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Given a set of models, indexed by  k = 1,2,. . . , K,  let   Lk  denote the maximized likelihood under the k-th model.  

Akaike's (1973), Schwarz's (1978) and Kashyap's (1982) model-selection criteria involve   log Lk.  It has become customary to multiply this by negative 2 in expressing the criteria

(giving a smaller-is-better criterion); the criteria then take the form

          GIC(k)   =   -2 log(Lk)   +   a(n) mk    +   bk,

where "GIC" denotes "Generalized Information Criterion,"  "log"  denotes the natural (base e) logarithm, and

     mk =  number of independent parameters in the k-th model,

     a(n)=  2,  for all n,  bk  = 0, for Akaike's criterion AIC,

     a(n)  =  log n,  bk  =  0,  for Schwarz's criterion,

     a(n)   =  log n,  bk = log[det Bk],  for Kashyap's criterion,

     det  =  determinant,

and

     nBk  =  negative of matrix of second partial derivatives of the log likelihood with respect to the parameters, evaluated at their maximum likelihood estimates.

The expected value of  Bk  is the Fisher information matrix.

Note that Bk is O(1) with respect to n.  The bigger  det Bk is,  the higher the penalty in Kashyap's criterion.  

Another criterion would result by replacing  Bk  by its expectation, the FIM.   This criterion would be 

-2 log(Lk) +  a(n)mk  +  log det FIMk,

=  -2 log(Lk) +  a(n)mk  - log det IFIMk,

where IFIM is the Inverse Fisher Information Matrix.  

   The IFIM is often the covariance matrix of the MLEs.  The larger this covariance matrix, the lower (better) the value of the MSC.  (This seems counter-intuitive.  But the larger the covariance matrix involved in Lk, the smaller the likelihood will be, and the larger will be -2 log likelihood.  So the additional Kashyap term mitigates this.  It involves the covariance matrix of the estimates, whereas the likelihood involves the covariance matrix of the residuals.)

   The factor  a(n)  is to be thought of as a per-parameter penalty.  Its value provides an answer to the question of how much an additional parameter must improve the fit before it should be  included in the model.  An additional parameter will be included in the model if the  improvement in  2 log(max Lk)  is greater than  a(n),  i.e., if  max Lk improves by a factor greater than  exp[a(n)/2].

   AIC generally chooses a model with more parameters

than do the others.  Since for n greater than 8,  log n  is greater than 2, Schwarz's criterion will choose a model no larger than that chosen by Akaike's, for n greater than 8.

   In homoscedastic Gaussian models, -2 log(max Lk)  is,

except for constants,  n  times the log of the maximum likelihood

estimate of the variance.  More precisely, for p-variate normal samples, the criterion is of the form

           np log(2) + n log(det Sk) +  np  +  a(n)mk,

where  Sk is the maximum likelihood estimate of the

error covariance matrix under model k.  The larger the determinant of the covariance matrix, the higher the criterion, and the corresponding model is judged to be less good.    
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