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The Covariance Structure of Random Permutation Matrices

Marlos A. G. Viana

ABSTRACT. Random permutation matrices (U) arise naturally in the stochas-
tic representation of vectors of order statistics, induced order statistics and
associated ranks. When the probability law of U is uniform, the covariance
structure among the entries of U is derived explicitely, and a constructive
derivation for the covariance in the general case (U*) is described and related
to the cyclic structure of the symmetric group. It is shown that the covari-
ance structure of vectors resulting from the multiplicative action UX of U on a
given vector X requires averaging the symmetric conjugates UX X'U’ of XX’
over the group of permutation matrices. The mean conjugate is a projection
operator which leads to a trace decomposition with the usual ANOVA inter-
pretation. Numerical examples of these decompositions are discussed in the
context of the analysis of circularly symmetric data.

1. Introduction

Permutation matrices are square matrices characterized by having all entries
either 0 or 1 and exactly one 1 in each row and column. The collection (G) of all
permutation matrices (g) of order n is in one-to-one correspondence (p) with the
collection (S,,) of all permutations (7) on a set (L) of n objects, like {1,2,...,n}.
In fact, the permutation matrix associated with a permutation 7 is the matrix
representing the linear transformation that maps the canonical basis {e1, ... ,e,} of
R into the basis {€x(1), ... €xrmn)}. The collection S,, together with the operation of
function composition defines the symmetric group on n objects. The correspondence
p is defined in S,, with values in the space (GL,,) of invertible square matrices
of order n over the field of complex numbers, with the homomorphic property
p(mima) = p(my)p(mwe) for all 7, mo in S,. This characterizes p as a n-dimensional
linear representation of S,, (the permutation representation). If a permutation 7 is
selected according to a probability law in S,,, then p(7) is a random permutation
matrix (U) in G. In the present paper we concentrate on random permutation
matrices in G, with the perspective that those are simply one of the many (random)
linear representations for random events defined in the symmetric group S,,. Unless
for clarification, we will write G to indicate either S,, or M,,.
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Random permutation matrices arise naturally, for example, in the linear repre-
sentation of order statistics. This is illustrated in the introductory examples below,
where the determination of the uniform mean E(U) and the uniform mean con-
jugate E(UHU') of a given matrix H are required. The uniform mean is simply
the average of all elements in G, whereas the mean conjugate of H is defined as
the average of the matrix conjugates gHg' of H over G. More generally, as the
examples will show, we need to describe the corresponding uniform higher-order
means E(U*) and mean conjugates E(U¥ HU*'). This is equivalent to deriving the
covariance structure among the entries of U”.

The covariance structure of U, a uniform random permutation matrix, is stud-
ied in detail in Section 2. Proposition 2.2 in Section 2 states that the uniform
mean conjugate of H decomposes as vgee’ /n + v (I — ee’/n), where vog = ¢'He/n
and vg + (n — 1)vy = tr H. This result, when applied to the linear representa-
tion of order statistics, for example, leads to the covariance structure of ranks of
permutation symmetric observations, or to the mean and variance of the usual
Wilcoxson rank-sum statistics. Proposition 2.2 is a direct consequence of the (n-1)-
dimensional irreducible linear representation of GG, which leads to a decomposition
of tr E(UHU’) into the weighted average of corresponding orthogonal projections
with weights proportional to the dimensions of the irreducible subspaces, and is
carried out by the intertwining action of E(UHU’). The ANOVA interpretation
of such decomposition is discussed in Section 3, where an application to circularly
symmetric data is outlined. Finally, in Section 4 we derive the covariance structure
of moments of random permutations. The main result (Theorem 4.1) shows that,
when the law of U is uniform in G, the trace of U* is in average equal to the number
of positive integer divisors of k£ not greater than n.

ExaMPLE 1.1. Representation of order statistics. Let X, indicate the rank of
the i-th component Y; of a random vector Y, defined on a linear subspace V of
R™, when these components are ordered from the smallest to the largest value, and
assume for the moment that either the components of Y are distinct or that there
is a fixed rule that assigns distinct ranks to tied observations. Let m € G indicate
the permutation taking X; to i, that is, X ;) =4,7=1,... ,n. Given the standard
basis {e1,... ,e,} of V, define the n x n matrix p(7) by er;) = >, p(n)ijei, j=
1,...,n. Equivalently, p(m);; = 1 if and only if = takes j into i, that is n(j) = 1.
The homomorphic map m — p(w) is the permutation representation introduced
above. By virtue of the randomness in the ranks of Y, the matrix U = p(n)
is a random permutation matrix, and the multiplicative action U'Y of U’ on Y
linearly represents the ordered version of Y. For example, if the vector of ranks of
an observed vector y is ' = (3,4,2,1), then 7 is the permutation taking z’ into
" =(1,2,3,4). The cycle notation for 7 is (1423),sothat 7 : 1 - 4,4 — 2,2 — 3
and 3 — 1. The corresponding linear representation is

0010
0001
u=rm=141 9 o
1000

If we indicate by ) the ordered version of Y, then the random permutation matrix
U (= p(m)) representing the permutation 7 : X — r is such that X = Ur and
Yy =U'Y. If (Y,Z) are concomitant random vectors of corresponding dimensions,
then the action U’Z of U’ on Z generates the vector of concomitants of order (or
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induced order) statistics. If the distribution of Y is permutation symmetric (that
is Y and gY are equally distributed for all g € ), then the probability law of U is
uniform in G. The covariance structure of ranks, order statistics and concomitants
may then be expressed as multiplicative actions of uniformly distributed random
permutations. In particular, to obtain the covariance structure of ranks X = Ur, we
need to evaluate the uniform expected value »  gr/n! of U'r, indicated by E (U ),
and the uniform expected value > grr'g’/n! of U'rr'U, denoted by E(Urr'U’").
The characterization and 1nterpretat10n of uniform averages over G, such as those
in E(U) and E(Urr'U’) will be obtained in Section 2.

Other formulations leading to random linear representations can be obtained
in terms of random walks or random graphs, or more generally as iterated random
functions (e.g., [DF99]).

2. Means and mean conjugates

Let U indicate a random permutation matrix distributed according to w =
{w(g); 9 € G}. We refer to

WUHU') =" gHg w(g
geG

as the mean conjugate of H when U is distributed according to w on G. The mean
conjugate is a particular invariant mean > c(g)/|G| on G, where c is a function
defined in G. [e.g., [Nai82, p.60]]. When U is uniformly distributed in G we write
E(UHU’) and refer to the uniform mean conjugate of H. When an operator M
commutes with every element of G we say that M has the symmetry of G.

PROPOSITION 2.1. E(UHU’) has the symmetry of G if and only E,,(UHU")
is the uniform mean conjugate of H.

Proor. If E,,(UHU') is the uniform mean conjugate of H, the transitivity
of G shows that tE(UHU")t = E(UHU') for all t € G. Conversely, if U is as-
signed the value g with probability w(g), and E,,(UHU') commutes with every
element t of G, we have E,(UHU') =t} w(g)gHg't' = > w(g)tgH (tg)" =
>, w(t'v)vHY', where the last equality uses the transitivity of G The same fact
shows that ), w(t'v) = 1, for all t, so that

UHU ZZ t’ vHv —Z Z t/ vHv —Z%UH’U/.
[l

The following result gives the explicit evaluation of E(UHU’) (see also [Dan62]
for an heuristic proof).

PROPOSITION 2.2. (a) The uniform mean E(U) of U in G is ee'/n and (b) the

uniform mean conjugate E(UHU') of H on G decomposes as ’Uo— +ui(I - %),
where vg = e'He/n and vg + (n — 1)vy =tr H.

PROOF. Let V' be the one-dimensional subspace of R™ spanned by ¢’ = (1, ..., 1),
W its orthogonal complement in R, M = E(U)— << and M = E(UHU')—vy % —
v (I — %), with vg and v; as above. Allowing for complex solutions, if all elgen—
values of M or M are zero then the proposition holds. Otherwise, let A be a
non-zero eigenvalue of M, ¢ a non-zero eigenvalue of M, K = kern {M — A} and
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K = kern {M — £I}. We will show that both K and K are subspaces of W stable
under G, and use the factle.g., [Ser77, p.17], [Dia88, p.6] and Appendix A] that
V and W are irreducible subspaces of the linear representation p. Consequently,
both K and K must reduce to null subspaces, and this will complete the proof.

(1) K C W. First note that e'M = ¢/(5 > g— 876,) =0, so that for v € K we
have (M — X )v =0 = e'M — Xe'v = Ae’v, and because A # 0 we obtain
ev=0,orveW.

(2) M has the symmetry of G. In fact, from the transitivity of G, tMt' =
%Ztgt’—% :%Egg—%e/ =M,Vted.

(3) K is stable under G. Take v € K and ¢ € G, then (by 2) Mtv = tMv =
tA\v = AMw, that is tv € K, for all t € G. This completes the proof of part
(a).

(4) K ¢ W. We use part (a) to show, similarly to 1, that €M = 0. In
fact, €M = % Zg e'gHg' —UO% —vi(e' — %) = e'H% Zgg—voe' =
e’H%ee’ — vge' = (%e’He —wvg)e/ = 0, by the definition of vy. Now for
v € K we have (M —4I)v = 0 = &/ M — Le'v = le'v, and because ¢ # 0 we
obtain e¢'v =0, or v € W.

(5) M has the symmetry of G. Again, from the transitivity of G, tM¢t' =
S, tgH gt — voteet — py (1 — L) = Mt Yt € G.

(6) K is stable under G. Take v € K and ¢ € G, then (by 5) Mtv = tMv =
tlv = (tv, that is tv € K, for all t € G. This completes the proof of part
(b).

(Il

Equivalently, the decomposition of E(UHU’) may be expressed as apee’ + a1,
for some scalars ap and a; determined by n(ag + a1) = tr H and n(n — 1)ag =
e’He —tr H.

ExAMPLE 2.1. Let U indicate the order statistics representation introduced in
Section 1 associated with a random vector Y, and let 7/ = (1,2,... ,n). The vector
U'’r indicates the vector of ranks associated with Y, when the components of Y are
all distinct. Average ranks with tied observations are discussed in Example 2.3.
If the distribution of Y is permutation symmetric then U acts uniformly on r and
U ~ U’ in distribution. The vector of means, E(Ur), from Proposition 2.2, is

ee n(n+1) n+1
E(Ur)=EU)r = = —e=———e,
whereas the covariance of Ur is given by E(Urr’'U’) — E(Ur)E(Ur)’. To evaluate
the mean conjugate of rr’ in G, following Proposition 2.2, we note that the trace
of rr' is n(n + 1)(2n + 1)/6, the sum of the squares of the first n positive integers
whereas the sum e/rr’e of all entries of 7/ is (e/r)? = [n(n + 1)/2]?. Therefore,

nn+1)(2n+1)

n(ao + a’l) = 6 ,
2 2
n(n — Lao = [~ (ntl) ot Lint 1)] — Lafm+ 1) -1)Bn+2),
4 6 12
from which we obtain
1) 41 .
21 ConUn) = oo - P ey o= T gy 0 E Dy
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The result shows that the common variance among the ranks is (n + 1)(n — 1)/12,
and the common covariance between any two ranks is —(n + 1)/12. The resulting
common correlation is -1/(n-1). The mean and variance of the usual Wilcoxson
rank-sum statistics W follows from fixing (say, the first) m components of R. Writing
f=10Q,..,1,0,...,0) with 1 < m < n components equal to 1, then W = f'R and
EW = f'E(Ur) = m(n + 1)/2, whereas var(W) = f'Cov(Ur)f = m(n —m)(n +
1)/12. Similar arguments can be applied to rank correlations (e.g., [BET73]).

ExXAMPLE 2.2. Covariance structure of order statistics. Consider again the
linear representation U’Y of the order statistics J). The covariance structure of )
requires computing F()) and E(Y)’). Suppose we want to evaluate E()) in terms
of U'Y. Let 'y = {y e R" : y1 < ... <y}, denote by I'; the set image gI'y of I'y
under the permutation matrix g, and set w(g) = P(Y € I'y). Let also E;Y indicate
the expectation of Y conditional to Ty, that is, E,Y = [yl (y)F(dy)/w(g), where
1, is the indicator function of I'y and F is the probability law of Y. The expectation
of Y =U'Y is then

BUY) = Y@ EY = Y [l Fan) = 3 [ at,(go)Figin)

geG geG geG

which reduces to
(2.2) BU'Y) = / oI () F* (dz),

where F*(dz) = 3° o F(gdr). If, in addition, F is a permutation symmetric mea-
sure (as in the usual iid case), E(U'Y) reduces to the usual form [ zI; (z)n!F(dx).
Note that equation (2.2) is a template to natural extensions. For example, consider
the case of conditioning Y on a concomitant (eventually random) vector X. Given
X=x, we observe Y, according to the probability law of Y'|x and represent its or-
dered version by Uy, Y,, as before. By definition, we have E(U'Y | z) = E(Uy, Yz),
wg(g) = P(Y € T'y|x), so that

E(U'Y)=EEU'Y |2)=E. Y _ w.(9)g' Ey(Ya).
geG

Conditioning is attractive when the probability law of Y, is symmetrically gener-
ated, e.g., Y, = Mz 4+ V where M and V have the symmetry of G. The covariance
structure of ordered observations from symmetrically dependent observations is
described in [LV99], [Via98], [VO97], [OV95].

EXAMPLE 2.3. The representation of ordered tied observations. Given y € R"™,
define the equivalence relation on {1,...,n}: ¢ = j if and only if y; = y;, and
let C1,...,C,, be the resulting equivalent classes, the C; class with k; elements
and block-rank i. The k; rank-equivalent elements in C; are assigned to labels
Cil,- - ,Cik;, for example, monotonically increasing with j. Index the canonical
basis accordingly by e;;, ¢ = 1,... ,mand 5 = 1,... ,k;. Let m; be a permuta-
tion in Sk, = S;, ¢ = 1,... ,m and define the action e;; — er,(,,;) of the product
group II;S; on the standard basis. Let p(mi,...,m,) be the corresponding per-
mutation representation. Then, for any choice of 1, ... ,mm, p(71,... ,7m) is an
order representation, that is, p(m1,... ,m,)Y = ), whereas the resulting vector R
of average ranks is obtained from the multiplicative action of the average inverse
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order representations on ' = (1,2,...,n), that is,
1 /
R= Tl Z Py )T
51><---><Sm

To illustrate, let y' = (1,0,0,1,—1). Then C; = {5}, Cy = {2,3} and C5 = {1,4},
so that c11 = 5, ca1 = 2, co2 = 3, c31 = 1 and c32 = 4. The resulting actions
€11 — eﬂ'l(cll)? €21 — 671'2(621)7 €22 — eﬂ'2(622)7 €31 — e7'r3(¢231)7 €32 — 671'3(632)7

of S1 x Sg x S5 on the standard basis leads to the order representations. Corre-
sponding to the identity, for example, a linear order representation U is

0 0 0 01
01 0 0O
U=|0 01 0 0|,
1 0 0 00O
0 0 010
with the effect that UY = ). There are 1!12!2! = 4 of those and their sum is
0 0 0 0 4
0 2 2 00
0 2 2 00
2 0 0 2 0
2 0 0 2 0
Taking the transpose, it follows that,
0 00 2 2 1 4.5
1 0 2 2 00 2 2.5
1 0 2 2 00 3|1 =125
0 0 0 2 2 4 4.5
4 0 0 0 O 5 1

EXAMPLE 2.4. Familial/Bilateral Index. The argument is proposed in [PGL ™ 88]:
If familial factors do not influence the risk of (certain types of) cancer beyond their
effects on sex, age at treatment and dose, then the residuals (on a proportional
hazards model, say) should be distributed independently of family membership.
The proposed statistics is the sum of the products of the residuals {z;,y;} for pair-
mates ¢ = 1,...,n. Large values of T = >"" z;y; = «y are indicative of familial
effects. To assess the expected variance of T, given the data x,y, under the as-
sumption of random pairing of siblings, define the random outcome T, = z'Uy,
where U is a random permutation matrix, uniformly distributed in G. Then,
var(Ty) = o’ E(Uyy'U’)x, and direct application of Proposition 2.2 shows that
E(T,) = nzy, and that var(T,) = (n — 1)S2SZ, where S2 and S? are the corre-

-y
sponding usual estimates of the lateral variability in the data.

3. Trace decompositions

Proposition 2.2 shows that the irreducible V& W decomposition of G leads
to a decomposition of tr E(UHU') into the weighted average of corresponding or-
thogonal projections with weights proportional to dim V and dim W, respectively.
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TABLE 1. Trace decomposition for the (n-1) irreducible represen-
tation of G.

effect components df mss F

W (n—Dv; 0l v wv1/v
A% 2] 1 Vo
total tr H n

This is carried out by the intertwining action of E(UHU’). Table 1 illustrates the
decomposition and its ANOVA interpretation (vy # 0).
EXAMPLE 3.1. The following cases will justify the interpretation:

(1)
(2)

Consider the case H=ml, m # 0. Then vy = v; =m and F = 1;
Let H € G, uniformly. Then vg = ¢/He/n =1 and F = v; = (tr (H) —
1)/(n — 1). One shows that F has mean zero and standard deviation
1/(n — 1) under uniform sampling in G. Moreover, F = 1 if and only if
H=I and the whole n-dimensional R™ is invariant, whereas F = —1/(n—1)
if and only if H is cyclic and the only largest invariant subspace is the 1-
dimensional subspace generated by ¢ = (1,...1) (the image of ee’), so that
larger values of F reflect a larger invariant subspace;
Let H be doubly stochastic with non-negative entries. It can be written
as a convex combinations of permutation matrices, say, H = wig1 + ...+
wy-gr. Direct computation shows that
7o tr H — 1.

n—1
Again, because H is non-negative and doubly stochastic, large values of F
imply that the off-diagonal entries must be very small and hence H must
be concentrated on its diagonal. In fact F = 1 if and only if H=L.
Let y € R" and H = yy’. Then (n—1)v; = ||y —yel|> and vo+ (n—1)v; =
lly[|?, so that

FU2 = /n El '
VEilyi —9)?/(n—1)

Let H=73,(x; —%)(y; —y)'. Then,

1—r
14+ (n—1)r’
where r is the usual sample correlation coefficient under the permutation
symmetric assumption for the underlying covariance matrix, that is, under
the assumption that the covariance matrix has the symmetry of G. More
precisely,

]::

_e¢He—tr H
"= (n—1)tr H'
Let y € {0,1}", H = yy’ and g the proportion of ones in y. Then one
shows that g
F=(n- 1)Tg’
that is, F/(n — 1) is the observed odds on “1”-components in y.
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ExampPLE 3.2. Cyclic decomposition. Let g in G be an element of order n, and
let C), indicate the corresponding cyclic group generate by g. In direct analogy to
Proposition 2.2, we obtain that the uniform mean conjugate E(UHU’) of H on
C,, decomposes as vol + v1g + ... + v,_19g" ', where the weights v; are given by
v; = tr g"’iH/n. When H is symmetric, we have, in addition, that v; = v,—;. The
corresponding trace decomposition ANOVA for n=4 (and similarly for any even n)
and H = yy' is illustrated on Table 2. The case n=5 (and similarly for any odd n)
is illustrated on Table 3.

TABLE 2. Analysis of Variance for Cyclic Decomposition, n=4,
/

H=yy'.

i components df mss (v;)
0 tr H/n =vy'y/4 1 y'y/4

1 2tr gH/n =2y'gy/4 2 y'gy/4
2 tr °H = 1y'g%y/4 1 y'g°y/4
total ¢ He/n = 4j? 4

TABLE 3. Analysis of Variance for Cyclic Decomposition, n=5,

H=yy.
i components df mss (v;)
0 tr H/n=1y'y/5 1 y'y/5
1 2tr gH/n =2y'gy/5 2 y'gy/5
2 2tr g?H = 2y'g%y/5 2 y'g*y/5
total e'He/n = 5i? 5

ExAMPLE 3.3. ANOVA for cyclic decompositions (Keratometry Data). Ker-
atometry is the measurement of corneal curvature of a small area using a sample
of four reflected points of light along an annulus 3 to 4 mm. in diameter, centered
about the line of sight. For normal cornea this commonly approximates the apex
of the cornea [[VOM93]]. The fundamental principle of computerized keratometry
is similar in that the relative separation of reflected points of light along concentric
rings are used to calculate the curvature of the measured surface. Using a pattern of
concentric light-reflecting rings and sampling at specific circularly equidistant inter-
vals, a numerical model of the measured surface may be obtained. Sampling takes
place at equally-spaced ring-semimeridian intersections [e.g., [KW89]]. Figure 1
shows the apex (scaled) distances measured along 360 equally-spaced semimeridians
(9-degree separation, n=40), based on the reflected image of a fixed ring. Similar
data are generated for the actual surface curvature. The resulting ANOVA is shown
in Table 4. The total variability 40 x 2 = 0.2498454423 102 is decomposed into
the cyclic components yg'y/40. More specifically, 40 x §2 = 2?20 v; X df;. Figure 2
illustrates the size of the semimeridian effects, with maximum effect sizes orthogo-
nally located. The analysis also picks up the direction (corresponding to steep and
flat curvatures) of the corresponding effects.
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TABLE 4. Analysis of Variance for Circular Data with decomposi-
tion 40 x g = 0.2498454423 10% = 322 ¢/ g'y.

meridian (i) y'g'y df; meridian (i) y'g'y df;
0 2501.44 1 10, 30 2496.61 2
1, 21 2501.19 2 11, 31 2496.63 2
2,22 2500.56 2 12, 32 2496.72 2
3, 23 2499.70 2 13, 33 2496.93 2
4,24 2498.80 2 14, 34 2497.30 2
5, 25 2498.00 2 15, 35 2497.88 2
6, 26 2497.39 2 16, 36 2498.66 2
7,27 2496.99 2 17, 37 2499.55 2
8, 28 2496.76 2 18, 38 2500.39 2
9, 29 2496.65 2 19, 39 2501.00 2
20 2501.23 1
total 0.2498454423 10° 40

FIGURE 1. Keratometry data with 9-degree meridian separation.

NvIQI43IN

270

4. The covariance structure and transition probabilities

Recall that given two random matrices U and V, the (ij,st)-entry of Cov(UV)
is given by Cov(UV )ijust = e;E(UV eje,VU Yes — e;E(UV )eje;E(UV) es. Taking
m =n and V constant and equal to I, the (ij,st) entry of Cov(U¥) is expressed as

(4.1)  Cov(UM)i.e = E(e;U"eje.U%e;) — E(e;U%e;)E(e,Ure), k=1,....

The ij-entry Ujj i = e;Ukej = e;eUk(j) of U* indicates whether or not U* moves j
into i. That is, observed U=g, the value of U;; . is 1 if g*(j) = i and is 0 otherwise.
Then, under the uniform law, the average E(U*) of U* over G is the matrix in which
the ij-component is the probability Py (j — i) that U* moves j into i. Similarly,
Uij.kUstr indicates whether or not U* moves (j,t) into (i,s). The corresponding
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FIGURE 2. Analysis of Variance for Circular Data, MSQ =
y'g'y/10°, for each semimeridian angle 914, i = 1,... ,40.

25.02 T T T

2501

25.00

MSQ

24 .99

24 .98

24.97

I
o0 180 270 360
MERIDIAMN

24.96 L .
o

probability Px((j,t) — (i,s)) is the average E(U;; xUst k) of U;j xUst i over G under
the uniformly probability law. It then follows that the (ij,st)-entry (4.1) of Cov(U*)
has the interpretation

Cov(U*)ij.st = Prl(j, ) — (i, 8)] — Pe(j — i) Pr(t — s).

Denoting the associated random walk on {1,... ,n} by L (with law Py) and the
random walk on {1,...,n}? by L? (with law P}), we write, shortly, Cov(U*) =
Pr(L?) — Py(L)?. There is also a random walk in the dual tensor space generated
by eie,U(j), which is also of interest. The entries of Py (L?) are generally assembled

in lexicographic order 11,... ,1n,... ,nl,... ,nn: Let C}  indicate the I-th column
of U*¥ and C}, the 1 x n block matrix (Ci1s---,Cnk). Then,
(4.2) Cov(U*) = E(CyC}) — E(Cp)E(Cr),

with the (I,m) block corresponding to Cov(Cyk, Cm k), I,m =1...,n, displays the
covariance structure of U in lexic form.

4.1. The covariance structure of U. The following proposition describes
the covariance structure of a random permutation matrix.

PROPOSITION 4.1. If U is uniformly distributed in G, then,
1

(4.3) Cov(U )ijist = m[

1 + n(néjtéis — 6jt — 515)]

PROOF. Taking expression (4.1) with k=1, E(Ueje;U/) is the uniform mean
conjugate of eje;, and hence, from Proposition 2.2, it has the form apee + a1,
with

n(n —1)ag = tr (ee’ — I)eje; =1—-38;, nfap+ar)=tr eje; = 0j;.

Substituting the expressions for E(Ueje,U’) and E(U) = Lee into (4.1), the result

T n

follows. O
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ExaMPLE 4.1. To illustrate with n = 3, the covariance structure of U is deter-
mined by the covariance between any two columns i and s;

4 -2 —2|-2 1 1
2 4 —2] 1 —2 1
1| -2 —2 4| 1 1 -2
CoviCiC)=g =1 11 1 2 9
1 -2 1|-2 4 -2
1 1 —2|-2 —2 4

In general, the covariance matrix between any two columns i and s of U with
uniform distribution in G has the form

1 / 1 .
Cov(C;,Cs) = {nz(n1)ee + n(nfl):[’ when i # s,

— ’ .
n—,}ee + %I, when 7 = s.

4.2. The covariance structure of U*. Here it will be convenient to assemble
the entries of Cov(U¥) using the matrix direct-product U ® V notation. We also
write ®2V to indicate V ® V. First we note that both F(®2U*) and @2E(U¥)
are block matrices, with respective blocks E(U;; xU*) and E(U;; 1) E(U*) indexed
by ij. Within each block the entries are indexed by s (rows) and t (columns).
Clearly, Cov(U*) = E(®*U*) — ®@2E(U*). For example, the sums of the rows in
lexicographic notation, as in (4.2), correspond to block sums in ®-notation. To
illustrate, with n=2, we have (omitting the k-index),

UniUnn UnUno
U11Uz1 U11Uao
Ua1Uir Ua1Uno
U21Uz1 U21Uszo

Ur2Uin UraUno
U12Uz1 UiaUao
UzoUr1 UaaUno
UzoUsz1 UaaUso

U— {Uu Uiz

2
5 U =
U UQQ] ©

The associated random walk L? visits four points labeled by (1,1),(1,2),(2,1) and
(2,2). The transition from (j,t) to (i,s) occurs with probability E(U;;Us). The
diagonal of the matrix E(®2U) contains the resting probabilities [(i,7) — (i, )]
and the average trace of E(®%U), for example, is the walk’s resting probability
when the past state distribution is uniform. Similarly, F(U) describes the marginal
transition probabilities associated with the marginal walk L. In this section we will
derive E(U*), E(®2U*) and ®2E(U*), thus leading to the assembling of Cov(U*).
4.2.1. Derivation of E(U¥).

PROPOSITION 4.2. IfU is uniformly distributed in G, then E(U*) = agee’+a11,
where ag and ay are determined by n(ag + a1) = E(tr U*) and n(n — 1)ag =
n— E(tr UF).

PROOF. Let mj; = {g € G;¢*(j) = i}, so that |G|E(U*);; = |my|. Ifj #i
then m;; and any other m,, with u # v are isomorphic via g — /gt where t is
(any permutation) such that t(v)=j and t(u)=i; take g in m;;, then (¥gt)*(v) =
t'g*t(v) = t'g*(j) = t'(i) = u, so that t’gt is in My, and hence [m;;| = |My.| (off-
diagonal homogeneity). Similarly, if j=i then m;; and any other m s are isomorphic
via g — t'gt where t is any permutation satisfying t(f)=i, and hence |m;;| = |my¢|
(diagonal homogeneity). Therefore, E(U*) has the form agee’ + a11, for constants
ap and a1, determined by taking the trace and overall sum on both sides of the
equality E(U*) = agee’ + a11. O
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To determine the coefficients ag and a;, we need the following: Given posi-
tive integers n and k let Dy ,, indicate the set of all positive integer divisors of k
not greater than n, with |Dy, ,| elements in it. For computational purposes, note
that | Dy, | may be expressed as Y."_; Ity (k mod (r)), where I;qy is the indicator
function with base the set {0}.

THEOREM 4.1. If U is uniformly distributed in G then E(tr U*) = |Dy, ,|.

PROOF. Let ¢y, (U) indicate the random number of cycles of length m as-
sociated with a random permutation U in G, m = 1,... ,n. Then, noting that
tr gF = > meDy., MCm,n(g), it follows that

E(tr UY) = > mE(cmn(U)).

mGDkﬁn

However, because there are in average 1/m cycles of length m in a uniform random
permutation in G, for all n, (that is E(cp »(U)) = 1/m) [see also Appendix B], the
proposed result follows. O

From proposition 4.1, we obtain,

Dy — |Dg.n
—| k. |, ag = Lo il | Ds. |, nag+a; = 1.
n(n—1)
The corresponding trace decomposition corresponding to Table 1 leads to vy =
(IDgn] —1)/(n—1) and vg = 1, so that F = v1 = (|Dgn| —1)/(n —1).

EXAMPLE 4.2. Calculations based on Theorem 4.1. In the following Tables 5
and 8, a permutation g is represented as (1°,2°,... ,n°"), where ¢, = ¢mn(9)
is the multiplicity of cycles of length m in g, m = 1,...,n. Cycles with null
multiplicity are omitted in the notation shown in the tables. Table 5 shows the
conjugacy classes C, representatives of g*, and the number v(g) = > ¢ n(g), for
values of k = 1,... ,10. We note that «(g) is the number of distinct orbits generated
by g and its powers acting on {1,... ,n} and that |C| = n!/ [ _, m®mcp! (see also
Appendix B). Table 6 shows values of tr g* by conjugacy class C, in S5, for values
of k =1,...,10. Table 7 shows the probability distribution for 7, = tr U* and
E(1;) = |Dgn| in S5, for values of k = 1,...,10 (also shown is E(77)). Table 8
shows values of 7, = tr U*¥ = |Dy.,| in Sg by conjugacy classes C, for values of
k=1,...,4.

(44) ag+ay =

TABLE 5. Conjugacy classes C, representatives of ¢g¥, and number
~v(g) of < g >-orbits in Ss, for values of k = 1,...,10.

C 19 [C] g ¢ ¢ 9 9 ¢ 9 ¢ g g7
C: 1 24 5 5 5 5 1° 5 5 5 5 1°
Cé 2 20 2,3 12,3 2,13 12,3 2,3 1° 2,3 1%,3 2,13 12,3
Cs 2 30 1,4 1,22 1,4 1° 1,4 1,22 1,4 1° 1,4 1,22
Cs 3 20 12,3 12,3 1° 12,3 12,3 1° 12,3 12,3 1° 12,3
Cs 3 15 1,22 1° 1,22 1° 1,22 15 1,22 1° 1,22 15
Co 4 10 13,2 1° 13,2 1° 13,2 1° 13,2 1° 13,2 1°
Ci 5 1 1% 1° 1° 1° 1° 15 1° 15 15 1°
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TABLE 6. Values of 7, = tr U* by conjugacy class C, in Ss, for
values of k =1,...,10.

C (g) IC] m ™ 7 ™ 75 T T Ts To Tio
Cr 1 24 0 0 0 0 5 0 0 0 0 5
Ce¢ 2 20 0 2 3 2 0 5 0 2 3 2
Cs 2 30 11 1 5 1 1 1 5 1 1
Cy 3 20 2 2 5 2 2 5 2 2 5 2
Cs 3 3 15 1 5 1 5 1 5 1 5
Cy 4 0 3 5 3 5 3 5 3 5 3 5
Ci 5 1 5 5 5 5 5 5 5 5 5 b

TABLE 7. Probability distribution for 7, = tr U*, E(71,) = |Di.nl
and F(72) when U is uniformly distributed in S5, for values of

k=1,...,10.
T T1 T2 T3 T4 T5 T T7 T8 T9 TI10
0 44 24 24 24 20 24 44 24 24 0
1 45 30 45 0 45 30 45 0 45 30
2 20 40 0 40 20 0 20 40 0 40
310 0 30 0 10 0 10 0 30 0
40 0 0 0 0 0 0 0 0 0
5 1 26 21 56 25 66 1 56 21 50
E(n) 1 2 2 3 2 3 1 3 2 3
E(r3) 2 7 7 13 7 14 2 13 7 12

EXAMPLE 4.3. When n=2, U” is either constant and equal to the identity when

k is even, or U* is either or the identity, each with probability 1/2, when k

0 1
1 0
is odd. Also note that 2 —|Dy 2| = k mod 2. From Proposition 4.1, it then follows

that tr Cov(U*) = k mod 2 and Cov(U*) = & med {_11 ‘11}.

4.2.2. Derivation of the diagonal blocks of E(®2U*). We start with the deriva-
tion of the expected trace of Uil-_,kUk. In what follows we write marginal sum to
indicate both row sum and column sum without distinction. Let G;; ; indicate the
subset of G consisting of those permutation matrices g such that the ij-entry of g*
is equal to 1, that is Gy = {g € G;eighe; = 1}.

3

PROPOSITION 4.3. The size of |Gij k| is (n — 1)!|Dyn| when i=j and is (n —
2Dy | when i # j.

PROOF. In fact,

Dy
(Gasl = [G1E(T e) = G252 = |as, 1D = (0~ 111Dl
whereas, when i # j, [Gyj x| = |GIE(ejUre;) = G252l = (n — 2)!| Dy . O
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TABLE 8. Values of 7, = tr U* in Sg by conjugacy classes C, and
E(7i) = | D, for values of k =1,... 4.

19) g Icl n g¢° ™ g s g 4
1 8 5040 0 42 0 8 0o 2f 0
2 1,7 5760 1 1,7 1 1,7 1 1,7 1
2 2,6 3360 0 12,32 2 2,2° 0 12,32 2
2 3,5 2688 0 3,5 0o 13,5 3 35 0
2 42 1260 0 2* 0 42 0o 18 8
3 12,6 3360 2 1%2,32 2 12,23 2 1232 2
3 1,2,5 4032 1 13,5 3 1,25 1 13,5 3
3 1,3,4 3360 1 1,3,22 1 14 4 1°3 5
3 2% 4 1260 0 14,22 4 224 0 18 8
3 2,32 1120 0 12,32 2 152 6 12,32 2
4 13,5 1344 3 13,5 3 13,5 3 135 3
4 12,2,4 2520 2 14,22 4 1224 2 18 8
4 12,32 1120 2 12,32 2 18 8 12,32 2
4 1,22,3 1680 1 15,3 5 122 5 153 5
4 24 105 0 18 8 24 0o 18 8
5 14,4 420 4 1*22 4 144 4 18 8
5 13,2,3 1120 3 15,3 5 152 6 1°,3 5
5 12,23 420 2 18 8 12,22 2 18 8
6 15,3 112 5 15,3 5 18 8 1°,3 5
6 14,22 210 4 18 8 14,22 4 18 8
7 18,2 28 6 18 8 152 6 18 8
8 18 1 8 18 8 18 8 18 8
E(13) 1 2 2 3

Note that Gj; i is not a subgroup of G whenever | Dy, ,,| is not an integer divisor
of n. In particular, Gj; 1 is a subgroup of G.

PROPOSITION 4.4. If U is uniformly distributed in G, then E(Uyy tr UF) =

D ~ = . .
lfl—’”‘ ZmeDk MChy, i, where Cp, 1 is the average number of m-cycles in Gi; k.

PROOF.
E(Usiptr UF) = Ze’igkeitr g"/|G| = Z tr g" /|G|
G Gk
Gis Dy
Ol S Gl = Pl S 16
G“',k Gii,k
D
= Perl 57 S e (@)/1Gd
G'Li,k meDk,n

= M Z m Z Cm,n(g)/|Gii,k|

n
meDyg n  Giik



RANDOM PERMUTATION MATRICES 15

where émyk = EG . em.n(9)/|Giikl,m = 1,... ,n is the average number of m-
cycles in Gy k. [l

To obtain the main diagonal of E(U; xU*) we start with the (ii,ii) entry. From
(4.4),

Dy.n
(15) B(U3,) = B(Ux) = 2ol

The n-1 remaining entries of the main diagonal are

E(Uii,k tr Uk) — |Dk7n|/n

n—1

(4.6) E(UiikUss i) = , s .

PROPOSITION 4.5. If U is uniformly distributed in G, then: (a) The entries
i # s of column t, and the entries j # t of row s of E(U;; xU*) are equal to zero;

(b) The marginal sums of E(U;; xU*) are constant and equal to | Z‘"' for i=4, and
n—|Dk,nl for i #
(n—1) J:

PROOF. Part (a) follows from the fact that each row (column) of U* has exactly
one entry equal to 1 and the remaining entries equal to 0; For (b), note that
EQQ S UijiUst k) = E(Uijr >, Ust.k) = E(Uiji). Applying Propositions 4.2 and
4.1, the result follows (similarly for column sums). O

Proposition 4.5, and equations (4.5) and (4.6) directly determine all the entries
at column t=j and row s=i. Any other row (say row s # i) has the diagonal entry
(s,8) given by (4.6), the (s,i) entry equal to zero and (for n > 2) the remaining n-2
entries given by

D n - (%3 ss .
|Dg,n|/n — E(Uis s U ,k), L4is
n—2

EXAMPLE 4.4. Evaluation of E(Uyy xU* tr UF) for n=3 and k=1,....6. Ta-
ble 9 summarizes the computational steps of Proposition 4.4. Consider the case
k=2, to illustrate. First we evaluate |G11x] = (n — 1)!|Dg| = 4. The corre-
sponding permutations are marked with 1 on the box to the left of column |G11 k.

(4.7) EUiixUst ) =

Next, C}, is obtained by summing C;(g) over those columns corresponding to
permutations g marked with 1 (the first four when k=2) and dividing by |G11 k|-

This leads to C; 2 = 6/4. Next, compute W = ZmEDk N

Zm:172 mCmg = 6/4 + 2 x 3/4 = 12/4 Finally, E(U1172tr U2) = W|D2)3|/3 = 2.
The derivations for other values of k are obtained similarly.

mC’mﬁk, or, is this case,

4.2.3. Derivation of the off-diagonal blocks of E(22U¥). Let [i j] indicate the
permutation matrix representing the transposition (ij). Direct verification shows
that Uy; xU* ~ Uj; i [i jJU"[i §]', and that, for i # j, Uy ks U* ~ Upp x[7 m]U[j m]’
(in each of the cases (a) s,t € {j,m}, (b) s € {j,m} and ¢t ¢ {j,m}, (c) s & {j,m}
and t € {j,m}, and (d) s,t ¢ {4, m}, it holds that U;; re.U¥e; ~ Ujpn rei[j mU*[j m]’ey).

PROPOSITION 4.6. The following equalities hold:
(1) E(Uii)ktr Uk) = %E‘(f?‘2 Uk),
(2) E(Ujjptr UF) = ﬁE(tr Uk — m E(tr2 U, i#j.
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TABLE 9. Values of |G11x/, mk, W = ZmeDk mka and
E(Uyy itr U*) = W|Dy. | /n, for n=3 and values of k=1,...,6.

kK  Dr, |1 (12) (13) (23) (123) (132)

1 {1y |1 0 0 1 0 0

2 {1,2} |1 1 1 1 0 0

3 {1,3} |1 0 o0 1 1 1

4 {1,2} |1 1 1 1 0 0

5 {1} |1 0 0 1 0 0

6 {1,2,3}|1 1 1 1 1 1
Cilg) |3 1 1 1 0 0
Co(g) |0 1 1 1 0 0
Cs(g) |0 0 0 0 1 1

k |Giigl Cix Con Csr W E(Upitr UF)
1T 2 42 1/2 0/2 4/2 2/3

2 4 6/4 3/4 0/4 12/4 2
34 4/4 1/4 2/4 10/4 5/3

4 4 6/4 3/4 0/4 12/4 2

5 2 4/2 1/2 0/2 4)2 2/3

6 6  6/6 3/6 2/6 18/3 3

PROOF. Write (the power notation is irrelevant and is omitted here), for part
(1), (ter YU = U U + UxoU + ... + UppU. From Proposition 4.6, (tr U)U ~
UnU + Ul 2)JU[L 2] + ... + Unn[l n]U[L n)’, so that, (tr U)? ~ Upitr U +
Usstr U + ... + Upptr U ~ nUjgtr U. Taking the expectation on both sides, the
result follows. For part (2), again from Proposition 4.6, we write, for m # i,

(4.8) > Uimli mlU[jm) ~ > UyU = Uii)U,

J#i J#i
so that (n — 1)Ujmtr U ~ tr U — tr U;U. Taking expectations on both sides, and
applying part (a), the result follows. O

EXAMPLE 4.5. Suppose n=4. The derivation of Z12 = E(Uy2 xU¥) is obtained
as follows. First derive M = E(1 — Uyy ,U¥), following Example 4.4. Then apply
Propositions 4.5 (b) and 4.6 (b), along with the estimating equations M = Zy5 +
[2 3]Z12[2 3]’ + [2 4] Z12]2 4], to determine the components of Z12. The remaining
blocks on the first row are obtaining by conjugating Z15 (e.g., Z13 = E(Ulg)kUk) =
[2 3]Z12]2 3]). The off-diagonal blocks on the remaining rows are complement-
symmetric: Zij = Zn—j,n—i (e.g., Z23 = Zlg).

EXAMPLE 4.6. The following are the transition probability blocks,
P = E(Ola [C{a Oéa OZ/S])

, and corresponding covariance matrices, C' = Cov(Cy, [C], C}, C%]) for n=3 and
k=1,...,6, and the complete 9 x 9 matrices P and C for k=4 (lexicographic notation).
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4, in lexi-

Complete transition probability and covariance matrices for k

cographic notation.

8 —4|-4 -4

—4
—4

-4 -4 -4
5 —1| -1

8
—4
—4
—4

—4
—4

5] 5 -1] -1
5 —4 —-1]-1

-1
-1

—4
—4

5 —1]-1
5 —1]-1
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—4

5 —4 —-1]-1

5]
-4 —4| -4

-1

8 —4| -4 —4

8

4, in ®-

Complete transition probability and covariance matrices for k

notation.
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8 —4 —4|-4 5 —1]-4 -1 5]
-4 8 —4|-1 -4 5| 5 -4 -1
-4 -4 8] 5 -1 -4]-1 5 -4
-4 -1 5| 8 -4 —-4|-4 5 -1
Cov(iUg==—| 5 —4 -1|-4 8 —4]|-1 -4 5
-1 5 -4]-4 -4 8] 5 -1 -4
-4 5 -1|-4 -1 5] 8 —4 -4
-1 -4 5| 5 -4 -1|-4 8 —4
5 -1 —4|-1 5 —-4]-4 -4 8

5. Concluding remarks

The covariance structure of U¥ is naturally related to the cyclic structure of
the symmetric group. Here we will outline that connection from two perspectives:
one based on simple combinatoric arguments and the other based on elementary
character theory. First, note that Propositions 4.4 and 4.6 show that in the uniform
case,

(5.1) E(tr? U*) = Dl > mConk,

mGDk,n

where ém,k is the average number of m-cycles in G;; 1 = {9 € G; e’igkel- =1} In
particular, when k=1, one shows that

(5.2) Z trg=(n—1)+ Z tr h.

9€Giin h€S, 1
Dividing both sides of equation (5.2) by |Gii1]| = (n — 1)! (see Proposition 4.3), it
follows that CA'M =1+ E(tr Z), with Z uniformly in S,,_;. Because E(tr Z) = 1,
we obtain E(tr? U) = 6171 = 2. As outlined below (Appendix A, Comment 3), one
obtains the same result using Burnside’s Lemma. The question of interest here is
the determination of E(tr? U¥) for arbitrary k, when U is uniform in G. Because

tr UF = Z MCmn(U),

meDg n

it follows that E(tr? U*) is completely determined by the joint covariance structure
of

a(U) = (c1.,(U),...,cnn(0)).
In fact, it is only necessary to determine the matrix E(c,(U)c,(U)) of average
cross-products.

5.1. The combinatorial approach. The joint probability law of ¢, (U) has
the support the set K of points ¢ = (eq,...,¢,) with non-negative integer coor-
dinates satisfying >."" _, mec,, = n. Clearly, |K| equals the number of conjugacy
classes in G and the law of ¢, (U) assigns the same probability to members within
the same conjugacy class |C|. Therefore P(c,(U) = ¢) = |C|/n! for each ¢ € K,
where C is the conjugacy class with representative (1¢*,... ,m®m). Standard com-
binatoric arguments (e.g., [Tak84]) show that there are exactly n!/ [, mep!,
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so that, equivalently, P(c,(U) = ¢) = 1/[[xm°cp!. Given the law of ¢, (U),
the matrix E(c,(U)c,(U)) is then obtained by its own definition. The following

illustrates the case n=3 and k=2.

EXAMPLE 5.1. Derivation of E(tr? U?) in S3. There are |K| = 3 conju-
gacy classes in S3 and the points in the support set K are ¢ = (0,0,1), with
probability 1/3, ¢ = (1,1,0) with probability 1/2 and ¢ = (3,0,0) with proba-
bility 1/6. The resulting marginals ¢, 3(U) = ¢, (U),m = 1,2,3 have support
the set {0,1,2,3}, with corresponding probabilities (1/3,1/2,0,1/6) for ¢ (U),
(1/2,1/2,0,0) for c2(U) and (2/3,1/3,0,0) for ¢5(U). Note that E(c,(U)) = 1/m,
whereas E(c3(U)) = E(tr? U) = 2, as discussed above. In addition, F(c3(U)) = 1/2
and E(cZ(U)) = 1/3. Similarly, the joint bivariate marginals are determined. The
law of (¢1(U), c2(U)) assigns probabilities 1/3,1/2 and 1/6 to the points (0,0),(1,1)
and (3,0), respectively, so that F(c1(U)ca(U)) = 1/2, whereas (¢1(U), c3(U)) takes
probabilities 1/3,1/2 and 1/6 at (0,1),(1,0) and (3,0), respectively, with E(c1(U)cs(U)) =
0. The law of (¢1(U),c2(U)) assigns probabilities 1/6,1/3 and 1/2 to the points
(0,0),(0,1) and (1,0), respectively, so that F(c2(U)c3(U)) = 0. In summary, we
obtain,

E(cs(U)cs(U)) =

O NN =
Q=[]

w-= o o

1
, Cov(es(U)) = 0
1

0
1
1
6

Then, it follows that
E(t?"2 U2) = E(Clﬁg(U) + 20213([]))2
= E(ci 3(U)) + 4E(c1,3(U)ea,3(U)) + 4E(c3 5(U)) = 6.

5.2. The character theory approach. Let © indicate the |K| x | K| matrix
of character values of G, with entries 6,; = x,(g;), where g; is a representative in

the conjugacy class C;, j = 1,...,|K|. Usually, x1 is the character of the trivial
representation. Let T indicate the n X |K| matrix with entries
- KL e
mi = —emn(gi), i=1,..., K], m=1,...,n

One then shows that the components of m-th column of the matrix ©T" are exactly
the Fourier coeflicients

| K|
<Cmn7XJ>_ |Zcmn |J|Zcmngl XJ gl
of the class function ¢, ,(g) relatlve to character x;, j = 1,...,|K|. Moreover,
(5.3) E(c,(U)C,(U)) =TO'0T’,

and E(c,(U)) = TO'ey, so that Cov(c,(U)) = TO'OT' —TO'e1,0T". The follow-
ing example illustrates the result:

EXAMPLE 5.2. We consider again the case n=3, as in Example 5.1 above. We
start with the characters matrix ©, where we define the conjugacy class C; with
representative 13, Co with representative 2! and Cs with representative 3!, so that

1 1 1
=11 -1 1
2 0 -1



RANDOM PERMUTATION MATRICES 21

From Example 5.1 we obtain the matrix T, as defined (note that the columns of T
are indexed by the same labels defined by ©),

g0
T=10 1 0
0 0 %
From (5.3), we obtain
6 0 0 2 % 0
E(c,(U),(U)=TO'0T' =T |0 2 0 |T'=| 41 5 0],
00 3 0 0 %

which is as derived in Example 5.1.

Appendix A. The (n-1)-dimensional irreducible representation of G.

The existence and construction of the representation is outlined in [Ser77,
p.17] and also in [Dia88, pp.6,134]. Let p indicate the permutation representation
on the symmetric group (G) acting on a set X with n objects and let Y indicate
the product of p copies of X, p=1,... ,n. Let also x indicate the character of p.

(1) The character of p acting on Y is x?;

(2) When p=1 or p=2, Y has p distinct orbits (G is n-transitive, e.g., [Rob93,
Ch.7]). When p=3, there are 5 distinct representatives, (1,1,1), (1,1,f) ,
(1,£,1), (f1,1), with f # 1 and (t,f,g), with ¢t # f, f # g,t # g;

(3) In general, |G-orbits in Y| = >, xP(g9)/|G|. This is essentially Burnside’s
Lemma [see [Dia88, p.134]]. This also gives all moments of the trace
function of random permutations, and |G-orbits in Y| gives the first n
moments of a Poisson (1) distribution. In particular, E(tr U) = 1 and
E(tr? U) = 2;

(4) Let 1 indicate the identity representation, and 6 its complementary sub-
space. Let the corresponding characters be x; and xy. Burnside Lemma
implies that 1 = (x|x1) = Y. x(9)/|G|, so that 1 is contained in p exactly
once. Write p=1+6;

(5) From 2 and 3 above, 2 = (x?[1) = (x|x) = (1 + 6|1 +0) = 1 + (9]9), so
that (6]#) = 1 and hence 6 is irreducible;

(6) The homotheties in V and W are the corresponding projections, given by
> e xi1(g)plg)dim V/|G| and ). xa(g)p(g)dim W/|G|, respectively. The
homothety ratios are tr Hy;/dim V and tr Haz/dim W, where Hy; and
Hys are the block partition of H corresponding to the dimensions of V
and W, respectively. In the present case, the ratios are hi; and (haa +
«oo 4 hnn)/(n —1). More generally, Schur’s Lemma shows that

. . . tr H tr H
> (01(9)02(9) H(6:(9):0:(9) /G| = diag (=21, ==
G

for any two irreducible non-isomorphic representations 6; and 6 of di-
mensions d; and dz (and H of dimension d; + d2).
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Appendix B. The average number of cycles and m-cycles

Let ¢, (U) indicate the number of m-cycles in a random uniform permutation U
in G, so that v,(U) = >_"" _, ¢mn(U) is the number of cycles in U. The average
number ¢, , of cycles of length m (m-cycles) in G is 1/m, for m = 1,... ,n and
all n. This follows from Burnside Lemma (e.g., [DM96, p.25]). The number of
permutations in G with exactly k cycles is the Stirling number S(n,k) [e.g., [Tak84]],
so that (i) 7,(U) = k with probability S(n,k)/n!, k=1,...,n, (ii) the mean number
An = E(v,(U)) of cycles in G is

T = E(ya(U)) = Zk%;k) =Y ElcmaU) = Z Cm,n;

k=1 m=1

and (iii) &, . is the average number of m-cycles in G.

ProroOSITION B.1. The mean number of cycles in G is 4, = 1 + % +...+ %

PRrROOF. This follows directly from the fact that ¢, , = 1/mform=1,... ,n
and all n. A direct proof is based on the recursive relation S(n+1, k) —nS(n, k)
S(n,k — 1) for Stirling numbers. Simple calculation then shows that ¥,+1 = J,

n+r1, from which the result follows.

O+

Because v, (U) is also the number of orbits generated by the multiplicative

action of G on {1,...,n}, and v,(U) is constant over conjugacy classes, we also
obtain
)L L IR SR
- 7 nl " 2

where the sum is indexed by the conjugacy classes and «y; is the common value of
Y (U) for U in C;.
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