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Abstract

Given a two-person, nonzero-sum stochastic game where the second player
controls the transitions, we formulate a linear complementarity problem
LCP(q, M) whose solution gives a Nash equilibrium pair of stationary strate-
gies under the limiting average payoff criterion. The matrix M will be con-
structed so that Lemke’s algorithm will process it. We will also do the same
for a special class of N-person stochastic games called polystochastic games.

Keywords: Stochastic games, Linear Complementarity Problem, Lemke’s
algorithm

1. Introduction

Discounted stochastic games were first introduced by Shapley (see [1]). In a
stochastic game I', we have a finite set of states S = {1,2,...,s}, and for
each state t € S there are two finite sets A(tf) = {1,2,...,a;} and B(t) =
{1,2,...,b;} called the action sets for players I and II respectively. For each
triple (¢,a,b) with a € A(t) and b € B(t) there is a pair of immediate costs
(r'(t,a,b),r%(t, a,b)) for players (LII) as well as a probability distribution
plt,a,b] on the set S. Given an initial state ¢, € S, the game is played as
follows. The players simultaneously choose actions a® € A(ty) and b° € B(t,)
resulting in the costs r1(t, a® b%) and r%(ty, a®, b°) to be paid by players I and
IT respectively. The system moves to a new state t; according to plty, a®, %],
and the players again choose actions a' € A(t;) and b* € B(t;). Accordingly
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the costs r'(ty,a',b*) and 72(t1,a',b') are again paid by their respective
players, and the game moves to a new state ¢, according to p[t;,a',b']. The
game continues indefinitely generating two streams of costs r1(;, a’,b') and
r2(t;,al,b') as i = 1,2,.... A general strategy for a player would be a function
from the set of all possible histories into the set of probability distributions
over the player’s action space. A general strategy can therefore be very
complicated but nevertheless, given a pair of strategies (m, p) for both players,
we can evaluate the expected (-discounted values (for 0 < 3 < 1):

(1) @p(m, p)(to) = 5o B"rp(to, T, p)
(2) d5(m, p)(to) = X520 Br5(to, T, p)

where t, is the starting state, and . (o, 7, p) (72 (to, 7, p)) is the expected cost
to player I(II) at the nth stage when the players are using 7 and p. Thus we
treat (]%(71’, p) and (]%(71’, p) as payoff vectors indexed by the starting state.
We say that a pair of strategies (7*, p*) comprise a 3-discounted equilibrium
point (in the sense of Nash) if for any pair of strategies (m, p) the following
conditions hold simultaneously:

fort = 1,...,s. Another, generally more difficult to "handle”, payoff criterion
is the limiting average cost. Under the same notation as above we explicitly
write:

(5) ¢1 (7‘(‘, P) (to) = lim SUPT 00 %4.1 3:0 Ti(toa ™, :0)

(6) @*(m,p)(to) = limsupy, o 747 Syg 72 (t0, 7, p)
to represent the expected limiting average cost to the respective players when
they are using the pair of strategies (m, p). By dropping the (’s we get the
analogues of (3) and (4) under this second cost criterion:

(7) ¢ (", p*)(t) < ' (m, p")(2)
(8) ¢*(m*, p*)(t) < ¢*(7*, p)(2)

It should be noted that adding a fixed constant to all the payoffs does not
affect the equilibrium points of the game. Hence, without loss of generality,
we can assume that all the immediate costs are strictly positive.

A strategy m (p) for player I (II) is called stationary if it only depends on
the current state. Such strategies can generally be mixed. Nevertheless,
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they are much simpler than behavioral strategies, thus giving hope for finite
algorithms to solve games which possess stationary equilibrium points (equi-
librium pairs with both strategies being stationary). Here the notation to
be used will be that for any a € A(t), m(¢,a) is the probability that player I
chooses action a in state ¢ under the strategy «. Similarly for any b € B(t),
p(t,b) is the probability that player II chooses action b in state ¢ under the
strategy p.

Given a pair of stationary strategies (, p), we write r(m, p) to be the s x1 col-
umn vector whose kth coordinate is given by > 7*, ;’-’“:1 r(k, i, j)m(k,3)p(k, 7).
We also write P(7, p) to be the s X s matrix whose (k,)th entry is given by
ik ;’-’;1 plk, 1, )i (k,i)p(k, 7). Note that P(m,p) is simply the transition

matrix of the Markov chain induced by 7 and p. Accordingly, P*(m, p) will
denote the stationary matrix limg e 7og Simg[P (7, p)]"-

2. Single-Controller Stochastic Games

A stochastic game is of the single-controller type if the transition probabil-
ities only depend on one of the players. In this paper we will assume the
controlling player to be player II. In terms of our notation this means that:

(9) plt,a,b] =p[t,1,b] Vte S,V(a,b) € (A(t), B(t))

Hence we can write p[t,a,b] = p[t,b]. The following stochastic game is an
example of a single-controller game.



In each state player I is the row player and player II is the column player.

The ordered pairs represent the immediate costs to the players, the first
coordinate for player I and the second coordinate for player II. In both states
the transition probability vector depends only on the column (i.e. player II’s
choice).
It is known that the class of single-controller stochastic games (both zero-sum
and nonzero-sum) possess stationary equilibria. That is, for single-controller
games, there always exists a pair of stationary strategies (7%, p*) satisfying (7)
and (8) above. Furthermore, the orderfield property holds for single-controller
games (that is, the solution to the game lies in the same Archimedean ordered
field as the data). The orderfield property is a key evidence to suggest that
a finite algorithm to solve the game may exist. Indeed finite step algorithms
were given for discounted and irreducible undiscounted single-controller non-
zero sum stochastic games [Nowak and Raghavan (1982)]. An efficient algo-
rithm for solving the discounted case with a single LCP was recently given
by Mohan, Neogy, and Parthasarathy (1997).

3. The Linear Complementarity Problem

The linear complementarity problem can be stated as follows. Given a vector
q € R" and a matrix M € R™*", find a vector z such that:

(10) w=q+ Mz
(11) z,w >0
(12) 2Tw =0

The system (10)-(12) is usually denoted LCP(q, M). It can be shown that the
LCP is a generalization of the well known LP (linear program). In a historic
work of C. E. Lemke[1964], a simplex-like pivoting algorithm is given to
process LCP’s. Unfortunately, the algorithm does not always find a solution
to a given LCP. There are, however, certain classes of matrices M for which
Lemke’s algorithm will process LCP(q, M).

It is well known that an ordinary, zero-sum matrix game can be solved by
a single LP. The same was done for zero-sum, single-controller, stochastic
games for both discounted and limiting average costs. For nonzero-sum, bi-
matrix games, linear programming is not enough. However, it has been shown
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that they can be solved by a single LCP. Furthermore, Lemke’s algorithm
will always generate a solution for the class of LCP’s arising from bima-
trix games. This gives hope for the nonzero-sum, single-controller stochastic
games. Using the discounted cost criteria, it has been shown that such games
can be solved by a single LCP and that Lemke’s algorithm will process the
LCP (Mohan, Neogy, and Parthasarathy [1997]). In this paper we will show
that under the limiting average cost criterion, these games can be solved by
a single, Lemke-processible, LCP as well.

4. Formulation

We begin by analyzing the conditions (7) and (8) for the single-controller
game.

We first note that if in (7) and (8) we restrict @*, p*, 7w, and p to only sta-
tionary strategies, then (7*, p*) would still be an equilibrium point as defined
without the restriction. This can be seen by noticing that when one player’s
strategy is fixed to a stationary one, the other player is faced with an MDP.

From dynamic programming literature (Blackwell[1962]) it is well-known that
@' (m, p) = P*(m, p)ri(m, p) for i = 1,2. Since the transitions only depend on
player II's actions, P(m,p) can be written as P(p). Now (7) reduces to
componentwise inequality

(13) P*(p")r(m™, p*) < P*(p")r(m, p*) V.

The standard reduction of (13) would entail ”cancelling” the P*(p*) from
both sides of the inequality and simply requiring that

(14) r(m*, p*) < r(m, p*) V.

Here (14) is a stronger condition than (13), and in many cases it is much
more than we actually need. After all, (13) is satisfied as long as r(7*, p*); <
r(m, p*)s, Vo is true for all recurrent states ¢ in the Markov chain induced by
p* (because P*(p*) is zero in the columns corresponding to transient states)
whereas (14) requires that it be true for all states.

As for player IT’s side of the equilibrium condition, there is really no reduc-
tion. The requirement in (8), unlike in (7), can change entirely with each
strategy p. Thus, the task of formulating a mathematical program to solve
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(7) and (8) will involve a combination of the traditional MDP (coming from
player II's side of the game) and simple linear inequalities (from player I's
side of the game). Fortunately limiting average MDP’s have a nice linear
programming formulation. Therefore, in constructing our LCP, we will em-
bed both the LP arising from (8) and the linear inequalities arising from (14)
into a single LCP.

Next we consider the MDP arising from player I fixing his strategy to a sta-
tionary strategy m. When player II chooses action b in state ¢, the immediate
cost incurred is given by 7(¢,b) = 3¢, w(t,4)r?(¢,4,b). The transitions of the
MDP are the same as those of the original game since 7 has no influence on
them. Using the LP formulation for limiting average MDP’s, player II's best
reply to m comes as a solution to the following pair of dual LP’s:

Primal
Maximize + 35 1gﬁ(')
s.t. (15) o(i) — 1p[z b]] #(j) <0 Vi € S,Vb € B(i)
(16) ¢(i) + () 251 pli; blju(y) < 7(i,b) Vie S,vb e B(i)
(17)  &(4),u(7) unrestricted VieS
Dual

Minimize 37i_; Ypep) 74 b)Ti
s.t. (18) Xyen( x]b-i-zbeg ) Yjb — Si=1 Sven() Pl by =+ Vj €S

(19) Xiep() Tjp — 2i- 121763 ple, bz = 0 VjeS
(20) Tip = O s Yip 2> 0 Vi € S,
Vb € B(i)

In this setup we have y; and x; complementary to (15) and (16) respec-
tively. Conversely we have ¢(j) and u(j) complementary to (18) and (19)
respectively. Suppose we have an optimal solution for both programs, say
(¢*,u*,x*,y*). Then player II's optimal strategy p* (against 7) would be
extracted as follows:

*(Z b) — x:b/ ZcGB(i) .’E;‘c when ZcGB(z’) .’E;Fc >0
P Ui/ 2ceB(i) Yie otherwise

One can verify (using (18)) that p* is well defined. Also we have ¢*(i) =
& (m,p*). A key property of this pair of LP’s is that those states ¢ € S for
which - cp; = 0 are transient in the Markov chain induced by p*. Next
we make a few mlnor adjustments to (15)-(20) so that they can be put into
LCP form.



The first point is that we can replace (19) with
(21) 2 beB(j) Ljb — > 2 beB(i) pli,bljzp >0 Vj €S

Clearly (19) implies (21). To see the other direction we just sum (21) over j
to get

o
I IA

Y ies[Xven() Tib — Li=1 2beB(i) Pl bl 7]
Zjes ZbeB(j) Tjp — ZjES i EbEB(z’) plt, b]jxib
Yjes LbeB(j) Tip — 2i=1 2ubeB(i) 2jes Pli T
> jes ZbeB(j) Tjp — Djes Z:beB(j) L b

0

Hence (21) implies (19). After replacing (19) with (21) and remembering that
equality will hold for any optimal solution, we can tighten another restriction.
Namely, the complementary slackness variables to (19), the u(i)’s, can be
restricted to being nonnegative. To see this, note that changing from v to @
where 4(i) = u(i)+0, Vi € S,¥0 € R has no effect on the objective function of
the primal LP, does not change (16) in any way. Further the complementary
slackness with (21) iis untouched. Hence we can change the condition on u
in (17) to u(z) > 0Vi € S.

The next changes will have no effect on the optimal solutions of the the
LP’s. Remember that we are assuming r(t,a,b) > 0,V(t,a,b). Let m =
minqpr(t,a,b). Consider the pair (¢, @) where ¢(i) = m,Vi € S and
% = 0,Vi € S. On substituting (é,a) into the primal LP, it is immediate
that it is a feasible solution. It is well known that an optimal ¢ for this LP
will dominate all feasible ¢ in every coordinate. Hence, any optimal solution
¢*, u* will satisfy ¢*(i) > ¢(i) = m > 0. Therefore we can reduce the feasible
set of the primal even further by requiring ¢(i) > 0,Vi € S. Finally, since
we know that the optimal ¢* has all positive coordinates, by complementary
slackness we must have equality in (18) for any optimal pair (z*,y*). Hence
we can change (18) to

(22) Soen) Tiv + Loen() Yib — Soim1 Sven) Pli, bliyn >+ Vj €S

In other words, having strict inequality in the jth inequality of (22) would
only hurt ¢ by bringing ¢(j) to 0. One additional adjustment (the importance
of which will be seen later) will be to change (16) to

(16')  p(3) + (@) — X5 pli, blyuly) < 7(4,0) + iy Ceenp) Tav
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Here we have simply added the fixed quantity >}, > e p(i) T to 7(s,b) for
Vi € S,Vb € B(i). Since z; > 0, we have that at a complementary solution
¢(i) > 0,Vi € S. Using complementary slackness in the dual LP and sum-
ming (22) over j € S we get >7_; Ypepi) T = 1. Hence the only effect of
changing (16) to (16') is that the optimal ¢ value will have all coordinates
increased by 1. From dynamic programming we know that adding a fixed
constant to all the immediate costs has no effect on the optimal strategy.

Putting in all the changes gives the following set of inequalities:

0(i) = Ljm pliy Bl (7) < 0 Vi € S,Vb € B(i)
¢()+U() 31 o[t blyu(y) < 7(i,b) + i 121@ zip Vi € S,Vb € B(i)
EbeB y Ljb + EbeB yYj — Zz 1 EbeB [Z b]]yzb Vies
2beB(j) Tib — =1 ZbeB ) Pli, bljzip > 0 VjesS
¢MUmem>0 Vi € S,Vb € B(i)

Any solution to these inequalities which maintains the complementary con-
ditions from the LP’s will provide an optimal stationary strategy for player
IT when player I fixes his strategy to an arbitrary stationary .

Next we will construct a set of complementary inequalities to take care of
(13). Recall that (13) will be valid if the vector inequality (14) is true on those
coordinates corresponding to recurrent states of the Markov chain induced
by p* (again assume that 7*, p* satisfy (7) and (8)). Consider the following
set of inequalities:

(23) YeeBe) T (i, a,b)p*(1,b0) > v(i) Vi€ S,Va € A(4)
(24) ZaGA(z Zia > 1 VieS
(25) Zu0(i) > 0 Vi € S,Ya € A(i)

along with the complementary conditions

(26)  Zia[Soengy (i, a,0)p* (1,0) — v(i)] = 0 Vi € S,Va € A(i)
27) v UE@W- 1]=0 Vies

Suppose (23)-(27) are satisfied by some (v, z). If v(z) > 0 for all : € S then
by (27) we would have 3 ,c4(;) Zia = 1 for Vi € S. Define the stationary
strategy 7 by 7(i,a) = Z;,. Fixing ¢ and summing (26) over a € A(7) gives
r!(7, p*); = v(i). Substituting this into (23) yields r! (7, p*); > r'(m, p*);
for all stationary 7. Hence, (14) is satisfied by 7* = 7. Unfortunately this
implication was a result of v(z) > 0 for all ¢ € S. Such a condition is
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not necessarily true although with a small adjustment this problem can be
alleviated. We replace (23) with

(28) 3oy Tacaq) Fia + Tpenay (5, a,b)p*(1,b) > v(i) Vi€ S,Va € A(i)
and accordingly replace (26) with

(29) Zia[X7-1 Tacaq) Zia + Xoenq) (6, a,0)p* (4,0) —v(i)] =0 Vi€ S,
Va € A(i)

From (24) we know that for each i € S there is some afi] € A(i) with
Ziafi] > 0. Therefore, using Zjq[;)’s complementary condition in (29), we have
that v(i) > 0. Now wv(i) > 0 implies that Y ,c4) Zia = 1 (using (27)).
Thus Y7 1 > .¢ AG) Zia = S 8O that we have only added a constant to all
the inequalities of (26) in order to get (28). It is easy to check that this
adjustment does not affect the properties of 7.

We are now ready to define an LCP whose solutions correspond to equilibrium
points. We begin by writing the complementary inequalities needed.

Wi, = Yot LacAG) Tia + oen() T (6 @, b))z — v(i)
wh = So, ol ) — (i)
?b = 3is1 Ybe) Tiv T Yaea; Tiar (¢, 4, b) + 521 plé, blju(d) — u(i) — ¢(3)
= ZbeB(] Tjp— 251 2_be B(i) P[iab]ﬂ?z’b
=3 + hen(j) Tib T Lbven() Yib — Liz1 Lves() Pli: bl
- _1 + EaEA(z Trla
> 0,m, > 0, muwl, =0,Vi € S,Va € A(z)
wfb >0,y > 0, ypwi = 0,Vi € S,Vb € B(3)
wd >0,z > 0, Thws =0,V € S,Vb € B(7)
wi > 0,u(j) > 0,u(j)w; =0,Vj €S
w? > 0,9(5) > 0,¢(j )w =0,vj€8
wy > 0,v(7) > 0,v(H)wf =0,Vi € S

r—nSOakvcn%ph

7

This set of complementary inequalities will be referred to as . Next we will
define z,M, and ¢ (recall that w = ¢+ Mz). However, we advise the reader
to first examine the example that follows as it will give a clearer picture as
to how (30)-(42) can be written as an LCP. We write

z = (71'11, vy Msagy Y115 +++3 Ysbgy L1115 -3 Lsby s

(1), ..., p(s),u(1), ..., u(s),v(1),...,v(s))T
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In order to label certain subsets of the index set of the matrices involved,
we will use the pattern of z = (m,y,z,¢,u,v). Let n be the number of
coordinates in z. The matrix n x n matrix M will be constructed by various
partitions of its rows and columns. To refer to an entry of M we will use the
labels of z. Thus we can speak of the entry in "row z;” and ”column ¢(5)”
of M. The first partition is to write

(30) M:lR A]

B 0

where R is square and contains the indices (7, y,z). The 0 simply represents
the zero matrix and by default it contains the indices (¢, u, v). We next write

C, 0 D
(31) R=|0 0 0
E 0 G

where the three way split is partitioned as 7|y |z for the rows of R as well as its
columns. We define all entries of C; and Cs to be equal to 1. The (7, z3)th
entry of D is 7 (i, a, b) for Vi € S,Va € A(i),Vb € B(i). The other entries of D
are 0. The (3, m;,)th entry of £ is 72(7,a,b) for Vi € S,Va € A(7),Vb € B(3).
The other entries of £ are 0. This completes the definition of R. We now
partition the rows and columns of A by 7|y|z and ¢|u|v respectively:

0 0 F
32) A=|P 0 0
g Py 0

The (74, v(i))th entry of F is —1 for Vi € S, Va € A(7). The rest of the entries
of F are 0. If i # j then the (v, ¢(j))th entry of P; is given by p[i, b];. If
i = j then the (i, ¢(j))th entry is p[i,b]; — 1. P; and P, are actually
identical. Formally we have that the (z,u(j))th entry of the former is the
same as the (y, ¢(7))th entry of the latter. The (z4,¢(7))th entry of G is
—1 for Vi € S,Vb € B(i). The other entries of G are all 0. To complete the
defintion of M we define B = —A”.

To complete the construction of the LCP we need to define the vector ¢. Like
z, q is also an m x 1 vector. We set all the coordinates of ¢ to 0 with the
exception of the indices (u,v). Those coordinates of ¢ in u will have value
—+. The coordinates in v will have value —1.
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Under this construction of ¢, M, and z, it is easy to check that conditions
(10),(11), and (12) are equivalent to K. Before proceeding we write the ¢, M,
and z for the stochastic game given above. We have
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5. Main Results

Given a two-player, nonzero-sum, single-controller, stochastic game I'; the
following algorithm is suggested:

Algorithm 1
1. Input the data s, Ay, ..., Ay, By, ..., Bs, 71 (i,a,b),7%(i, a, b), p[i, b]
2. Construct ¢ and M as specified above.
3. Use Lemke’s algorithm to process LCP(q, M)

4. From the solution z obtained in step 3, set 7*(i,a) = m,, Vi € S,Va €
A(7) and set p*(i,b) according to the following rule:

g(ib) = | Pit) Teeno Tie i Seengy 2ie > 0
’ Yiv/ Ycep(i) Yie Otherwise

Theorem 1:The pair (7%, p*) obtained in step 4 of the Algorithm 1 will
constitute an equilibrium point of I'.

Verifying Theorem 1 requires proving that step 3 does indeed provide a com-
plementary solution of LCP (g, M) and further that the pair (7*, p*) satisfies
conditions (7) and (8). We will prove these in the next two lemmas:

Lemma 1: Lemke’s algorithm will provide a solution to LCP(q, M).

Proof: We will show that LCP(g, M) is feasible and that the matrix M is
copositive plus, that is:

(33) 2’Mz>0,V2>0
(34) ZTMz=0= (M +MT)z2=0,Y2>0

To show that (33) is satisfied by M, we simply use the partition in (30).
Writing z = [21, 29| in accordance with the partition in (30) we get 2T Mz =
ARz + 2f (A+ Bz = 2Rz as A = —B?. Since R has nonnegative
entries, 21 Rz; > 0. To show (34), assume that 2" Mz = 0 is true. Since
2'Mz = 2Rz we have that 2{ Rz; = 0. Now using the partition of (31)
and splitting 2; = [211, 212, 213] accordingly, we have 0 = 27 Rz; = 27,C1211 +
255(E+D) 211 + 215C2213. Since £+D > 0, and since C; and Cy have all entries
positive, we can conclude that z;; = 0 and z13 = 0. From this is is easy to
see now that (M + M7)z = 0.
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The feasibility of LCP(q, M) entails showing that (10) and (11) together have
at least one point (z,w). Of course we need only specify z as w = ¢+ Mz
is readily computable. We will now give a value of z by giving the values
of its coordinates (7, y,z,d,u,v). Let p be an arbitrary stationary strategy
for player IT and let P(p) be the transition matrix for the induced Markov
chain. As before, let P*(p) be the stationary matrix of P(p) and let D(p) =
[I = P(p) + P(p)*]™* — P(p)* be the deviation matriz of P(m). Let m be
the number of ergodic classes in P(p) and let E;;1 < i < m be the classes
themselves. Let F' denote the set of transient states. Thus FU U, E; = S
and all the sets are disjoint. For the vector z, let m;, =1 for Vi € S,a € A(3)
and set .
Tjp = (; > P (m)ij)pjp, Vi € S,¥b € B(j)

1€S

1 . .
Yjp = (; > " D(m)ij + > vP*(m)ij)pis, Vi € S, Vb € B(j)

1€S €S

where

0 1€ F
Y= { maXleEj(_%  keE; D(m) 5/ > keE; P(m)y) i€ E;1<j<m

Set all other coordinates of z equal to zero. This choice of z and y was
taken from Kallenberg where it is shown that such a solution is feasible in the
inequalities of K involving z; and ;. That the rest of the inequalities are
satisfied is simple to check. Thus we have z > 0 and ¢+ Mz > 0. Feasibility
of LCP(¢q, M) and M being copositive plus imply that a complementary
solution exists and that Lemke’s algorithm will find one. This complete the
proof. &
Remark: Given a stationary strategy p for player II, a feasible solution for
LCP(q, M) was constructed. The choice of (z,y) in this solution actually
preserves optimality. That is, an optimal p would preserve complementarity
in LCP(q, M). This shows that given an equilibrium pair (7*, p*), a corre-
sponding solution z* to LCP(gq, M) can be computed. Furthermore, applying
step 4 of the algorithm to this value of z* will give back the pair (7*, p*).

Lemma 2: The pair (7%, p*) obtained in step 4 of the algorithm satisfies
conditions (7) and (8).

In the proof we assume now that z is a solution to the LCP in the algorithm.
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Proof: We first note that in a complementary solution to LCP(q, M), we
must have v(i) > 0,Vi € S so that Y ,c ) mia = 1,Vi € S. So p* is indeed
a stationary strategy for player I. When player I fixes this strategy, the
conditions in K are sufficient to show that p* is optimal in the resulting
MDP. Thus, (8) is satisfied.

Next we show that (7) holds. Since 3;cs Y pep(i) Ziv = 1, there must exist a
subset 1" C S for which }";c B(t) Tt > 0 for all t € T (recall that these are
precisely the recurrent states of the Markov chain induced by p*). Now using
the complementarity conditions with m;, we get for each t € T

(35) ZaeA(t) ZbeB(t) ﬂ-*(ta a)rl (ta a, b)xtb = U(t)
Since for each t € T we have p*(t,b) = =4 we can write
(36) EaeA(t) ZbEB(t) L (t7 a)Tl (t7 a, b)p;kb = ﬂ(t)a VieT

where T(t) = v(t)/ Ypep() Tw- But this together with the inequalities in
imply that r(7*, p*); < r(m, p*)Vr,Vt € T. If t ¢ T then Ypecpyy T4 > 0, and
we cannot conclude that necessarily r(7*, p*); < r(m, p*),Vm will hold. But
this won’t matter because the states outside 7' are transient in the Markov
chain induced by p*. Thus, the matrix P*(p) vanishes in columns outside ¢.
From this we can conclude that (7) does indeed hold. This completes the
proof. &
Any solution of LCP(gq, M) is a solution to the game I'. Also, the proof of
Theorem I in no way uses the existence of stationary equilibria for single-
controller games and is entirely constructive thus giving a new proof for the
existence of stationary equilibria in this class of stochastic games.

Given a solution z = (m,y,z,¢,u,v) to LCP(g, M), the optimal pair of
strategies (7*, p*) are obtained from the algorithm after some trivial arith-
metic operations. We also have ¢*(7*,p*) = ¢ — e where € is the s x 1
column vector of with all coordinates 1. The only work needed is to compute
o (m*, p*) = P*(p*)r(z*, p*). Here r!(n*, p*) = v — se. Thus it is clear that
' possesses the orderfield property.

6. Solving Polystochastic Games

In this section we will mimic the work of the previous sections in order to
give a constructive proof of the existence of stationary equilibria in a spe-
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cial class of N-person stochastic games, namely the class of single-controller
polystochastic games. This class was introduced in Mohan, Neogy, and
Parthasarathy (1997). We will try to make the notation as similar to the
previous sections as possible.

Here we have N players N = {7, 7,..., 7w} each of which possesses an
action set A’(t) for player 7; in each state ¢ in the state space S = {1, ..., s}.
The game is played just as before. Given a starting state ¢y, all N players
simultaneously choose actions (a?, a3, ...,a%), a? € A'(ty), whence come N
immediate costs 7¢(ty, b, a9, ...,a%),i = 1,..., N where 7; pays 7*. The game
moves to a new state ¢; according to a probability distribution p[ty, a?, ..., a%]
on S and the process continues indefinitely. Given a collection of strategies

(71, ..., mn) for the players, we again write:
(37) @ (w1, ..., ) (to) = limsups_, TLH ST o ri(to,my, . mN)i=1,..., N

where 7% (71, ..., mx) is the expected cost to 7; on the zth day when the players
use (my,...,my) and the starting state is to. We say that an N-tuple of
strategies (77, ..., ) constitute an equilibrium point if for any N-tuple of
strategies (7, ..., my) we have

(38) i (w, ..., ) < (my, ., wh|m), i =1, N

where (75, ..., T} |m;) means to replace 7} with 7; and to keep all other strate-
gies fixed. We again point out that if we restrict (77, ..., %) and (7, ..., Tx)
to stationary strategies then (38) will still yield an equilibrium point in the
sense of the definition without the restriction.

In a single-controller polystochastic game a simplified cost structure is as-
sumed. This simplification (along with the single-controller condition) will
allow for (38) to be written as linear inequalities with complementarity con-
ditions. We will assume that 7y controls the transitions of the game so that
plt, a1, ...,an] = p[t,an]. To help distinguish player 7y in the notation we
write B(t) = AN(t) and refer to 7x’s strategy as p instead of my. We also
write M = {7, ...7y_1}. As in polymatrix games, we assume that the costs
can be split as

(39) Ti(t, ai, ...CLN) = Zje/\/,j#i Rij(t,ai,aj),Vi S N

Here R;;(t,a;,a;) can be thought of as a partial cost paid by 7; as a result
of the mutual action (a;,a;) of ; and 7;. Hence the cost functions 7 are
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completely determined by the partial costs R;;. If N = 2 it is easy to check
the the two-person game of the previous section can be formulated to fit into
this model.

The following set of inequalities will provide an equilibrium point for such
a game. The verification is nearly identical to that of the previous sections
(with obvious modifications).

wi(t,a) = Yjes Leeaq) Tild: €) + Chempri eeary Rin(a, ) mi(t, ¢) + Yoep Rin(a,b)xn — v'(t)
w2(t’ b) = EjES p[t, b]]¢(j) - ¢(t)

wi(t,0) = Yjes Leen () Tip + Lnem 2eeak) Rie(a, ) mi(t, ¢) + s plt, blju(s) — u(t) — ¢(t)
w(t) = 2obeB(t) Tth — 2ojes 2obeB(t) plt, bl

wO(t) = — + Thenw T + Toen) Y — Ljes Len) PlE Oy

w?(t) =—-1+ ZaeAi(t) ' (t’ CI,)

w}(t,a) > 0,m(t,a) > 0,m(t,a)w}(t,a) =0,Vi € M,t € S,Va € A(t)

w?(t,b) > 0,y > 0, ypw?(t,b) = 0,Vt € S,Vb € B(t)

w3(t,b) > 0,z > 0, zpw?(t,b) = 0,Vt € S,Vb € B(t)

w*(t) > 0,u(t) > 0,u(t)w(t) =0,vt € S

w?(t) > 0,0(t) > 0,(t)w’(t) =0,Vt € S

wé(t) > 0,v%(t) > 0, v (t)wi(t) =0,Vi e M,Vt € S

In this set of inequalities, call it I, the notation is slightly different from that
of K. Fori € M,t € S, and a € A¥(t), m;(t,a) is the probability that player
7; chooses action a when the system is in state ¢. Player 75’s strategy p is
extracted from (z,y) just as before.

Next we construct LCP(g, M) whose solution corresponds to a solution of
K. Let ai be the number of elements in the set A%(t), and b; the number of
elements in B(t). We begin by defining the coordinates of z.

[ 7fz'(1,1) 1 [ 211 ] [ Y1 |
mi(1,2) T12 Y12
m = ) 1 €M, and x = : Y =
L Wi(S,ai) J | Tsb, | L Ysbs
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[ (1) ] [ (1) ] [ 0'(1) ]
$(2) u(2) v'(2)
o= ' LU= ’ . and v’ = ' 1€ M.
o) ] Lt | vi(s) |
Let
SR o]
’U2 o
v = ’ and 7 =
L UN._l i | TN-1 ]

Finally we write z as

SEE-ER S S

Just as before, we will use the coordinates of z to serve as markers for the
partitions (and coordinates) of M and g. We first partition the rows and
columns of M by [ryx|¢uv] and write

(40) leR A]

B 0

The matrix R contains the immediate cost information. Next we partition
R by [m|ma]...|7n_1|y|z] and write

&1 Riz ... Rin-1 0 Run
Ra & . Ron—1 0 Ran
(41) R =
Ry-11 Ryn-12 .. Env-1 0 Ryoaw
0 0 0 0 0
Rt Rn2 ... Ryn-1 O Ev
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For i,j € M,i # j we define the entry in the m;(¢, a)th row and the 7;(t, c¢)th
column of R;; to be R;;(t, a,c) where t € S,a € A'(t),c € Al(t), and we define
all other entries of R;; to be zero. The 0’s in R represent zero matrices of
appropriate dimensions, and for each 7 € NV, &; has all entries equal to one.
For each i € M we define the entry in the m;(¢, a)th row and the z4th column
of Rin to be Rin(t,a,b) where t € S,a € A'(t),b € B(t), and we define all
other entries of R;y to be zero. Similarly for each j € M we define the
entry in the zy4th row and (¢, a)th column of Ry; to be Ry;(t, b, a) where
t € S,a € A(t),b € B(t), and we define all other entries of Ry; to be zero.
This completes the construction of R. In order to define A we partition its
rows by [r|y|z] and its columns by [¢|u|v] as

0o o0 F
(42) .A = 7)1 0 0
G P, 0

For each i € M,t € S, and a € A(t) we define the entry in the m;(t, a)th row
and v'(t)th column of F to be equal to —1, and we define all other entries
of F to be zero. For each pair t,t' € S with ¢t # t' define the entry in the yy,
row and ¢(t')th column of P; to be p[t,b]y. For t € S define the entry in the
ywth row and the ¢(¢)th column of P; to be p[t,b]; — 1. We define Py, = P;.
For each t € S and b € B(t) we define the entry in the z4th row and ¢(¢)th
column of G to be -1, and we define all other entries of G to be zero. This
completes the definition of M. For the vector ¢ we set all coordinates in
(m,y,, ¢) to zero, in u to —%, and in v to —1.

It is easy to check that with this construction of ¢, M, and z, (10), (11),
and (12) together are equivalent to K. It can also be verified that M is
copositive plus and that LCP(q, M) is feasible (the verification is virtually
identical to that of the previous sections). Given a solution z* to LCP(, ¢, M),
the equilibrium strategies (7], ...,my_;) can be immediately read off. The
strategy for 7y, namely p* can be extracted from (z*,y*) just as before.
Thus we have:

Algorithm 2
1. Input the data s, A(t), Ri;(t, a,b), pt, ]
2. Construct ¢ and M as specified above.

3. Use Lemke’s algorithm to process LCP(q, M)
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4. From the solution z* obtained in step 3, (77, ..., mh_1, p*) is an equil-
brium point with 7} (¢,a),i € M being the probability that player 7;
chooses action a € A*(t) when in state ¢, and p*(¢,b) being the prob-
ability that player N chooses action b € B(t) when in state ¢ where
p*(t,b) is defined by the following rule:

*(t.D) = Tp/ 2 eeB(t) Tie ifZCEB(t) xy, >0
pr(t,b) =1 % e
Y/ Lee B(t) Y Otherwise

Summing up the results we have:

Theorem 2: Algorithm 2 will solve any single-controller polystochastic
game.

Just like Theorem 1, Theorem 2 is entirely constructive in that it does not
require the knowledge of the existence of a stationary equilibrium point. Fur-
thermore, it is easy to see that this class of games possesses the orderfield
property. On applying our results to the previous example, we arrive at the
solution T = 1,71'12 = 0,71'21 = 0.7,7’(’22 = 0.3,.’1)11 = 0.5,.7)12 = 0,3?21 =
0.3, z92 = 0.2, 293 = 0, and y; = 0V(¢,b). This yields the equilibrium strate-
gies 7*(1,1) = 1,7%(1,2) = 0,7*(2,1) = 0.7,7*(2,2) = 0.3 for player I and
p*(1,1) =1,p*(1,2) = 0,p*(2,1) = 0.6, p*(2,2) = 0.4, p*(2,3) = 0 for player
II.
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