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Abstract

This paper is about how to estimate the integrated covariance (X, Y1 of two assets over a fixed time
horizon [0, T'], when the observations of X and Y are “contaminated” and when such noisy observations
are at discrete, but not synchronized, times. We show that the usual previous-tick covariance estimator
is biased, and the size of the bias is more pronounced for less liquid assets. This is an analytic charac-
terization of the Epps effect. We also provide optimal sampling frequency which balances the tradeoff
between the bias and various sources of stochastic error terms, including nonsynchronous trading, mi-
crostructure noise, and time discretization. Finally, a two-scales covariance estimator is provided which
simultaneously cancels (to first order) the Epps effect and the effect of microstructure noise. The gain is
demonstrated in data.
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1. Introduction

This paper is about how to estimate the integrated covariance (X, Y')7 over a fixed time horizon [0, T'], when
the observations of X and Y are “contaminated” and when such noisy observations of X and of Y are at
discrete, but not synchronized, times.

Consider the price processes of two assets, {X;} and {Y;}, both in logarithmic scale. Suppose both
{X:} and {Y;} follow an Itd process, namely,

dX; = X dt + 0¥ dB}~, (1)
dY, = py dt + o) dBY, 2)

where B~ and BY are standard Brownian motions, with correlation corr(B;X, B}') = p;. The drift coeffi-
cient 14, and the instantaneous variance o7 of the returns process X; will be stochastic processes, which are
assumed to be locally bounded.

Our interest is to estimate the integrated covariation (X, Y ),
T
Yy = [ ool aBX B, )
0

using the ultra-high frequency observations of X and Y within the fixed time horizon [0, T']. Inference for
(3) is a well-understood problem if X and Y are observed simultaneously and without contamination (say,
in the form of microstructure noise). A limit theorem in stochastic processes states that Zi:ne[o,T] (Xr, —
X:, )Y =Y. ), commonly called realized covariance, is a consistent estimator for (X,Y )7 as the
observation intervals get closer; furthermore its estimation error follows a mixed normal distribution, see, for
example, Jacod and Protter (1998), Barndorff-Nielsen and Shephard (2002a), Zhang (2001), and Mykland
and Zhang (2006). For a glimpse of the econometric literature on this inference problem when X = Y,
one can read Andersen and Bollerslev (1998), Andersen, Bollerslev, Diebold, and Labys (2001), Barndorff-
Nielsen and Shephard (2002b), and Gengay, Ballocchi, Dacorogna, Olsen, and Pictet (2002), among others.

In ultra-high frequency data, the exact observation times of X and Y are rarely simultaneous, and
estimating (X, Y')7 in this asynchronous case becomes a relevant and pressing problem. This lack of syn-
chronicity often causes some undesirable features in the inference. In particular, as documented by Epps
(1979), correlation estimates tend to decrease when sampling is done at high frequencies. Even in daily data,
asynchronicity can cause difficulties (Scholes and Williams (1977)). Lo and MacKinlay (1990) propose a
solution based on a stochastic model of censoring. In practice, most nonparametric estimation procedures
for (X, Y)p start with creating an approximately synchronized pair (X,Y") by either previous-tick inter-
polation or linear interpolation, then construct the estimator on the basis of the synchronized approxima-
tions. These interpolation-based estimators are often biased, as witnessed in empirical studies (Dacorogna,
Gengay, Miiller, Olsen, and Pictet (2001)).

A different issue when one deals with high frequency data is the existence of microstructure noise.
In the early papers (Ait-Sahalia, Mykland, and Zhang (2005), Zhang, Mykland, and Ait-Sahalia (2005)),
they found that when the microstructure noise is present in the observed prices, then the realized variance
estimator for (X, X')7 — a special case of realized covariance — is biased and this bias can get progressively
worse as more high frequency data is employed.! However, it is not well understood how an estimator for
the covariation (X, Y')7 behaves, when the estimation uses ultra-high frequency noisy data.

'Recent developments on volatility estimation include multi-scale estimation (Zhang (2006), Ait-Sahalia, Mykland, and Zhang
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In this paper, we are concerned with the behavior of the previous-tick approach to estimation of (X, Y')r
when the observation times of X and Y are not synchronized and when the microstructure noise is present in
the observed price processes. We show that asynchronicity leads to a bias in the previous-tick estimator for
(X,Y)r, thus giving an analytic form of the Epps effect. The variance of the estimator, meanwhile, comes
from three sources — discrete observation/transaction times, nonsynchronization, and the microstructure
noise. We provide the optimal sampling frequency to balance the tradeoff among different error sources,
and present the explicit expression for the asymptotic bias and variance when the observations times of X
and Y follow Poisson process.

A further advantage of the previous tick estimator is that it permits easy analysis of microstructure noise.
It is here shown that in the presence of noise, one can create two and multi scale versions of the previous
tick estimator. As we shall see in Section 8, the bias due to asynchronicity cancels in the same way as the
bias due to microstructure noise, while the variance asymptotically behaves as if there is no asynchronicity
(in the subsample of previous ticks). Thus, while the previous tick approach does throw away data, it can
retain rate efficiency.

In terms of microstructure noise, this paper provides a two- and multiscale alternative to the multivariate
autocovariance-based estimator of Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008b). Other work
investigating the combination of asynchronicity and microstructure noise includes Lunde and Voev (2007)
and Griffin and Oomen (2007).

The paper is organized as follows: we introduce the concepts and notations in Section 2.1, and give a
preview of the main findings in Section 2.2. Section 3 and 4 provide the asymptotic stochastic bias and
variance of the previous-tick estimator, assuming the absence of microstructure noise in the price processes.
Section 5 deals with the case when the trading times are random. An application when the transaction times
follow Poisson processes is provided in Section 6. Section 7 focuses on the inference when the microstruc-
ture noise is present. Two scales estimation is presented in Section 8. Finally, Section 9 concludes.

2. Setting, and some Main Findings

2.1. Setup and Notations

Our interest is to estimate the covariation (X, Y)7 between two returns in a fixed time period [0, 7'], when
X and Y are observed asynchronously.

Let the observation/transaction times of X be recorded in 7,,, and those of Y in S,,,. At the moment
we assume X and Y are free of microstructure noise (in short, noise). Later in Section 7 we study the
cases when these two price processes are observed with noise X and €' respectively. We denote the
elements in 7,, by 7, ;, and the elements in S,,, by 6,, ;. Specifically, 0 = 7,0 < 71 < ... < Ty =T,
0="0mno <0n1 <...<0p,m="T. For the ease of the notation, we often suppress the subscript n and
m from the 7s and 6s unless the context is misleading. The 7 and # sequences may be irregular and random
but independent of the price process, so long as the spacings are not allowed to be too large. An extension
to more general random times is considered in Section 5.

We focus on a particular type of covariance estimator called previous-tick estimator. Intuitively, it is

(2009)), kernel methods (Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008a, 2009)), and pre-averaging (Podolskij and Vetter
(2009) , Jacod, Li, Mykland, Podolskij, and Vetter (2009)).
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a sample covariance estimator based on the prices that immediately precede (or are at) the pre-specified
sampling points. One can view this previous-tick approach as a special way to subsample the raw data.

To formulate the previous-tick covariance estimator, we introduce the concepts related to sampling
points. Let
N=n+m,

write n and m as ny and mp from here on.

We consider a subset of [0, 7] which satisfies the following.
VN C [0,T]; 0,T € Vy, also Vy is finite for each N. (@)

We use v; to denote the elements in Vy, Vi = {vg,v1,...,0my }, With vg = 0 and vy, = T, where
My is the sampling frequency. A simple case of V would be a regular grid, where the elements are equally
spaced out in time, that is, v; — v;—1 = Awv, Vi. This sampling scheme is the most common one in analyzing
time-dependent data, for example, typical sampling interval in high-frequency financial application includes
every 5 minutes, 15 minutes, 30 minutes and hourly.

An alternative way of setting the grid Vy is to let the v;’s depend on the observation times, for example
by setting v; to be the maximum of min{r € 7, : 7 > v;—1} and min{f € S,,, : § > v;_1}. This is the
concept of refresh time, as introduced by Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008b). One
can also implement this for more than two stocks.

We assume the following regarding the relation between v;s, 7;5s, and 6;s:

CONDITION C1: There is at least one pair of (7, 0) in between the consecutive v;s.

Under Condition C1, the previous ticks are then defined as:
ti=max{r € 7T, : 7 <w;}, and s;=max{0€S,:0<v;}, (5)

so that the ¢;s and the s;s are the sampling points in X and Y, respectively, according to the previous-tick
sampling scheme. We note that condition C1 holds so long as there are sufficiently many data in both X
and Y within the time window [0, T']. A sufficient criterion for C1 is provided by Conditions C2-C3 below.
C1 is also valid (without C3) when the v’s are the refresh times mentioned above.

We need more assumptions to pursue the analysis for the covariance estimator. We assume that the
transaction times of X and Y satisfy:

CONDITION C2: sup; |0p; — Om,i—1] = O(%), and  sup; [Tn; — Tni—1] = O(%)-

Note that Condition C2 implies that on the one hand liminfy .o " > 0 and liminfy . 55 > 0;
on the other hand, it is obvious that “{¥ < 1 and " < 1. In particular, ny = O(my) and my = O(ny).
We sometimes assume that the sampling frequency My satisfies:

CONDITION C3: sup; [un,i — vn,i—1| = O(g7-), and My = o(N).

Conditions C2-C3 imply Condition C1 when [V is large enough.

There are two reasons for imposing C3. One is technical, it arises naturally in connection with both
two scales estimation (Section 8) and bias-variance tradeoffs (Sections 4.3, 6.2 and 7.1). The other is more
conceptual: the observation times are often not known exactly or incorrectly recorded. If one assumes that

the times are known up to, say, order O(N ~%), having the distance between consecutive grid points in V,
v; — v;—1, bigger than O (NN ~) ensures the previous-tick estimator to be consistent.
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Definition 1. At last, the previous-tick estimator for the covariation is defined as

My
[X> Y]T = Z(th - Xti71)(YvS¢ - YVSi71)a (6)

i=1

where the t;s and s;s are the previous ticks in (5).

2.2. Some Main Findings

We here summarize the most important results from the practitioner point of view. First of all, the bias in
the estimator (6) is given by

T 1
- [ xars )+ 0) )

where Fn(t) = 3 nax(t, )<t |ti — sil- Typically, Fiy(t) and the bias are of order Op(My/N). See
Theorem 1 for precise statements. Second, when Condition C3 is in place, then

P

T
[(X,Y]r =[X,Y], — /0 (X, Y dFy(u) + Op(N~Y?) (8)

—_~—

where [X, Y] is the unobserved value of the synchronized estimator

[Xv Y]T = Z(sz - Xvi—1)<Yvi - K)z’—l)' ©)
1=1

See Theorem 4 (in Section 4.1) for details. Under condition C3, therefore, one can behave as if observations
were synchronously obtained at times v;, provided that one can deal with the bias. This has important
consequences. On the one hand, it provides an analytic characterization of the Epps (1979) effect. As
described further in Section 3.2, the Epps effect is essentially the bias (7), and it is typically negative for
positively associated processes (X,Y"). Also, from (8), the Epps effect is only a matter of bias; except at
the highest sampling frequencies, it does not substantially affect the variance of the estimator. On the other
hand, (8) suggests that when suitably adapted, existing theory for the synchronized case can be applied to
the asynchronous case.

We shall show two types of applications. In Sections 4.3, 6.2, and 7.1, we carry out a bias-variance trade-
off to remove the effect of asynchronicity. In Section 8 we show that both asynchronicity and microstructure
noise can be removed with the help of two-scales estimation, along the lines of Zhang, Mykland, and Ait-
Sahalia (2005).

3. Previous-tick covariance estimator under zero noise

We start with an idealized world, where the mechanics of the trading process is perfect so that there is no
microstructure noise in both X and Y. We shall see that [ X, Y] can be decomposed based on the impact
of different data structure.
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3.1. Decomposition for the estimator [X,Y |

Let X and Y be It6 processes satisfying (1)-(2). Let [X, Y] be the previous-tick covariance estimator in
(6). From the Kunita-Watanabe inequality, (X, Y'); is absolutely continuous in ¢. Assuming Condition C1,
we can therefore decompose [ X, Y] into:

min(t;,s;)
(X, Y] = Z/ (X,Y),du

max(t;_1,5;—1)

drift term
3 / ey (Xu— X )dY,[2] R 10
+ w — “Amax(ti—1,5i— ul2] + N ; ( )
i max(ti_l,si_l) (t v 1) ~~~

asynchronicity error

Ly, discretization error

where the ;s and s;s are the previous ticks defined in (5), and see Lemma 1 in Appendix for the exact form
of Ry . We have used the following symbol (cf. McCullagh (1987)):

Notation 1. The symbol “[2]” is used as follows: if (a,b) is an expression in a and b, then (a,b)[2]
means (a,b) + (b,a), so that (X, — Xmax(ti,l,si,l))dYu[2] means (Xy — Xmax(t;_1,5i-1))4Yu + (Yo —
Ymax(ti,l,sifl))qu-

Each component in (10) plays different role in the distribution of [X, Y]r. To proceed the discussion,
we need first to define stochastic bias and stochastic variance of an estimator.

Definition 2. Consider a semimartingale Z. Let Z be an estimator for Z. Suppose that Z; — Z; has the
following Doob-Meyer decomposition, for t € [0,T],

Zy — Zy = Ay + My,

where { M} is a martingale and { A} is a predictable process. Then for fixed t, t € [0,T], we call Ay the
stochastic bias of Zy, denoted as S Bias(Z;); we call the quadratic variation (M, M), of M, the stochastic
variance of Zj.

Note that if A; is nonrandom, it is also the exact bias; if (M, M), is nonrandom, it gives the exact
variance.

In light of Definition 2 and the decomposition equation (10), the stochastic bias of [ X, Y] is

min(t;,s;)
/ (XYY — (X, ¥ )
i max(t;—1,5—1)

meanwhile, both the discretization error L and the asynchronicity error Ry contribute to the stochastic
variance of [X,Y]r. It is apparent that, in the situation when X and Y are traded simultaneously, the
asynchronicity error R becomes zero. When the trading is not synchronous, however, it is not obvious to
see the relative impact and the trade-off between L and Ry. We pursue these next. First, we need the
following concept.

Definition 3. A sequence of cadlag processes Gy (t),0 < t < T is said to be relatively compact in prob-
ability (RCP) if every subsequence has a further subsequence G, so that there is a process G(t), where
G, (t) converges in probability to G(t) at every continuity point t € [0,T] of G(t).
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For applied purposes, if the sequence GGy is RCP, one can act as if the limit exists, cf. the discussion on
p. 1411 of Zhang, Mykland, and Ait-Sahalia (2005).

3.2.  Stochastic bias: The Epps Effect

Theorem 1. Let X and Y be It6 processes satisfying (1)-(2), with p; and oy locally bounded. Let [X,Y |
be the previous-tick covariance estimator. Let Vy = {0 = wvp,v1,...,vnmy } be a collection of sampling
points which span across [0, T, and let t; and s; be the transaction times of X and Y, respectively, that
immediately precede v;. Then, under Conditions C1-C2, the stochastic bias of | X,Y|r is

T
1
- [ aE + 0,5, ar
0
where

Fn(t) = > ti—sil.

:max(t;,84) <t

Furthermore, the sequences MLNFN(t) and MLN f0T<X, Y'),dFx(t) are RCP in the sense of Definition 3. u

The function F)y takes non-negative value and it will play a central rdle in our narrative. To see an
example of a limit of MLNFN(t), we refer to the Poisson example in Corollary 4 (Section 6).

From Theorem 1, one should note that Fiy(¢) = 0 — thus the previous-tick estimator is unbiased —
when the two processes X and Y are traded simultaneously, or more generally if the selected subsample
has synchronized observation times. If the two assets X and Y are not traded simultaneously, the stochastic
bias typically has order My /N, the previous-tick estimator [ X, Y] is then asymptotically unbiased under
Condition C3.

However, there is a finite sample effect in (11), and (11) is an analytic representation of the Epps effect
in cases where the subsampling is moderate (see the discussion in Section 2.2). Also Theorem 1 implies the
magnitude of the bias — fOT (X,Y)! dFn(u) is greater for less liquid assets (large |t; — s;| on average).

Remark 1. When the previous tick estimator is used for all of [ X, Y|, [X, X|r, and [Y, Y |1, the correlation
estimator is no larger than one in absolute value. If one uses a different type of estimator for [ X, X|r, and
[Y, Y], the estimated correlation should just be truncated at 1 or —1 as appropriate. Similar comments
apply when a covariation matrix (X, X ) is estimated for a vector process X. If a different estimator is used

to compute the diagonal elements, one can take the estimated matrix and write (m;ﬁ = I'AT™*, where T
is orthogonal and A is a diagonal matrix. If one sets A™ as the matrix A with negative elements replaced by
zero, a nonnegative definite estimator of (X, X ) is given by (X, X ), = TATT™*. Asymptotically all these
procedures have the same properties when the true (X, X )7 is positive definite, since then A is eventually

positive with probability one as N — oo.
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3.3.  Stochastic variance

Theorem 2. Under the same conditions and setup as in Theorem 1, the following processes

U(dis) _ Z (min(ti, Si) — max(tl-_l, si_l))g
N, - 5
b iti,si<u T/MN
U("‘msyn) _ Z (si — si—1)(t; — ti—1) — (max(t;—1, s;—1) — min(¢;, Si))2
Ny - ,
2:85,t; <u T/N
are RCP in the sense of Definition 3, and the process
3/2 , min(t;,s;) .
My QN,u[ﬂ = 2 Z (X, X>ti / (min(t;, s;) — u)(Y, — Ymax(ti_178i_1))dy’u 2]
i:t;,8; <u max(t;—1,5;—1)
I‘ﬂin(ti,si)
+2 ) (XY / (min(t;, 5;) — )Xy — Xomax(ts_ 1.0 1))0Ya[2]:
iity,s;<u max(t;—1,5;—1)

is tight. Also, the leading terms in the stochastic variance of [X,Y |r — (X, Y ) are

T

T is T T nonsyn
i [0y v aul + Quatel+ [ X0WY Yo, a2)
0 0

Finally, ,
UNS) = u = 2Py (u) + O(1/My) + O((My /N)?). ()

As we shall see from the proof of Theorem 2 (in Appendix), the 1/My term and 1 /M]?{,/ % term (i.e.
Qn,7) in (12) correspond to the first- and the second-order effect, from the quadratic variation of the dis-
cretization error in (10), whereas the 1/N term comes from the quadratic variation of the asynchronous
error. We can call U\%%) quadratic covariation of time due to discretization, and call U"*"Y") guadratic
covariation of time due to nonsynchronization.

Remark 2. In the special case where X andY are traded simultaneously, U(nonsyn) pocomes zero, and the
total asymptotic variance in (12) reduces to

T T
i [l Xy ey de, (149
Mn Jo

where H(u) = U(u) = lim ZTMNJ <u SELS e /]\]/zy ) s the quadratic variation of time. A further

specialization is when X =Y, (12) becomes

T

e [ e 0 ar, 1s)

both (14) and (15) are consistent with the results in Mykland and Zhang (2000).
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Note that in (12), the relevant component in Q7[2] is the end-point of a martingale with quadratic
variations as follows:

My
(@n[2], QN [2]) = %Hmz (min(t;, s;) — max(ti-1, si-1))* (16)
i=1

<{((X, X )2, Y, )P+ 600X, X0 UY Y)Y XY )%+ (XY )" x (14 0,(1).

When taking expectation (which is relevant when the trading times are random), the Q7 [2] term yields zero,
thus it disappears in the final expression for the variance.

4. The case when My = o(N)

We shall see in this section that under C3, the 1/My term (i.e. the discretization effect) in (12) is the sole
leading term in the asymptotic variance of the previous-tick estimator. The source of the second-order term
in the asymptotic variance depends on the exact order of M. An interesting case is when My = O(N 2/ 3.
This choice is optimal in the sense of minimizing mean squared error of [ X, Y], when the stochastic bias
of [X,Y]r is Op(My/N) (Theorem 1) and the stochastic variance is O,(1/Mpy) (Theorem 2). We can see
that in this scenario the 1/N term and the 1/M]%,/2 term in (12) share the second-order effects. We shall
elaborate on the higher-order behaviors in this Section.

We emphasize that regardless of the order of M, the interaction between the discretization and the
asynchronous effect is at most a third-order effect, with order 1/(My+/'N) (see the proof of Theorem 2).

4.1. First order behavior
This is an immediate conclusion from Theorem 2:

Corollary 1. Assume C2-C3. Then Uquis) exists and equals the scaled quadratic variation of the grid points
V. In the case of equispaced grid points, Uquw) = u. The total variance term of the previous tick estimator

is, to first order,

T T , / N )
MN/O {<X,X>u<Y, VY 4+ (X, 7)) ]qug is) -

Corollary 1 says that when the data (X, Y') arrive faster than the sampling frequency, the asynchroniza-

tion effect disappear and only the discretization effect U(%*) remains in the variance term.

We can also assert something about the asymptotic distribution of the estimator. Let Ly be the dis-
cretization term in (10). Then, in view of Theorem 1 and Lemma 1 (in the Appendix),

T
(X, Yy — (X,Y)r = —/ (X, V), dFn(u) + Ly + Op(N~Y/2) (18)

0
The quantity in (17) is simply the asymptotic version of (L, Ly )7. By extending the arguments above to

all time points ¢ € [0, 7] and using the theory in Chapters VI and IX or Jacod and Shiryaev (2003), we thus
obtain
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Theorem 3. Assume the conditions of Theorem 1. Under conditions C2-C3, M ]1\,/ ’L N converges in law to

2 (7 [ [ 0w+ e dUgd“>)1/2 , (19)

where Z is standard normal, and independent of X and Y .

Note that the convergence is stable, in the sense of Rényi (1963), Aldous and Eagleson (1978), Chapter
3 (p. 56) of Hall and Heyde (1980), Rootzén (1980) and Section 2 (p. 169-170) of Jacod and Protter (1998).
For the connection to this type of high frequency data problem, see Zhang, Mykland, and Ait-Sahalia (2005)
and Zhang (20006).

By using the same methods, we relate the estimator to the hypothetical unobserved “gold standard” (9):

Theorem 4. Assume the conditions of Theorem 1. Under conditions C2-C3,

—~—

T
X,Y]r = [X,V]y — /0 (X,Y),dFx(u) + Op(N~1/2) 20)

P

The result also holds if [ X,Y | is defined with w; = max(t;, s;) replacing v;.

One can, in fact, deduce Theorem 3 from this result using the standard theorems for synchronous obser-
vation in Barndorff-Nielsen and Shephard (2002a), Jacod and Protter (1998), Mykland and Zhang (2006)
and Zhang (2001).

4.2. Higher order behavior

We can also say something about the higher order terms in the variance. First the non-martingale part.

Corollary 2. Assume C2-C3. In addition to the conclusions of Corollary 1, we also have that

= 2iFN(u) +o(1) (21)

U](\;LGsyn) i

If we for the moment ignore the martingale () x'[2], we can therefore assert that the effect of nonsynchro-
nization is to high order fully characterized by the function Fy(u), since this is the quantity one encounters
in both the bias, the U ](\? Zj) and U ](\7 Znsy”) terms.

Theorem 2 put together with Corollary 2 then yields

. . T T / / 7\2 T r 1\2
stochastic variance = / {(X,X)U<Y,Y>u + ((X,Y),,) } du — 2/ (X,Y),,) dFn(u)
MN 0 MN 0
+Qu[2] + 0p(N 1) + 0, (M%) + 0, (M /N?) (22)

Putting this in turn together with Theorem 1, one obtains that the stochastic MSE (bias® + variance) of
[X, Y]T — <X, Y)T is
T 2 T (T )
stoch MSE = </0 (X, Y);dFN(u)> + My /0 [(X, Xy (YY) 4+ ((X,Y),)| du

T
—2]\;/ (X, YY) 2dFy (1) + Qn[2] + 0p(N7Y) + 0, (M) + 0,(My/N?)  (23)
N Jo
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Recall that Qn[2] = O, (M ];3/ 2). What about the term due to Q) 5[2]? First order answers can be provided
by considering the case when the quadratic variations (X, X), (Y,Y) and (X,Y’) are nonrandom. In this
case, by taking the expected MSE, the martingale term () 5 disappears. One can behave as if the MSE is the
first three elements of (23). We return to the question of the meaning of () [2] in later Section 4.4.

4.3. Bias-Variance Tradeoff

In view of Theorem 1, “typical” behavior is that

]\ZVFN(u) — F(u) as N — oo, (24

where F' is a nondecreasing function. (In particular, every subsequence will have a further subsequence
displaying this behavior). In this case, we obtain
2
My

stoch MSE = <N>2 (/OT<X, Y);dF(u)> + ]\;N/OT [<X,X>;<Y, VY + (X, Y))? | du

T
- 2% /0 (X, Y))2dF (u) + Qn[2] + Op(N_l) + op(MJ:,?’/Q) + OP(M]2V/N2) (25)

A tradeoff between bias? (the first term) and variance (the later terms) is therefore obtained by setting
(My/N)? = O(My'), yielding My = O(N?/3). Thus the first order terms in the MSE is given by the
two first terms in (23) or (25).

4.4. The meaning of the martingale () y
Let Ky be the martingale (non-drift) term in (10). In other words, [ X, Y |r—(X,Y)r = — f0T<X, Y)u'dFn(u)+
Kn + O,(N71). By the same methods as before, we obtain.

Corollary 3. Assume conditions C2-C3. Then, in probability,

MRAQnN[2], Qn[2]) —

2 r !/ / /! / !/

5T /0 {00 (VY )) 4 60X, XY (YY) (X, YY) 4+ (X Y )) ydu - (26)
and

T
(MY K, MY Qn[2]) — 5T /O {5(X, X)L (VS Y )X, Y, + (X, Y),) b @7

In fact, the corollary asserts that [ X, Y] — (X, Y)p is correlated with its own stochastic variance! What
could this possibly imply?

Again, to get a first order answer, by considering what would happen if the quadratic variations (X, X),
(YY) and (X,Y’) are nonrandom. We then obtain that the third cumulant of Ky is given by

cums(K ) = 3cov(Kn, (Kn, Kn))
= 3M]§200V(M]1V/2KN, Qn[2]) + o(My?)
— 3MR?E(M K, Qu[2]) + o(My?)

= My*T? /0 T{5<X,X YY) (XYY, + (X, Y),)  du (28)
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(for the first transition, cf. equation (2.14) (p. 23) of Mykland (1994)). Similar methods can be used to
compute the fourth cumulant.

Thus, the Q) is more of a contribution to the Edgeworth expansions of our estimator, rather than an
adjustment to variance.

S. When trading times are random

It is often natural to assume that the trading times 7 and € can be described as the event times of a counting
process. Let the arrival times 7s have intensity A (¢) and the #s have intensity AY (¢). For the moment we
assume that both these intensities can be random (but predictable) processes.

This type of model requires some modification on the earlier development. For one thing, the counts
m and n are random, so is N = m + n. Also, and more seriously, Conditions C1 and/or C2 may not be
satisfied. We consider these issues in turn.

First of all, to get an asymptotic framework, we assume the following.

CONDITION C4: There is a sequence of experiments indexed by nonrandom o, & > 0, so that AX = \X
and \Y = \Y. In general, the intensities can be any function of c, but we suppose that there are constants ¢
and ¢, independent of o, 0 < ¢ < 1 < ¢ < o0, so that for all ¢ € [0, T,

ac <AX(t)<ac and ac <A\ (t) < ac (29)

Remark 3. (Asymptotic framework.) We do asymptotics as o« — oo. Note that since N/a = Op(1) but not
op(1), this is the same as supposing that N — oo. The same argument yields the same orders for m and n.

The assumption that will run into trouble is Condition C2. This is a natural assumption for developing
analytical results when the trading/sampling times are nonrandom, but Condition C2 is neither true nor
necessary if the sampling times are random. In fact, if the intensities AX and A} are independent of time
t, then conditionally on m and n, the sampling times for the X and Y processes are like the order statistics
from a uniform distribution on [0, 7] (see, for example, Theorem 2.3.1 (p. 67) of Ross (1996)). Thus
sup; |0m.i — Om,i—1| = O(log N/N), but not O(1/N), and similarly for the 7’s (see Devroye (1981, 1982),
Aldous (1989), Shorack and Wellner (1986), for example). By the subsampling argument used in the proof
of Theorem 5 below, this extends to all sampling schemes covered by condition C4.

Fortunately, this problem does not affect us in view of the upcoming Theorem 5. A restriction that
ensures Condition C1 to be satisfied (eventually as N — o0) is sufficient. For this, we require that the size
of the regular grid satisfies

M, = op(a/log ). (30)

Theorem 5. Let X and Y be Ito processes satisfying (1)-(2), and let py and oy be locally bounded. Let
[X,Y]r be the previous-tick covariance estimator. Let Vo = {0 = wvg,v1,...,vpm, } be a collection of
nonrandom time points which span across [0,T]. Let t; and s; be the transaction times of X and Y,
respectively, that immediately precede v;. Assume Conditions C3, C4 and (30). Then the conclusions of
Theorems 1, 2 and 4 remain valid (with M,, replacing My ).
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6. Application: trading times follow a Poisson process

We now consider an application where the transaction times for assets X and Y follow two independent
Poisson processes with (constant) intensities \X and \Y, respectively. The meaning of condition C4 is now
simply that \X and A} have the same order as index o — oo.

6.1. Stochastic bias and variance in the case of Poisson arrivals

Corollary 4. In the setting of Theorem 5, suppose that the consecutive sampling points v;’s are evenly
spaced. Also, suppose that the transaction times for assets X and'Y follow two independent Poisson pro-
cesses with intensities \X and \Y (constant for each ), respectively. Also suppose that N\ /oc — (X and

N Ja— 1Y, as o — oo. Then
N X
EFN(t) —1 <€X + £Y> (31)

in probability.

Since the stochastic bias is given by SBias([X,Y|r) = — fOT<X, Y),dEN(t) + Op(N~1) , we obtain
that

N o

It is obvious that the bias has opposite sign with the covariation between X and Y, and its magnitude

reaches its minimum when ¢X = ¢ (for given value of ¢ = ¢X + ¢¥).

We now move on to the asymptotics of stochastic variance in the case of Poisson processes. In analogy
with the result in Section 4.2, we obtain:

Corollary 5. In the setting of Corollary 4, then the asymptotic stochastic variance of the previous tick
estimator becomes (leaving out the term that is due to QQn in Theorem 2)

T [ xovy? o xxrvde— o (L2 S [ vy 33
o [ oy (e ) [weita e

The @ term is excluded for the reasons discussed in Sections 4.2 and 4.4.

6.2. Bias-variance tradeoff

Assuming that the observed (X,Y") are true (efficient) logarithmic prices, we have demonstrated that the
previous-tick estimator has an asymptotically bounded bias. This bias is induced by asynchronous trading
of two assets. Naturally the variance estimator in this case is unbiased as the price series is inherently
synchronized with itself.

In analogy with the development in Section 4.3, we can now find an optimal sampling frequency. In this
Poisson application, we can obtain very straightforward expressions.
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Recall from Corollary 5 that the variance of the previous tick estimator consists of two terms, the 1/M,,
term and 1/N term. Under Condition (30), the latter is of smaller order. So the main terms in the mean
squared error (MSE) are:

M, XN T T
(FeemnGe+0)) +yp [ [ ooy e o
[0}
Setting OM SE/OM,, = 0 gives M,, = O(N?/3). In particular,
1/3
T
v [T + XXy ]

2
2((X,Y)1)*(5x + &)
With this choice in the sampling frequency, the MSE becomes

2/3
3272 (X, Vr(og + ST /0 (XY XY du] N7

Note that our assumption is that M, is nonrandom while N is random. We are using N for simplicity
of notation only, to stand in for (AX + A\Y)T. We can do this since N/(A\X + AY)T — 1 in probability as
o — 00.

7. Effect of microstructure noise

Like many other applications, financial data usually are noisy. In the finance literature, this noise is com-
monly referred to as microstructure noise. One can also view microstructure noise as observation or mea-
surement error caused by “imperfect trading”.

A simple yet natural way to view high frequency transaction data is to use a hidden semimartingale
argument. One model is to write the logarithmic price process of the observables as the sum of a latent
process (say, efficient price), which follows a semimartingale model, and a microstructure noise process.
That is,

X2 =X

Tn,i Tn,i + 67)'(71.1' and }/6(:717, = Yem,i + Ez/m,i (335)
where X and Y° are the observed transaction prices in logarithmic scale, X and Y are the latent efficient
(log) prices which satisfy the Itd-process models (1) and (2), respectively. Following the same notations as
in Section 2.1, we suppose X is observed at grid 7,,, 7, = {0 = 7,0 < 71 < ... < T, = T'}, suppose
Y is sampled at grid Sy, Sp, = {0 =010 <1 < ... < by =T}

In the following, we present two approaches to handling microstructure noise. One is the classical
bias-variance tradeoff. We then turn to two scales estimation in the next section.

It should be emphasized that the main recommendation is to use two- or multiscale estimation. The pur-
pose of carrying out the trade-off below is mainly to show that the effect of microstructure can be integrated
into the same scheme as the Epps effect, also for the purpose of sampling frequency.

7.1. Tradeoff between discretization, asynchronization, and microstructure noise

To demonstrate the idea without delving into the mathematical details, we let the noise be independent of
the latent processes, that is, X 1l X,e¥ 1l Y,alsoeX and €Y are independent. A simple structure for the
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€’s is white noise. We note that this model structure can be extended to incorporate the correlation structure
between the latent prices and the noises, as well as that of the noises from two securities, but we shall not
consider this here. (We shall use more relaxed assumptions in Section 8 below).

As was argued in Section 2 of Zhang, Mykland, and Ait-Sahalia (2005), to rigorously implement a
bias-variance trade-off in the presence of microstructure noise, one needs to work with a shrinking noise
asymptotics: E(¢X)? and E(e¥)? will be taken to be of order o(1) as N — oo. See also Zhang, Mykland,
and Ait-Sahalia (2009). A similar approach was used in Delattre and Jacod (1997).

Similar to the definition and notations in (6), the previous-tick estimator for covariation now becomes
the cross product of X° and Y°:
My
(XY =) (X7 — X7 (VS - Yo ), (36)
i=1
where the ¢;s and the s;s are the corresponding time ticks immediately preceding the sampling point v;.
(Because of the law of large numbers, we shall in this section identify M, and My.)

Our question in this section is, given the observations X° and Y° at the nonsynchronized discrete
grids and assuming the model (35), how close is [X°, Y°]r to the latent quantity [X,Y]r? How well
can [X°, Y°|r estimate the target (X,Y)7? We next study [X°, Y°|r — [X,Y]r, termed as the error due
fo noise .

7.1.1 Signal-noise decomposition

When the microstructure noise is present in the observed price processes, we can decompose the covariation
estimator into those induced by the latent prices and those related to the noise. From (36), we get

(X Y°)r = [X,Y]r + [X, ¥ ]|7[2] + [, € ]r,

where [X, Y] is the same as (6), [¢*X, €Y ], = Zf\iﬁv(ef — 6 (e —€X ), and

Si Si

MN MN
[X’ GY]T[2] = Z(th - Xtifl)(ﬁzi - egfi_l) + Z(}/Sz - }/81‘71)(655 - Et)f_l)'
i=1 i=1
We shall see that the main-order term in the above decomposition is from the noise covariation [¢X, ¢¥'] and

from the signal-noise interaction [X, ¥ ]7[2]. To see this, write

MN MN
[X, 6Y]T = Z(th - Xti—l)6g/; - Z(th - Xti—1)€syi,1'
i=1 i=1

Because of the white-noise property in €* , we obtain E[([X, €' 1)’ | X] = 2[X, X]TE(eY)2+Op(E(eY)2M]\_,1)
where the order o,(E (eY)2) is from the cross term. To find the exact formula for the cross term, we refer

1/2
to the method in Zhang, Mykland, and Ait-Sahalia (2005). So far we have [X, ¥ ]r = Op([E(EY)Q] / ),
1/2
similarly, [Y, X7 = 0, ([E(eX)7]").
For the noise variation, notice that

My My
X Y _ XY XY XY X Y
[6 ) € ]T - 2Z€ti €s; _Zeti 651‘71[2]—’_6150650_EtMESM’ (37)
1

i=1 =
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where we recall that ;) e} [2] = e el

zero, and uncorrelated with each other, we have

+ effﬁ 16};. Because €* and ¢¥ are both white noise with mean

var(effezi) = var(effezi_l) = var(et)f_leg/i) = E(eX)ZE(eY)Z.

Hence, var([eX,eV]r) = 6MyE(eX )2E(ey)2. Therefore, the pure noise variation [¢X, ¥ |7 has order

[MNE(EX)zE(eYﬁl/Q. In summary,
(X%, Yy = [X,Y]r+ (X, ¥ ]7[2] + (X, e 7
— ——— —_——

1/2 1/2

O 0, (B )40 ([E)?) 0p([My B(eX)? B(e¥)?)?)

7.1.2 The Tradeoff

We study the tradeoff when the observation times of X and of Y follow Poisson processes with intensities
AX and A, respectively. As in section 6.2, we shall for ease of exposition identify N and (AX + \Y )T (by
the law of large numbers, these two quantities are interchangeable in our formulas in this section).

We note that the previous tick estimator is asymptotically unbiased, with order My /N. As far as its
variance is concerned, the part due to asynchronicity and discretization decreases with sampling frequency
(Theorem 2) whereas the part due to microstructure noise increases (Section 7.1.1). It would be desirable
to balance the terms between the bias and the variance terms, in the sense that minimizes the MSE. We do
so in the following. We let 2, represent the order of the variance of X and €, so that O(E(e* )2) =
O(E(EY)2) = O(%). For ¥ = p¥ = 0, [X,€"]7[2] is the end point of a martingale and it has zero
covariation with the pure noise. Then, the leading terms in MSE of [X°, Y] is,

M N EY €X 2 T T 1 \2 / /
(R e+ ) 3 [ [0+ (X0
2 2 2 2

+2(X, X)) E(eV) 4+ 2(Y, Y r E(eX) + 6 MyE(X) E(")".

In order to capture all three effects consisting of microstructure noise, discretization variance and nonsyn-
chronization bias, we have elected to let the size of the microstructure go to zero as N — oo in such a way
that the variance due to noise will have the same size as the discretization and nonsynchronization MSE. To
this effect, we can select My = O(N?/3), and v%, = O(N—2/3). To be specific, suppose that 7, rx and ry
are nonnegative constants to that

My =rN?3, B =ryxN"23 and E(Y)’ =ryN~2/3,

Note that r, rx and ry regulate the triangular array type of asymptotics described just before Section 7.1.1.
Only r is assumed to be controllable by the econometrician; rx and ry are given by nature.

Setting OMSE/OMy = 0, we get

2 LA RE T [ (X)) + (X, X)L (Y, Y, | du
NQ{<X7Y>T(ZX+€Y)} p— [ g ]

yielding an optimal choice of r satisfying

ey = & {MT [l + o] au- o[ + ) } .
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(This equation uniquely defines 7). Hence, the optimal mean squared error is

T
MSE = N_2/3{2r_1T/ [((X,Y>;)2+<X,X>;<Y,Y>; du
0

X7
kxsw<ﬂx+@»]+a@&xm¢y+uxywa}.

8. Two Scales Estimation with Previous Tick Covariances
We here continue to look at the case (35) where there is microstructure noise on top of X and Y. In this

section, we do not make the assumptions from Section 7.1 above. (In particular, there is no need to take
noise to be “shrinking”).

8.1. Definition and analysis of two scales estimation

First, the average lag K previous tick realized covariance is defined by

My
] ] K 1 o
XY = 2 DOXD - XD ) - Y.
1=K

In analogy with development in Zhang, Mykland, and Ait-Sahalia (2005), we can now define a previous tick
two scales realized covariance (TSCV) by

o —

(X, Y)p=cn ([X",Y"](TK) K o yopld ))

ng
where cy is a constant that can be tuned for small sample precision and for our purposes must satisfy that
cy = 1+ op(M X,l/ 6) (see, in particular, Section 4.2 of Zhang, Mykland, and Ait-Sahalia (2005)), and
nx = (My — K +1)/K, and similarly for 72 ;.

The two scales are chosen such that 1 < J << K. Specifically, for the asymptotics, we require

K =Ky=0(N 2/3 ). J can be fixed or go to infinity with V. In the classical two scales setting, J = 1.

If we assume that the sequence (eZX ) f) is independent of the latent X and Y processes, has bounded

fourth moments, and is exponentially c-mixing, it follows from the proof of Lemma A.2 in Zhang, Mykland,
and Ait-Sahalia (2005) that

_ My
X V) — (K) _ 1K CAPR. 1/6
<X’ Y)T - <[X’ Y]T - ﬁiJ[X7 Y]T ) + E (; t; 37, J Z t; sz K ) + Op(M ) (38)
where “6X e} [2]” means €€} + el e (see Notation 1 in Section 3).

We now use the results in thls paper to analyze the first term in (38). If we assume conditions C1 and
C2, and if also J — o0, it follows that condition C3 is satisfied for the subsamples, and so from (8),

(K)o )

nK anT—*ﬂme+%wm“y

XY = 2Ry

ng
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where [X, Y], is the averaged subsampled version of the (unobserved) synchronized estimator [X, Y] ..
(K)

This is because the bias cancels to the relevant order! Specifically, the bias in [ X, Y],
(7), multiplied by 1/ K, and similarly for [ X Y](TJ ). Hence, in the end,

is the expression in

EV)p= (V) - 25y )+ 5 (ke Z Xl 2| +op(M). 39)

i=J
It can be verified directly that this is also true when J is fixed as n — oo, using the more complicated
Theorems 1-2.

Two things have ben achieved in this development. On the one hand, we have shown that in this case,
previous tick estimation reduces, for purposes of analysis, to using synchronized observations. The other is
that we do not need to be overly concerned with the precise dependence structure between eff and e}fi.

From (39), we can now obtain the asymptotic mixed normality of M/ N 6(<X Y)r — (X, Y)r) by just
recycling the results in Zhang, Mykland, and Ait-Sahalia (2005). We again stress that Condition C3 is not
required on the original grid V, so that one can take My = O(N).

A concrete limit theorem would be as follows:

Theorem 6. Assume that (X;) and (Y;) are Ité processes given by (1)-(2), with o> and o} continuous, and
,u%X and ,uf locally bounded. Observables X2 = andYy are given by (35), and the grid V satisfies (C1)-

(C2), with My /N — ¢1 > 0as N — oo. The scales J = Jn and K = Ky satisfy that KN/N2/3 — ¢y
and JN/NQ/3 — 0as N — oo. Assume that J = limy_., JN is either infinity, or exists and is finite.

Also assume that the noise processes are independent of (X;) and (Y;), and that the process (e ,€b) is
stationary and exponentially o-mixing, with EeX = Ee¥ = 0. Also suppose that et and €¥ have finite

(4 + 6)™ moment for some & > 0. Finally, define h; as in equation (43) in Zhang, Mykland, and Ait-Sahalia
(2005), with v; replacing t;, and set G, (t) = zqugt h; Av;. Assume that G, converges pointwise to G.

Then: N/ 6(<ﬁ>T — (X, Y) ) converges stably in law to wZ, where Z is standard normal (independent
of X andY ), and

1 _ T _ S

w? =S 1C2T/ [(X, XYYV Y, + (X, Y),)? | dG(t) + 31 |90,0 + Y000 +2 Y (it + Vi) | -
0 i=1

where ~y; ; = Cov(efgegf 2], e el ,[2]) (the precise form is rather tedious and is given in (52) ) and

Vijoo = limyj 00 7i 4, given by

Vioo = 2C0v(ef§, et)f)Cov( z,;, g) + 2C0v(et0, 55 )Cov( SYO, ;X) (40)

Note that the functions Gy, (t) and G(t) are exactly as in Zhang, Mykland, and Ait-Sahalia (2005),

and as argued on p. 1411 in that paper, G(t) always exists under Condition (C2), if necessary by using
subsequences. If the v;s are equidistant, we have G'(t) = 4/3.

The assumption of stationarity of subsequences is one of convenience, and is not required, at the cost of
more complicated expressions for the asymptotic variance. The deeper result is (39), which is not dependent
on stationarity.
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8.2. An illustration of behavior in data

We here provide an instance of how the estimators behave in data. The daily covariance of Microsoft (MSFT)
and Google (GOOG) were estimated based on the previous tick method from the transactions reported in
the TAQ database. The grid points VV were based on the refresh time method (Barndorff-Nielsen, Hansen,
Lunde, and Shephard (2008b); see Section 2.1 above for a description). Figure 1-2 give the average of the

daily estimates from the trading days of October 2005. In Figure 1, subsampling and averaging was used;
Figure 2 is based on the two scales estimator.

(10 Aggregated [X °,y°1 vs. K for MSFT & GOOG (Oct.03,2005-Oct.31,2005)
4.5

3.5

()

T

w
T

Aggregated [X °,Y°]
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I
[0} 50 100 150 200 250 300 350 400

Figure 1: Average estimator [X°, YO}%K) as a function of K.

From Figure 1, one can see that the Epps effect does kick in at the highest frequencies (at very small K,
the estimator sharply drops from 4 x 1075 to 1.1 x 10~°), while at more moderately small K, there is an
upward bias which is presumably due to microstructure. The Epps effect is substantially removed in the two
scale covariance estimator. In Figure 2, the TSCV is stable around 4 x 10~ for large enough K. Regardless

of the choice in K and J, it looks like that TSCV fluctuates in a much narrower range (between 4 X 10~ to
5.4 x 1079).
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Aggregated TSCV vs. K,J for MSFT & GOOG (Oct.03,2005-0Oct.31,2005)

Aggregated TSCV

v
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Figure 2: Two scales estimator (X, Y") as a function of J and K.

9. Conclusion: the Epps effect and its remedies

This paper is about how to estimate (X, Y)7 when the observation times of X and Y are not synchronized
and when the microstructure noise is present in the observed price processes. Using the previous-tick esti-
mator for (X, Y')7, we show in Theorem 1 that for positively associated assets X and Y', nonsynchronization
induces a negative bias in the estimator. The magnitude of this bias increases in sampling frequency, up to a
point; On the other hand, it decreases for more liquid assets. This is an analytic characterization of the Epps
effect (Epps (1979)).

To cope with this effect, the paper offers two approaches. On the one hand, the effect can be controlled
through a bias-variance trade-off. This trade-off provides a optimal scheme for subsampling observations.
The scheme can incorporate microstructure noise.

A more satisfying approach is two- or multiscale estimation. Section 8 shows that this approach elimi-
nates, at the same time, the biases due to asynchronicity and microstructure noise. The rate of convergence
is the same as that achieved in the scalar process case, where there is no asynchronicity.

The principles outlined can be applied similarly to multi scale estimation (Zhang (2006)), thus achieving
rate efficiency. A full development of this approach is deferred to later work.
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10. APPENDIX: PROOFS

PROOF OF THEOREM 1:
Assume first that X = 0 and ;¥ = 0. We know that the stochastic bias of [X, Y] is

My

min(t;,s;) T
S / (XY Yodu — (X, Y)p = /O (X, YV, d[Goy (u) — ],

i—1 Jmax(ti—1,5i-1)

where

t My

Ga(t) = / Z[ (max(ti—1, si-1) < v < min(t;, s;))dv
= Z (min(t;, s;) — max(t;—1,5-1)) + (t — 1)
s:min(t;,s4) <t

1
= Z (min(t;, s;) — max(t;—1, si-1)) + OP(N)
s:min(t;,84) <t

where t = max{l € 7 US : 1 < t}. Hence (11) follows since

Gy(t)—t = —max(t;,s1)—  »  (max(t,s;) — min(t;, s;)),

imax(t;,s;) <t

- _ Z (max(t;, s;) — min(t;, s;)) + Op(

i:max(ti,si)gt

1
N

To see why MLN fOT(X, Y)idFn(t) is RCP, note that under C2,0 < v;—t; <inf{r > v; : 7 € Tp}—t; < §

for some positive constant c;. Similarly, v; — s; < % for some positive constant cs.
Set0 < 6! = N(v; —t;) < candset0 < 6f = N(v; — s;) < c for some c. Then,

N 1
FFN() = My Z (max(;, ;) — min(d;, 57)]

N N i:max(t;,8;) <t
= — Z max (67, 67) — min(5},67)] + 0p(1) = Op(1).

v <t

Hence, lNFN(t) is RCP by Helly’s Theorem (Ash (1972), p 329). The same result for the stochastic bias
follows since (X, Y)} is continuous.

If we do not assume that X = 0 and ¥ = 0, it is easy to see that the contribution to the bias from
such terms is asymptotically negligible. To see this, we refer to Girsanov’s Theorem and the device used at
the beginning of the proof of Theorem 2 in Zhang, Mykland, and Ait-Sahalia (2005) (Section A.3, p. 1410).
This works unless the instantaneous correlation between X and Y is one. In this latter case, one should use
the methods of Mykland and Zhang (2006). "

Lemma 1. Let X and Y be It6 processes satisfying (1)-(2). Let v;, t;, and s; be the i-th sampling point, and
the previous ticks in X and in'Y, respectively, as defined in Section 2.1. Let Ry = Zi(RLi, Ry i and Rs ;),
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where

Rii = (Xt; — Xin(ts,s0)) (Ys; — Y, )
R2,z’ = (Xmax(ti,hsi,l) - Xti—l)(YSi - Ysi—l)
RS,Z’ = (Xmin(ti,si) - Xmax(ti_l,si_l))[()/si - Ymin(ti,si)) + (Ymax(ti—lysi—l) - Ytsifl)]

Then, under Conditions C1 and C2, U ](\7,1 Znsyn) is RCP in the sense of Definition 3, and

Ry = Op(—=), 4D

L
VN

in particular, its quadratic variation

T [T 1
(R, By) = / (YY) (X, X)L dU "™ + 0p(-), (42)
N Jo N
through any subsequence for which U&”O”SW) (the limit of U ](\? Znsyn) ) exists. O

PROOF OF LEMMA 1:

U](\? Znsyn) is RCP by the same methods as in the proof of Theorem 1.

Note that the leading terms in R ; -I23 ; are martingale increments, with order root N. This is because

Sme YR = Yot [ ax),

i min(s;,t;)
t;

= Y- YR [ XX o)

P min(s;,t;)

= YLK XL 1 — i) (s — minsi ) + 0y,

(2

Similarly,

7

<Z R27i, Z R27i> = Z<Y, Y>/Si71 (X, X>;Fl(max(t,-_1, Si—l) — ti—l)(si — Si—l) + Op(%).

At last, for ). Rs;:

<R3,i7 R3,’L> = / (Xmin(ti,si) - Xmax(ti_l,si_1))2d<}/a Y)u

min(t;,s;)

min(ti,si)
+ Z/ (Ymax(ti,hsi,l) - szi_1)2d<X7X>u

7 Jmax(ti—1,8i-1)

= Z (X, X>;/Z <Y, Y>;/Z (min(ti, Si) — max(ti_l, si_l))[(si — min(si, tz)) + (max(ti_l, 31‘—1) — Si—l)]

i

+ OP(N)
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The first transition in above is because
min(t;,s;)

<Z/ (Xmin(ti,si) - Xmax(ti,hsi,l))dyuy Z/ (Ymax(tifl,si,l) - }/;1—1>qu> =0.

min(t;,s;) max(t;—1,5i—1)

Now, left to compute that covariations between the different terms. As it turns out, the covariations are either
zero or of order op(%). In particular, it follows directly from the definitions of R; ;, R2; and I3 ; that on
the one hand

(Z Ry, ZRQJ-) = 0 and <Z Ry, Z Rs;) =0,

while on the other hand,

<Z RQ,iv Z R3,i> = Z/ (Xmax(ti_l,si_l) - Xtifl)(Xmin(ti,si) - Xmax(ti_l,si_l))d<y> Y>u

5 Jmin(t;,s;)

, min(ti,si) 1
= Z<Y7 Yv>tZ (Si - min(ti7 sl)) / (Xmax(tifl,sifﬂ - Xti—1)dXU + Op(ﬁ)a
i max(t;—1,5;-1)
whose main order has a quadratic variation
9 5 min(t;,s;) )
Z (<Y7 Y>;Z) (Si - min(tiﬂ 87»)) / (Xmax(tifl,sifl) - Xti—l) d<X7 X>u
i max(t;—1,5;1)
1
= > (s — min(t;, 5,))2((Y, Y),)2((X, X)7.)* (min(ts, s;) — max(t;—1, s-1)) (max(ti—1, si-1) — ti1) + op(~)
3 K3 N
i
1
= Op(ﬁ)

the order in the final step is because: under Conditions C1 and C2, 0 < v; — s; < inf{7 > v; : 7 €
7.} — s; < c1/N for some ¢y, and v; — t; < co/N for some co. Hence, |s; — min(¢;, s;)] = O(1/N),
|max(ti—1,si—1) —ti—1| = O(1/N), and |min(¢;, s;) —max(t;—1, s;—1)| < |min(¢;, s;) —vi| +|vi —vi_1|+
|Ui71 — max(ti,l, Si,1)| = O(l/M) Therefore, <Zz R27Z’, Zz R37i> = Op(N_S/Q) = Op(N_l).

Put together the above results, we have

1
<Z(R1,i + Ro; + R3,), Z(Rl,i + Ry + R3;)) = Z(<R1,ia Ri;) + (Ray, Rai) + (Rs,i, R34)) + Op(N)

K3 2 K3

= Z<X7 X);l <}/’ Y);l [(Sz — Sz;l)(ti — tz;l) — (max(tifl, 82;1) - min(ti, Si))2 + Op(

%

1
N))

taking the limit (for convergent subsequences), Lemma 1 follows from the theory in Chapter VI in Jacod
and Shiryaev (2003). ]

PROOF OF THEOREM 2:
Note that

[X7 Y]T = Z(Xmin(ti,si) - Xmax(ti_l,si_l))(Ymin(ti,si) - Ymax(ti_hsi_l)) + Z(Rl,i + R2,i + R3,i)'

)
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Invoking It6’s formula on the first term, we obtain,

Z(Xmin(ti,si) - Xmax(ti_l,si_l))(Ymin(ti,si) - Ymax(ti_l,si_l))
A
min tz,sl

= Z((X, Y)min(ti,s) <X Y>max ti—1,8i—1) +Z/ X Xmax( 1,si,1))dYu[2]

1 max i—1,8i— l

min(t;,s;) , min(t;,s;)
-y Y du+ Y | (X~ Xt 1sr )AVal2]

max(t;—1,5;,-1) 5 Jmax(t;—1,5,-1)

The asymptotic variance of [X, Y|r has two components, one — ) . (R1; + Ra; + R3;) — comes from the
nonsynchronization, while the other — Y, fg;: t“sll)s 1)(X — Xinax(t;_1,5_1))@Yu[2] — is because of the
discrete trading (or recording) time. The former is analyzed in Lemma 1. Now we are left to show the result

in the latter term and the interaction between the two terms.
We start with the quadratic variation of 3, [™" t“sl) (Xu = Xmax(ti_1,51))dYu[2].

max i—1,8i— 1)

min(t;,s;) min(t;,s;)
<Z/ (Xu - Xmax(ti,l,si,l))dyup]a Z/ (Xu - Xmax(ti,l,si,l))dyu [2]>

max(t;—1,5;—-1) 7 Jmax(ti—1,5i-1)

min(t;,s;)
= Z/ (XU - Xmax(ti_l,s,-_1))2d<yv Y>U

max(t;—1,8i—1)

min(t;,s;)
+Z/ (Y — Yinax(ts .0 1)) A, X

i max(tifl,sifl)
min(t;,s;)
+2 Z/ (XU - Xmax(tifl,sifl))(yu - Ymax(tifl,sifl))d<X7 Y>u

i max(tifl,sifl)

— Z(X, X, (Y,Y), (min(t;, s;) — max(ti—1, 8i-1))>

57X YY) (min(t, 55) — max(ti 1, si1)2 + Qur(2] + op(%/z),
, MY

where
min(ti 7:31')

Qnrl2] = 2ZXX / (min(t;, si) — w)(Ya = Yoax(ts _1,551))4Yu[2]

max(t;_1,5—1)

+2 Z(X, Y);i/

max(t;—1,5;—1

min(t;,s;)

) (min(ti’ Si) )(X Xmax( ti_ 1,s¢71))dYu [2]

By the results and the methods in Lemma 2 ( with o; = max(t;—1, s;—1) and 3; = min(¢;, s;)), we obtain
that the quadratic variation of Q) x[2] is as follows:

(@n[2], QN (2])
= ; Z (min(t;, s;) — max(t;—1, Sifl))él

X0, PV YN 4 6 X0, )Y Y )UX Y ) 4+ (1)) x (1+ 0,(1).
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Under Condition C2, we know that Qn 7[2] = Op(#).
By continuity, and using (13)
D (X, X)) (YY) (min(ti, s;) — max(ti-1,8i-1))% + Z (X, V), ) (min(ty, s;) — max(ti_1, si—1))>
T T / / (dis)
— [ [ XY ), (XY )] dU).
0

For a rigorous proof of similar statements under lesser regularity conditions, see Proposition 1 and Proposi-
tion 3 in Mykland and Zhang (2006).

To see equation (13), let 53 and ! be as defined in the proof of Theorem 1, and set Av = T'/My. We
then get that

min(t;, s;) — max(t;_1,s5,_1) = Av — N~ (max(6¢, 67) — min(8¢_, 65 1)).
Hence,
(dis) _ Mn Av t s - st s -2
U =7 S (@ -2 (o) w6100 + 0N )
:u—2FN( )+ O(MyY) + O((My/N)?),
proving (13).

tl 197
Next we study the interaction term. Since ), f;n;j: o )s »

we only need to show the interaction between >, frﬁlali(t Sf)s o (Xu = Xonax(ti_1,5i1))dYu and 37, (R +
Ry + R3;). First, it is obvious that

min(t;,s;)
<Z/ (Xu - Xmax(tifl,sifﬂ)dym Z Rl,i) =0.

max(ti,1 ,Si— 1)

)(Xu — Xmax(ti_1,5_1))@Yx[2] is symmetric,

For the rest, we have

min(t;,s;)
<Z/ (Xu - Xmax(ti,l,sifl))dyw Z RQ,i>

5 Jmax(ti—1,5i-1)

min(t;,s;)
= Z/ (XU - Xmax(ti_l,si_l))(Xmax(ti_l,si_l) - th;l)dgfa Y>u

i max(ti_l,si_l)
min(t;,s;) , )
= Z(Xmax(ti,l,si,l) - Xti—l) / <Yv Y>ti,1 (mln(tia si) - u)qu X (1 + Op(l))7

i max(t;—1,5i—1)

which has a quadratic variation

min(t;,s;)

S Kanacttsr ) — Xeo 2V )2 / (min(ts, 51) — u)2d(X, X x (1+ 0p(1)

i max(t;_1,5;-1)

IN

;sgp (Y, Y))? sup (X, X)) (max(ti—1, si—1) — ti—1)(min(t;, s;) — max(ti—1,5i-1))° x (1 + 0,(1))

i

1
Oz
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Hence

min(ti,si) 1
Xu — Xmax i—1,Si— dYy, R al = @) .
E (o B¥er 3 R = Ol )

By same method,

min(t;,s;) .
Xu - Xmax 8 dYu, R )= O )
<Z /Inax(ti178i1)( (t1717 i 1)) ; 3, > p(\/NM)

In sum, the interaction term is negligible. Theorem 2 is proved. "
For next Lemma, we use the notation [ XdY[2] = [ XdY + [YdX.

Lemma 2. Let X and Y be Ito processes satisfying (1)-(2). Let N and My be as defined in Section 2.1.
Denote

My Bi
Qv =2 (YY), / (Bi — u)( Xy — Xa,)d X,
i=1 i

and
My Bi
Ry =Y (XYY, [ (= w)(X, - Xo)dV,f2
i=1 Qi
Assuming Condition C1, then
1N 1
Z / PAYY)e = 5 XX VY (5~ 00+ Qv+ oy )
Qi i=1 N

where QQ n has quadratic variation

,Z (X, X)L )2 (YY) )2 (85 — a)t x (1+ 0p(1)).

Similarly,

Z/a o) (Yo — Yo, )d(X, 72 (X, V)0 ) (B: — i) +RN+op(]\413/2),

N

where Ry has quadratic variation

*Z (X, YY) (0, X)) (Y, Y )0 ) (Bi — i) x (1 + 0p(1).

PROOF OF LEMMA 2:
We first show that

Bi u Bi u
o= ein, [0 XaaXudu = 5506006 - o) (14 0y(0). 43
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Use integration by parts on the outer integration, we get
Bi fu Bi Bi
/ (Xy — Xo,)dXpdu = (6 — ai)/ (Xy — Xo,)dXy — / (u— ) ( Xy — Xq,)dX,,
Bi
= / (ﬁz - u)(Xu - Xai)quy
which has quadratic variation
Bi ) 5 Bi 5
[ G- - XX X0 = [ (B (XX~ (X X0 )X XX (14 0, (1)
1 \2 A 2

= <<X,X>ai> [ = aidu x 1+ 0y(1)
= (<X X)h)2 (8 = aa)* x (14 0,(1))

Next, invoke Itd’s formula,

> [t - Xa vy,

- Z<Y7Y>i1i/ﬁi (X Xai)zdu—l—op(M];‘gm)

My

Bi Bi u
- Z / — (X, X)qo,;)du + 2 Z(Y, Y. / / (Xy — Xo,)dXpdu + Op(M];3/2)

=1
= *ZXX(M(Y Y)Y (Bi— i)+ Qn + 0, (MyY?) by (43)
=1

Similarly,

My 8;
S [ Xa) (V= Ya)dlX V),
i=1v%

Mn Bi
= S, Y>’/ (Xu = Xo,)(Yu — Yo, )du + 0y (My*?)
i=1 i
Bi Mn Bi U
_ — (X, Yo )du+ > (X, V), (X — Xo,)dY,[2] ) du + 0y (My*?)
Yo, o > ([, ) st

- ;Z ((X, Y>/Oci)2(/8i - ai)Q + Ry + Op(M];:%/Q)

PROOF OF THEOREM 4. Since in this case, U ](\7 ;msy") — 0, it follows from the proof of Theorem
2 that we can take Ly in Theorem 3 to be ), fmm(t“sl) (Xu — Xmax(ti_1,5:-1))dYu[2]. Now set

ax(tz 1 75171)
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max(t;,s;) max(t;,s;
=% ax((tl 1,8i—1) (Xu — Xmax(t;_1,551))@Yu[2]. To assess Ly — Ly = D zfz,sz)))(Xu —
Xmax(ti,l,sifl))dy [ ] note that

max(ti,s;) max(t;,s;)
<Z/ (t ) (X Xmax( ti_ 1,5i1))dYU7Z/' (t ) (X Xmax(l 1,si,1))dYu>
max(t;,s;) )
= Z/ (t051) (XU _Xmax(ti,l,sifl)) d<Y7Y>u

max(t;,s;)
=) (XX hastte s )Y Y Diningeaso) / (u — max(t;—1, si-1))du(l + 0p(1))

min(t;,s;)
1 T
<y [ e yya
N 0
- OP(I/N)7

and similarly for the second term. This shows the result for w; = max(¢;, s;). The result for v; follows
similarly. "

PROOF OF COROLLARY 2: To show equation (21), define &} and 43 as in the proof of Theorem 1. We
then obtain that (with Av = T'/My)

N

Z (si — si—1)(ti — ti—1)
2:54,t;<u
— T D (@) NTIA(E 5 y) — N~ 5Ly + N - 56 - 8Ly)

i:si,tigu
:% S (A0) +o(1) (44)

i:54,t;<u
(by telescope sum) and

N

T Z (max(t;_1,s;_1) — min(t;, s;))?
i:54,t; <u
N 1 s st
=7 Z ((Av)? = 2N~ Av(max (53, 6%) — min(65_,6f 1)) + o(1)
iZSi,tiSu
N N
= — Av)? —2—F 1 45
T 2. (B0 =25 Fx(u) +o(1) (45)
:84,t; <u
Since U ](\7,1 Z”Sy") is defined as the difference between the two above terms, the result (21) follows. '

PROOF OF THEOREM 5. The proof is similar to that of the earlier results; the main difference lies in
verifying that the relevant sequences are RCP in the sense of Definition 3. We here provide the argument in
the case of the bias; entirely similar considerations apply to the variance.

Consider first the term

Mia ;(vz —max(s;, t;)) < M&a Z(Uz —8;) + M& Z(”Z — 1) 46)
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Suppose one considers the following subsampling scheme: every time 7; occurs, it is sampled with proba-
bility coe/\X (7;). By standard considerations, the subsampled times 7/ are derived from a Poisson process
with intensity ca. Suppose that the number of such 7/ is n'. If #; = max{7; < v;} one obtains that

Miz(”i —t) < Miz(”i — ) 47)

«
3

Note that by the Poisson property of the 7/, the expectation of the right hand side of (47) is bounded by 1/c,
hence (47) is Op(1). By using the same argument on the s;s, one thus obtains that (46) is Op(1). Finally, if
N’ = m/ +n/, by the law of large numbers, N’ /ac — 2¢T as @ — oo. Hence MLNFN(T) is Op(1). Again,
by Helly’s Theorem (Ash (1972), p. 329), lNF N (t) is RCP. The rest of the proof follows similarly. "

PROOF OF COROLLARY 4:

Let v;, s;, and t; be the same as in Section 2.1. Since X and Y are Poisson with intensities )\f and )\};,
respectively, we get v; — t; ~ exp(A\X)?, and v; — s; ~ exp(\Y ), thus

v; — max(t;, 5;) = min ((v; — t;), (v; — 8i)) ~ exp(AX + AY).

Also, since
v; —min(t;, s;) = max (v; — t;,v; — 8;)
= (’UZ' — ti) + (Ui — 32’) — min (Ui — 3,05 — Si)
~ exp(Ay) +exp(Ay) —exp(Ay +AY) (48)
then,
k
Fn(og) = =3 [=(ui — min(ts,50)) + (v; — max(ti, 5:))] + Opl( ). (49)
1_1 ) M p N
Under our assumptions,
1 1 2 1
E|F = k-~~~ — v +——=)+0(—).

Also note that N/(AXT+A\Y'T) — 1 in probability. By appropriate normalization, it follows that (31) holds
in expectation. By observing that (49) is an independent sum, it also follows that (31) holds in probability.
Thus, (32) yields accordingly. "

PROOF OF COROLLARY 5:

This is a direct consequence of Theorem 2 and Corollaries 2 and 4. We here provide an independent
proof as an addition. Again use the relation (48), we obtain

. 1 1 1
E[’UZ‘ — mln(ti, Sz‘)‘"l)i] = Aix + )\T - m, (50)

2X ~ exp(\) means X follow exponential distribution with intensity .
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and

FE ((min(ti, SZ') — 'Ui)2|Ui)

2 2 2 2
= + + + — 2E[(v; — t;) min(v; — t;,v; — s;)|vi][2]
A2 N2 X+ AN
2 2 2 2 2 AX Y

= — — 4+ —= 51
EE STV AT SR VSLID VNG S T PV EE oY
where E[(v; — t;) min(v; — t;,v; — si)|v][2] = E[((v; — t;) + (v; — s;)) min(v; — t;,v; — s;)|vg]. The first
step is due to the independence between X and Y, and the second step is because
YOS T
AX X A2 AN

E[(vi — s;) min(v; — tj,v; — 83)|v;] =

Thus, by independent increment and by (50)-(51), we get

FE min(ti, Si) — max(tifl, 81;1))2|UZ']

[(
= E[((min(ti, Si) — Uz‘) + (UZ‘ — 1)1‘_1) + (1),'_1 — max(ti_l, 31‘—1))2’7)1']

T 2 M, 2 1 1 1
= (=) {142 ).
ST { Ty (A%Ag X AY>}+O<a2)

Therefore,

T[ M, 2 1
1+

(dis) 1 1
BUvwe = *n 127 O gy —ax — a0t %2)} '

Similarly, E[(SZ — 87;_1)] = E[(Sl — Ui) + (Ui — Ui—l) + (Ui—l — si_l)\vi] = Mla = E[(tz — ti_l)\vi], thus,

(nonsyn)y X Y T 2 1 1 1
E(U]\f,u,c ) = 2(Ay +/\a)k[ﬁa(_m+)\7+g)+0(g)]'

(67

By the same argument as in the proof of Corollary 4 and the results in Theorem 2, the asymptotic stochastic
variance due to discretization is

T 4 1\2 / / T [ I T 1\2 / /
E 0 ((Xv Y>u) + <X1 X>u<Y7 Y>udu - 2N gi)( + eiy 0 (<X7 Y)u) + <X7 X>u<Y7 Y>udu7

whereas the the asymptotic stochastic variance due to nonsynchonization is
T [T X
2N/0 (X, X), (YY), du <€X + £Y>
Adding up, (33) follows by the law of large numbers. "

PROOF OF THEOREM 6: Consider separately the signal and noise terms in (39). This is legitimate since
the two terms are independent. It is easy to see that the term involving the semimartingales X and Y is
handled exactly in analogy with the similar development (Theorem 3) in Zhang, Mykland, and Ait-Sahalia
(2005), integrating the methodology from Theorem 2 in the current paper. The constant appears as follows:

the constant ¢ from the earlier paper is here ¢ ~ Ky /]\/.1'12\,/3 ~ CQC;Z/ 3,
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For the noise term, replace normalization by N1/6 /KN by M ]:,1/ 2 (thus creating a constant of ci/ 202_ L

which is squared in the variance). We now have to deal with two suitably normalized mixing sums. The
asymptotic normality follows as in Chapter 5 of Hall and Heyde (1980). It is easy to verify that the two sums
are asymptotically uncorrelated. If one sets ; ; = Cov(ep e} ;121 e el _,[2]), the asymptotic variance of
the “J” term thus gets the form o s + 23>, 7;,7, and s1m11arly for the “K” term (let J — oo is it isn’t

already there). To see the expression for ; ;, note that

_ X Y Y X XY Y X
ry’ivj _COV(Eto s_ +650€t PR th EsZ —j +6816t1 J)

= 2COV(efg,eti)COV( v er)+ 2Cov(et0, Y)Cov(el . €&))

507 €4
+Cov(efé,e§/ )Cov(e)l &)+ Cov(e), i_j)Cov(efij,eg)

Y Y X X
+ Cov(e; )Cov( S.) + Cov(egy, €5, )Cov(es , € )
X X Y Y Y X X
+ cum(6t07 t; 5 651 ]) + Cum( sov s ’ Et,J Eti,j)
X X Y X X Y Y
+ cum(ejy, € €5, ) +cum(ef; , €, €505 €5, ) (52)
Obviously, as j — o0, 7; ; tends to the expression in (40). "
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