedeker/m ix.htm l.

6 Sum m ary

M ixed-e®ectm odelshave widespreadapplication in biostatistics.A sshouldbe ob-

viousfrom thereview ofthe literature andvariousillustrationsprovidedhere, their

potentialapplication extendsto m any areasin the behavioral, socialandphysical

sciences. The use ofunobservable variablesto account forcorrelation in clustered

data isby no m eansa new one;howeverrecentadvancesin com putationalstatistics

have m ade these m odelsreadily accessible to appliedstatisticians. Fully B ayesian

approachesto the m ixed-e®ectregression problem have also been considered(John-

son, 1996;N orm and et. al., 1997;A lbert and C hib, 1983). A n advantage ofthe
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fully B ayesian approach isthatitdirectly incorporatesuncertainty in estim ating the

variancecomponentswhichem piricalB ayesian estim atorsignore.Ignoringthisuncer-

taintycan leadtounderestim atesofvariancecom ponentsanduncertaintyestim atesof

the¯xedandrandom e®ects(Searleet.al.,1992;Seltzer,et.al.,1996).Interestingly,

m any biostatisticaldevelopm entsofm ixed-e®ectregression m odelsborrow strength

from earlierwork conducted in psychom etrics(e.g., B ock andL ieberm an, 1970and

B ock andA itkin, 1981)whereperson-speci¯ce®ectsareofconsiderable im portance.

Therearem any potentially fruitfulareasforfurtherstatisticalresearch.Theseareas

include but are not lim ited to m ixed-m odelsfortim e-to-eventdata, counting pro-

cessesandnom inaloutcom es(e.g., discretechoicem odels).Thereareboth clustered

andlongitudinalexamplesofeach in biostatisticalapplication aswellasnum erous

other¯eldsofinterest.
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A ppendix- M axim um M arginalL ikelihoodSolution

N orm ally-distributederrors

Them arginaldensity ofthedata y isgiven byi

Z
h(y)= f ¢gd̄ ; (19)ii ¯

where, assum ing norm ally-distributederrors,
· ¸

n 1 1i¡ 2 ¡ 0 2 ¡12 2f = (2¼) j¾ ­ j exp ¡ " (¾ ­ ) " ; (20)i i i i" i "2

with " = y ¡ X ¯ ¡ W ®. H ere, the population distribution g ofthe randomi i ii i

e®ects(som etim escalled the priordistribution) isthe multivariate norm aldensity

with m ean0andvariance§ ,¯
· ¸

r 1 1 0¡ ¡ ¡12 2g= (2¼) j§ j exp ¡ ¯§ ¯ : (21)¯ ¯2

The M M L solution isthen obtainedby m axim izing thelog-m arginallikelihoodof

thedata from N level-2units(i.e., subjectsin thelongitudinalcase),

NX
logL = log[h(y)] (22)i

i=1

with respectto both thepopulation param eters(§ )andthestructuralparam eters¯

2(®, ¾ , and!).T heseequationsareobtainedas:"

NX1 0^ ~ ~§ = ¯¯ + § (23)¯ ¯jyi i iN i

" # " #¡1N NX X0 ¡1 0 ¡1 ~®̂ = W ­ W W ­ (y ¡ X ¯ ) (24)i ii ii i i i
i=1 i=1

Ã !¡1N N h ³ ´iX X 02 ¡1 0^ ^¾̂ = n tr(­ ) " " + X § X (25)i i i ¯jy" i i ii
i=1 i=1

42



" #¡1N 0X @ vec­ @vec­i i¡2 ¡1 ¡1!̂ = ¾ (­ ­ ­ )" i i 0@! @!i=1
N 0 h ³ ´ iX @ vec­i 0¡1 0 ¡1^ ^£ vec ­ " " + X § X ­ (26)i i ¯jyi i i ii@!i=1

where, the \vec" operatorstacksthecolum n vectorsofa m atrix one on topofeach

otherto form one large colum n vector, \tr" denotesthe trace ofa m atrix, and­
denotestheK roneckerproduct.Theequationssim plify tosom edegree in thecaseof

independenterrors(i.e., ­ = I and!= 0).

A n EM solution can then be im plem ented.T hissolution proceedsby assigning

starting valuesforthestructuralandpopulation param etersin orderto estim atethe
~individualstatistics̄ and§ usingequations(2)and(3),respectively.T hen,these¯jyi i

individualstatisticsareusedwith the aboveequations(23)-(26)to obtain im proved

param eterestim ates.T hisprocessisrepeateduntilconvergence, which can bevery

slow.

V ariousauthors(L indstrom andB ates,1988;L ongford,1993;B ock,1989b;H edeker

and G ibbons, 1996b)have suggested a F isherscoring procedure utilizing the ¯rst

derivativesandexpectedvaluesofthesecondderivativesto obtain im provedparam -

eterestim ates.Forthis, provisionalestim atesforthe totalvectorofparam eters£ ,

on iteration ¶are im provedby
" #¡12@ logL @ logL

£ = £ ¡ E : (27)¶+1 ¶ 0@£ @£ @£¶ ¶¶

T he negative ofthe expected valuesofthe second derivativescorrespondsto the

inform ation m atrix(see B ock, 1989b;H edeker, 1989;and L ongford, 1993).A tcon-

vergence, the large-sam ple variancecovariance m atrixoftheparam eterestim atesis

then obtainedasthe inverseofthe inform ation m atrix.

A lthough theF isherscoringsolution isa signi¯cantim provem entin termsofspeed

ofconvergenceovertheEM solution usedby L airdandW are(1982)andothers, itcan
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failin theestim ation ofthecovariancem atrixoftherandom e®ectsasthesetermsbe-

com every sm all.L indstrom andB ates(1988)suggestreparam eterizing thevariance

covariancem atrix§ in termsoftheC holesky factorization, however, a betterchoice¯

isto reparam eterize in termsofthe G aussian factorization ofa sym m etricm atrix
0(§ = ¤D ¤ ;see B ock, 1975pages82-84), utilizing the exponentialtransform ation¯

forthediagonalm atrixD corresponding to thevarianceparam eters.T hism ethodis

im plem entedin the M IX R EG program (H edeker& G ibbons, 1996b).

C ategoricalR esponseD ata

W ewillpresentestim ation fortheordinalm odelsincethebinarym odelisa special

caseoftheform er.Forthem odelsin thisarticle, autocorrelatederrorshavenotbeen
2considered(i.e., ! = 0)andthe errorvariance hasbeen ¯xedequalto 1and¼ =3

forthe probit and logisticformulations, respectively. O therwise, the m ixed-e®ects

regression m odelforthelatentresponsestrength y ,ij

0 0y = w ®+x ¯ + " (28)ij ijij ij i

isthesam e asforthe norm al-theory m odel.A ssum ing the m ixed-e®ectsregression

m odelforthelatentresponsestrength, theprobability ofa responsein category kfor

a given level-2uniti, conditionalon thethresholds(andthreshold-varyingregression

coe± cients)° , regression coe± cients®, and(standardized)random e®ectsµ(i.e.,k

0¯ = ¤µwhere§ = ¤¤ ), isgiven by:¯

Pr(Y = kj° ;®;µ)= P ¡ P (29)ij ijk ijk¡1k

where,fortheprobitform ulationP = ©(z )with ©(¢)representingthecumulativeijk ijk

standard norm aldensity function, and forthe logisticresponse function, P =ijk

¡1 0 0 0(1+ exp(¡z )) .H ere, z = u ° +x ¤µ +w ®.A lso, notethatP = 0andijk ijk i j0kij ij ij

P = 1.jk
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L etting Y denotethe vectorpattern ofordinalitem responsesfrom level-2uniti

iforthen level-1unitsnestedwithin, theprobability ofany pattern Y , given ° ,i i k

and®, andµ isequalto theproductoftheprobabilitiesofthelevel-1responses:

n KiY Y
cijk(̀Y j° ;®;µ)= (P ¡ P ) (30)i ijk ijk¡1k

j=1 k=1

8
><1 if Y = kij

wherec = :ijk >: 0 if Y 6= kij

T he m arginaldensity of Y in the population isthen expressed asthe followingi

integralofthelikelihood, ` = (̀Y j° ;®;µ), weightedby theprior:i i k

Z
h(Y )= ` g(µ)dµ (31)i iµ

whereg(µ)representsthem ultivariatestandardnorm aldensity.

Justasin the previousnorm al-theory m odel, forestim ation ofthecovariate co-

e±cients®, thepopulation variance-covarianceparam eters¤, andthethresholdpa-

ram eters° (k = 1;:::;K ¡ 1), the m arginallog-likelihood(forthe patternsfromk

the N level-2units)ism axim ized.H ere, thisisgiven as:

NX
logL = logh(Y ):i

i

D i®erentiating ¯rst with respect to the param etersthat vary with k, we get fora

particular° ,0k
" #Z nN KiX X X 0 0@ logL (@ P )a ¡ (@P )aijk kk ijk¡1 k¡1k¡1= h (Y ) c ` g(µ)u dµ;(32)i ijk i ij@° P ¡ Pµ0 ijk ijk¡1k i=1 j=1k=1

where
8
> 0<1 if k= k

0a = :kk > 0: 0 if k6= k
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Sim ilarly, letting´representan arbitraryparam etervector, then for® andthevector

v(¤)which containstheuniqueelem entsofthe C holesky factor¤, weget:
" #Z nN KiX X X@ logL @ P ¡ @P @ zijk ijk¡1 ijk¡1= h (Y ) c ` g(µ) dµ; (33)i ijk i@´ P ¡ P @´µ ijk ijk¡1i=1 j=1k=1

where

@ z @ zijk ijk= x ; = J (µ­ w );ij r ij@¯ @(v(¤))

and J isthe transform ation m atrix ofM agnus(1988)thatelim inatesthe elem entsr

abovethem aindiagonal.N otethatforthelogisticformulation, @P = P (1¡P ),ijk ijk ijk

whilefortheprobititisobtainedusing thestandardnorm aldensity function Á(¢).
A sin thenorm al-theory m odel, F isher'sm ethodofscoringcan beusedtoprovide

the solution to these likelihood equations. H ere, the empiricalinform ation m atrix

can beused:
" # Ã !0N2 X@ logL @ h(Y ) @ h(Y )i i¡2E = ¡ h (Y ) : (34)i0@£ @£ @£ @£¶ ¶ ¶¶ i=1

T he derivation ofthe em piricalinform ation m atrix followsdirectly from B ock and

L ieberm an (1970).A snotedby B ock andA itkin (1981), thisempiricalinform ation

m atrixwillin generalbepositive-dē niteprovidedthatthe numberoflevel-2units

N exceedsthenumberofparam eterstobeestim ated.

N um ericalQ uadrature In ordertosolvetheabovelikelihoodequations, num eri-

calintegration on thetransform edµspacecanbeperform ed.Forthis, G auss-H erm ite

quadraturecan be usedto approxim ate the above integralsto any practicaldegree

of accuracy. In G auss-H erm ite quadrature, the integration isapproxim ated by a

sum m ation on a speci¯ednumberofquadraturepointsQ foreach dim ension ofthe
rintegration;thus, forthe transform edµspace, the sum m ation goesoverQ points.

Forthestandardnorm alunivariate density, optim alpointsandweights(which will

bedenotedB andA(B), respectively)aregiven in StroudandSechrest(1966).Forq q
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themultivariatedensity, ther-dim ensionalvectorofquadraturepointsisdenotedby
0B = (B ;B ;:::;B ), with itsassociated(scalar)weightgiven by theproductofq q1 q2 qr

thecorresponding univariateweights,
rY

A(B)= A(B ): (35)q qh
h=1

Ifanotherdistribution isassum ed, otherpointsm ay bechosen anddensity weights

substitutedforA(B)orA(B )above.Foreach oftherdim ensions, these weightsq qh

m ustbenorm alizedtosum to unity.Forexam ple, ifa rectangularoruniform distri-

bution isassum ed, then Q pointsm ay besetatequalintervalsoveran appropriate

range (foreach dim ension)and the quadrature weightsare then set equalto 1=Q.

O therdistributionsare possible:B ock and A itkin (1981)discussthe possibility of

empirically estim ating therandom -e®ectdistribution.

Form odelswith few random e®ectsthequadraturesolution isrelatively fastand

com putationally tractable. In particular, ifthere isonly one random e®ect in the

m odel, there isonly one additionalsum m ation overQ pointsrelative to the ¯xed

e®ectssolution. A sthe numberofrandom e®ectsr isincreased, the term sin the
rsum m ation (Q )increasesexponentially in thequadraturesolution.Fortunately, as

isnotedbyB ock, G ibbonsandM uraki (1988)in thecontextofa binaryfactoranalysis

m odel,thenumberofpointsin eachdim ensioncanbereducedasthedim ensionality is

increasedwithoutim pairing theaccuracy oftheapproxim ations;they indicatedthat

fora ¯ve-dim ensionalsolution asfew asthreepointsperdim ension weresu± cientto

obtain adequateaccuracy.
rA teach iteration andforeachlevel-2unit,thesolution goesovertheQ quadrature

points, with sum m ation replacingtheintegration overtherandom -e®ectdistribution.

T heconditionalprobabilities (̀Y j° ;®;µ)areobtainedsubstituting therandom -i k

e®ect vectorµ by the currentr-dim ensionalvectorofquadrature pointsB. Theq

m arginaldensity foreach level-2unitisthen approxim atedas
rQX

h(Y )¼ (̀Y j° ;®;B)A(B): (36)i i q qk
q
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A teach iteration, com putation ofthe ¯rstderivativesand inform ation m atrix then

proceedssum m ing overlevel-2unitsandquadraturepoints.In thesum m ation over
rtheQ quadraturepoints, substitutionsarem adein theequationsforthe¯rstderiva-

tivesand inform ation m atrix asfollows:the µ random -e®ect vectorissubstituted

by thecurrentvectorofquadraturepointsB , andtheevaluation ofthe m ultivari-q

ate standard norm aldensity g(µ) issubstituted by the current quadrature weight

A(B).Following thesum m ation overlevel-2unitsandquadraturepoints, param e-q

tersarecorrectedusing (27), andtheentireprocedure isrepeateduntilconvergence.

Them ethoddescribedhereisim plem entedin theM IX O R program (H edeker& G ib-

bons, 1996a), with an extended version to allow forthe partialproportionalodds
2m odel

2B oth M IX O R and the extended program nam ed M IX O R E can be obtained from

http://www.uic.edu/ehedeker/m ix.htm l.
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