CORRELATION ANALYSIS OF ORDERED SYMMETRICALLY DEPENDENT
OBSERVATIONS AND THEIR CONCOMITANTS OF ORDER STATISTICS

MARLOS VIANA AND HAK-MYUNG LEE

AsstracT. Given two jointly observed random vectors Y and Z of same dimension, we con-
sider the ordered version Y of Y and the resulting induced or concomitant of order statistics
Z. When X is a covariate of interest, also jointly observed with Y and Z, and assuming that
the joint covariance structure of (X,Y,Z) is permutation-symmetric, the joint covariance
structure of (X, Y, Z) and related correlation parameters are explicitly obtained when the
joint probability distribution of (X,Y,Z) is normal. Extensions to elliptically contoured

distributions are also discussed.

1. INTRODUCTION

The present paper describes the covariance structure and associated correlation parameters among ordered
observations, their concomitants of order statistics and one or more covariates. In each experimental unit,
the vectors Y and Z are observed, in addition to a covariate, X. The Y vector is ordered according to a
given rule, and the resulting vector indicated by ). This induces the concomitant order, Z, in Z. Our
paper is focused on the covariance structure of (X, Y, Z). Our work is motivated by experimental conditions
in which there is a natural dependence structure among the components of Y, among the components of
Z, and among X, Y and Z. For example, in vision research, extreme observations between fellow eyes are
often used to describe visual acuity. Normally, a joint pair of measures Y7, Y5 is observed in each subject,
representing the visual acuity of fellow eyes. In addition, another pair of measures (Z;, Z2), representing,
say, the intra-ocular pressure (IOP) of fellow eyes, is observed. Often, one or more covariates, are also of
interest (e.g., the subject’s age). Because visual acuity responses generally are unequal, of interest are not
the initial measures Y1, Ys but rather the extreme acuity responses, the best acuity Y1y and the worst acuity

Y(2). The resulting IOP in the eye with best acuity is a concomitant of order statistic, and so is the IOP in
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the eye with worst acuity. Consequently, there is interest in making inferences on the covariance structure
of (X,), Z). Earlier developments of these applications may be seen in Olkin and Viana (1995) (see also
David (1996)) , Viana and Olkin (1997), Viana (1998) and Lee and Viana (1999). Also of related interest
is Viana, Olkin and McMahon (1993). In what follows we introduce some of the notation and assumptions
of dependence among the joint components of Y, Z and X. In Section 2 the joint covariance structure of
(X,), 2) is obtained followed by the correlation parameters in Section 3. A numerical example is included
in Section 4, followed by complementary results and related approaches in Section 5.

Let Y and Z indicate jointly observed random vectors in RP with covariance structure defined by

Y11 = COV(Y) = U%('Yllee, + (1 - /711)1)7
S = Cov(Z) = 02 (yasee + (1 — 722)T),

Y12 =Cov(Y,Z) = alag(vueel + (A2 — 712)D),

where e = (1,...,1) has p components and I is the identity matrix of corresponding dimension. In addition,

let X indicate a real-valued random variable, jointly observed with Y and Z, with covariance structure

Yoo = 0(2), Y01 =Cov(X,Y) = ooowole/, Y2 = Cov(X,Z) = 000'2’7026/.

When the block components X;; of ¥ = Cov[(X,Y, Z)] satisfy these symmetry conditions, we say that ¥ is
block-permutation symmetric (BPS ), or simply, that 3 is BPS. Similarly, we say that the vector of means
© = (uo, by, bo) is BPS when p, = p,e, for scalars p;, i=1,2. We remark that Cov[(X,Y,Z)] indicates
the block-covariance matrix X, whereas, for example, Cov(Y,Z) denotes the cross-covariance block 19
of ¥. If F indicates the joint probability distribution of (Y,Z), and F(gy,gz) = F(y,z) for all p x p
permutation matrices g, we say that F has the BPS property. In this case, it follows that, for all g,
g, = Wy, gEijg/ =Y, i, = 1,2. This implies that both p and X satisfy the BPS conditions. Throughout
this paper, unless otherwise indicated, it is assumed that the underlying joint distribution of (X,Y,Z) has
the BPS property.

We indicate by Y = Yy, Y2y, -« .,Y(p)) the ordered version of Y according to Y(;) < ... < Y.
Correspondingly, Z indicates the vector of induced or concomitant order statistics. The component Z;) of Z
is defined by Z; = Z; whenever Y(;) =Yj. Then, Z is well-defined, provided that the underlying probability
model of Y assigns probability zero to ties.

The standard formulation of concomitants is usually defined for N independent (e.g., a sample) obser-
vations from the underlying probability model of a bivariate vector with covariance structure ¥. In that
formulation, ) indicates the ordered sample and Z the concomitants. The resulting covariance structure
Y may be expressed in block form with X195 = yo109I and X;; = 01-21, i = 1,2, where 0%, U% and ~ are the

parameters defining the bivariate structure in ¥. The standard theory has its roots in David and Galambos
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(1974) and Bhattacharya (1976, 1984). A comprehensive, more recent, account of developments in the area

is found in David and Nagaraja (1998).

2. THE JOINT COVARIANCE STRUCTURE OF (X,), Z)

2.1. The joint covariance structure of (), Z). Assume that Z, the vector of induced order statistics,
is well-defined. We start with the following remark: IfY and Z are jointly independent, then Y and Z
are jointly independent and Z = Z in distribution. In fact, if (Y,Z) is BPS, then, marginally, Y and Z
are permutation symmetric and the distribution of Z can be represented by the distribution of UZ where
U is a random permutation matrix representing the permutation of {1,2,...,p} generated by ranking the
components of Y. Moreover, U is uniform in its class, depends on Y alone and hence is independent of
Z. This implies that Z2 = UZ = Z in distribution. It also implies that )} and Z are jointly independent.
The representation UZ is discussed in more detail in Section 5.4. The following proposition is based on the

above remark and is proved in Lee and Viana (1999):

Proposition 2.1. Suppose that (Y, Z) is BPS and that Z = TY+V, where V and Y are jointly independent
and T is a permutation symmetric constant matrix (and hence T = T'). Then
Cov(y)  Cov(¥)T
Cov[(Y, 2)] = . (2.1)
TCov(Y) Y22+ T(Cov(Y) — X11)T
Under these conditions, note that E(Z) = pse + T(E(Y) — 1), which follows directly from Z = TY +V
and E(V) = py, — Tp,.

Corollary 2.1. If the joint distribution of (Y, Z) is multivariate normal satisfying the BPS condition, then

Y1C Xq2C

2 _ 2
TnC g + ZGEL(c )

where C is the covariance matrix of p ordered independent standard normal variates.

Cov[(V, Z)] = (2.2)

Proof.  In Proposition 2.1, let T = 22121_11 so that T is permutation symmetric, Cov(Z — TY,Y) =0
and hence, V=7 —TY and Y are jointly independent. In addition, from Olkin and Viana (1995), we have
Cov(Y) = X11C. To evaluate Cov(Z), we observe that €'(C — I) = 0, and hence

T(Cov(Y) —X1)T =T(211C - $11)T =TEnT(C-T) =42 (C—1) = W(C —1I),
completing the proof. O

It also follows from Corollary 2.1 that E(Z) = p, + ‘72(%\/%12)0, where ¢ is the mean vector of p

ordered independent standard normal variates (use the fact, e.g., Owen and Steck (1962), that E()) =

pi+o1v/1—11c).
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2.2. The joint covariance structure of (X,)). Suppose that W' = (X,Y) has a (p + 1)-dimensional
elliptically contoured (EC) distribution and Cov(X,Y;) = Cov(X,Y;), i,5 = 1,...,p. Its density function
f has the form f(w) = ||~ Y2g((w — p)' S~ (w — p)) for non increasing function g, ¥ positive definite,
1 = (ho 1, - -, pp) and

o ae

E =
ae 211

Let Y:; =Y —-Y,,...,Y,_1 —Y,) indicate the random spacings with respect to, say, Y, (as it will turn out,

the choice of the particular component is irrelevant). We need the following Lemma, proved in Appendix A.

Lemma 2.1. If (X,Y) has (p+1)-dimensional EC distribution and Cov(X,Y;) = Cov(X,Y;), 4,5 =1,...,p,

then, the marginal joint distribution of (X, Yy) is an even function of X — .

When restricted to the multivariate normal distribution, Lemma 2.1 says that X and Y are independent
when Cov(X,Y;) = Cov(X,Y;), in which case,
X 08 0
Cov = )
Ys 0 3
where the components o;; of X5 are given by 01-2 — 204 + a%, when i = j, and by 0y — 0ip — 0jp + af) when
i # j. The distribution of Y is N(ug, Xs). The following proposition is an extension of Theorem 1 in Olkin

and Viana (1995). We provide an outline of the proof, which is similar to the former result.

Proposition 2.2. If the distribution of X,Y is nondegenerate EC subject to Cov(X,Y;) = Cov(X,Y;),
1,7 =1,...,p, then Cov(X,)) = Cov(X,Y).

Proof. Fix 1 < r < p and let E; denote the event {Y; = Yy}, j = 1,...,p, so that Cov(X,Y(,)) =

b Cov(X, Y| Ej) Py (E;) and Cov(X, Y,) = 3-8, Cov(X, Y| E;) Py (E;). Toshow Cov(X,Y(,)) = Cov(X,Y;),
it is sufficient to show Cov(X,Y, —Y;|E;) =0, j = 1,...,p. Take j = p, say, and let f indicate the joint
density function of z,y. Then,

1

Cov(X,Y, = Y| Ep) = P(E,)
p

/ (& — 10) (W — tir) — (9 — 1) f &, ). (2.3)
XxE,

The event Y € E, is invariant under the linear transformation (X,Y) — V = (X, Y5,Y,), so that

1
P(Ep)

Cov(X,Y, = Y,|Ep) = / (x — po)(Ysr — psr) f (2, ys)dxdys, (2.4)
XXE),

where ysr = yr — yp and psr = pr — pip. However, because f(x,ys) is an even function of (x — p), the
integral of X over the real line is zero, and consequently Cov(X,Y, —Y,|E,) = 0. This holds for an arbitrary
choice of j. O
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If (X,Y) is multivariate normal, the corresponding result has a more explicit formulation. Because Y is

independent of X, as discussed earlier, the integral in expression (2.4) becomes

/X(a: - /Lo)f(x)[/ (Yor — wor) f(ys)dys|dx.

EP
The inside integral can be factored out so that the whole integral will be zero. In particular, then, if the
distribution of (X,Y) is multivariate normal and Cov(X,Y;) = Cov(X,Y;), 4,5 =1,...,p, then Cov(X,Y) =
Cov(X,Y).

2.3. The joint covariance structure of (X, Z). To extend Proposition 2.1 to (X,Y,Z), suppose that
(X,Y,Z) has (2k + 1)-dimensional EC distribution and define, in analogy,

W = (X,Y1,....Y 1,21, ..., Zyp1, Y, Zp),
so that its distribution is EC(u, X)) with po= (005 115+ + 5 M1(p—1)> H215 - - - 5 B1(p—1)» Mps A2p)s

o3 (ael,ﬁe,) (o, B)

2
o o
1 12p
Y= p Yo ,and 0127 = P
2
9 0'12p 0217
Tp

In addition, let Y indicate the random spacing with respect to Y, in Y and Z; the random spacing with

respect to Z, in Z. The proof of the following proposition is outlined in Appendix B.

Proposition 2.3. If (X,Y,Z) has a (2p+1) EC distribution satisfying (i) Cov(X,Y;) = Cov(X,Y;), (i)
Cov(X, Z;) = Cov(X, Z;), i,j = 1,...,p, then the marginal joint distribution of (X,Ys,Zs) is an even

function of X — .
The following theorem describes the covariance of a covariate with the order statistics and their concomitants.

Proposition 2.4. If the distribution of (X,Y,Z) is nondegenerate elliptically contoured with arbitrary
mean and arbitrary variance-covariance structure satisfying (i) and (ii) of Proposition 2.3, then Cov(X, Z) =

Cov(X,Z).

Proof. Replacing Y by Z in expressions (2.3) and (2.4), and observing that the event FE, is invariant under
the linear transformation (X,Y) — V = (X,Ys,Y,), it is sufficient to show that Cov(X, Z, — Z;|E;) =
0, 5=1,...,k. Letting j = p, ssr = 2» — 2p and ps, = ft2r — ft2p, from Proposition 2.3 it follows that

1

(jOV()(7 ZT — Zp|Ep) = W_E‘)
p

/ (x — po)(ssr — por) f(x, s)dxds. (2.5)
XxE,

Because f(x,s) is an even function of (x — po), it follows that Cov(X, Z, — Z,|E,) = 0. O
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If X,Y,Z are jointly multivariate normal, then s = (Ys,Zs) and X are independent because their
covariance terms are zero. Thus, the integral in expression (2.5) is
[ = m @ G =2 = uar = 2} (e, )il
X Ep,
The inside integral can be factored out so that the whole integral will be zero. In particular, then, if the
distribution of X,Y,Z is multivariate normal and permutation-symmetric in Y and Z, then Cov(X,)) =

Cov(X,Y) and Cov(X, Z) = Cov(X, Z).

3. CORRELATION ANALYSIS

From Section 2, when the distribution of (X,Y,Z) is multivariate normal with block-permutation sym-

metry, the covariance structure of (X, Y, Z) is given by

Voo Por Yoo
U= Wy W | (3.1)
Voo

where Woo = 02, Wo; = opoy0i€ , Y11 = of[yee + (1 —711)C)],

05 (A2 — 712)?
(1 —m11)

In what follows we consider bivariate correlation and regression parameters. The results extend with minor

\1112 = 0102 [*ylgee, + ()\12 — 712)0)], and \1122 = 222 =+ (C — I)

modifications when p > 2 (fix 1,j=1,2 in what follows).

3.1. Linear regression of Z on X. The correlations 7, between X and Z}; are equal,

= Corr(X, Z}y)) = 02 , (3.2)
\/1 + >\112 ,71112)) Co22 — 1)
whereas the correlation ne between Zj;; and Zy) is given by
(1 —y11)y22 + (M2 — 712)%cro
= Corr(Zpy, Zj9)) = , 3.3
iy Zip) (I =m1) + (M2 = m2)*(c22 — 1) (3:3)
with (e.g., Beyer (1991, p.243))
c c 0.6817 0.3183
c=| " = . (3.4)
C21 C29 03183 06817

When A2 = 712, it follows that 7y = 722 and hence Corr(Zy), Zjz)) = Corr(Zy, Z2). The partial correlation
of Zjy) and Z) given X is

(1 = 711) (722 = 152) + (M2 — m12)%c12

(1= 1)1 —82) + (M2 — 7112)%(c22 — 1)’ (3:5)

210 =
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which is always a contraction of the product moment correlation, regardless of the composition of the
covariate. From Proposition 2.4 and Corollary 2.1, the linear regression lines of each component of Z on X

are parallel, and determined by

Ao —
02702 o) + o2(M2 712)CZ_ + 92702 X, (3.6)

) VI—mn o0
where ¢; = —0.56419 = —c» (e.g., Beyer (p.241), 1991). Since the slope of Z on X coincides with the slope

Ziy = (2 —

of Z on X, the only difference is from the intercept whose distance results from the expected mean of order
statistics of standard normal distribution. The corresponding mean squared error matrix can be expressed

as
03(A12 — 712)?
(1 =m711)

03 (M2 — m2)?
(1 —=711)
In addition, for each component Z;,

\1122‘0 = Yog + (C — I) — Jgfygzee/ = 222‘0 + (C — I)

2 _ 2
MSE(Z,|X) = MSE(Z,|X) + 202 =m2)” gy
(1 —m1)

where c;; is a diagonal element of C. Since ci; < 1, MSE(Z[;|X) < MSE(Z;|X). The amount of improvement
(or decrease in MSE) depends on Cov(Y;, Z;) and the covariance structure of Y. For example, for fixed o2
and 711, the higher Z; is correlated with Y; relative to Yj, j # 4, the smaller the MSE of Zj; on X is.
The multiple correlation coefficient is equal to n? which is the squared correlation between Zj;) on X. The

multiple linear regression equation of one concomitant variable on X and the other concomitant variable is
Ziy = Bo+ i X + B2, (3.7)

where (33 is the partial correlation 7o,

B, = Y0202 [(1 — 711) (1 — 722) — 2¢12( M2 — 712)?]
LT ool ) (1 = 13y) — e12(Maz — 712)?]

and the intercept is given by (¢ = —0.56419 = —c2)

o2(A2 — 712)

V1=

3.2. Linear regression of X on Z. Olkin and Viana (1995) showed that the linear regression of X on

Bo = E(Zy)) — B2E(Z)) — Brpo = pa(l — B2) — Brpo + (ci — B2cy).

Y and of X on Y coincide. In Appendix C we show that a similar result holds for concomitants. That is,
the linear regression of X on Z is coincident with that of X on Z. However, this is not true for a simple

regression of X on each Zj;. For example, the regression line is determined by

02()\12 - ’712)

X =po—
to — Bz + =TT

¢i + P12,

where
Y0200

B = . .
ool + B2 () — 1)]
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4. A NUMERICAL EXAMPLE

The following partial data are from a pilot study in which a number of physiological parameters were

measured in a specific site on the left

and right brain hemispheres of subjects participating in a study

conducted at the University of Illinois at Chicago Sleep Center and General Clinical Research Center. In

this example, we consider the following variables, jointly observed in a sample of approximately N = 30

subjects:

1

(1) X: age;
(2)
(3)
(4)
(5)

4
5

Y;: tissue oxygenation on the left site;
Yy: tissue oxygenation on the right site;
Zs: total hemoglobin on the left site;
Z4: total hemoglobin on the right site.

Following the notation introduced earlier, we write Y' = (Y, Yy), Z' = (Zs, Z4), so that Y is the vector of

ordered oxygenation levels, Z; is the total hemoglobin in the hemisphere with the lowest oxygenation level

and Z[g is the total hemoglobin in the hemisphere with the highest oxygenation level. We are interested in

the linear prediction of the mean total
level, as a function of the subject’s age.

in future comparative studies.

hemoglobin in the site with extreme (lowest, highest) oxygenation

This age-corrected information may be used as a potential outcome

Matrix (4.1) shows the joint sample covariance matrix

~30.531 —41.460 |

128.414 | —23.488 —32.733
—23.488 | 33.283  26.090 | 52.281 41.596
S=1 -32.733 | 26.090 46.747 | 29.261 48.501 (4.1)
—30.531 | 52.281 29.261 | 145.672 113.061
| —41.460 | 41.596  48.501 | 113.061 173.492 |

for (X,Y,Z), with corresponding block covariance matrices S;;. Under the assumption that the joint distri-

bution of (X,Y,Z) is multivariate normal (u, ) satisfying the block permutation-symmetry property, the
MLE ¥ of ¥ is given by 63 = Soo, 62 = tr(Sii)/p, Ao = tr(S12)/p,

) Soi
Yoi

p&o&i, Vi = (p — 1)tr(Sii)’

Sii — tr(Si) . Sio — tr(S12)

e p(p—1)6162°
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where S’Z—j indicates the sum of all entries of S;;, that is, S’Z—j =€ Se, i,7 = 1,2. The resulting centralized
sample covariance matrix is then

12841 | —28.110 —28.110 | —35.996 —35.996 |

—28.110 | 40.016 26.090 | 50.390  35.428

\g);
Il

—28.110 | 26.090  40.016 35.428  50.390 | - (4.2)

—35.996 | 50.390  35.428 159.58 113.06

| —35.996 | 35.428  50.390 | 113.06  159.58

From Section 3, the components of the estimated covariance structure T of (X, ), Z) are given by

~ ~ N R 35.574  30.532
\1107;:201', 7;:071727 \Illl :EIIC: 3
30.532 35.574

where C is the covariance structure for two ordered independent standard normal random variables, shown

in expression (3.4),

L 45618 40200 | ~ 150.21 113.43
Vip = 312C = y Woo =YX +T(C—-X11)T = ;
40.200 45.618 113.43 159.21

where

1.1863 0.1118
0.1118 1.1863

In summary,

128.41 | —28.110 —28.110 | —35.996 —35.996_

—28.110 | 35.574  30.532 | 45.618  40.200

Cov[(X,),2)] = | —28.110 | 30.532 35574 | 40.200 45.618

—35.996 | 45.618  40.200 159.21 113.43

| —35.996 | 40.200  45.618 113.43 159.21

The estimated linear regression of Z[;; on X follows from Section expression (3.6) in Section 3.1. We obtained

Zp) = 51.362 — 0.287X, Zjg) = 55.908 — 0.287X.
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5. Di1scussiON AND COMPLEMENTARY RESULTS

We have considered the ordered components, ), of a multivariate random variable, Y, with covariance
matrix Y17 and the vector, Z, of concomitantly or induced ordered components of a secondary random
vector, Z, with covariance matrix Yos. Assuming that 17, Yoo and the covariance structure between Y
and Z are permutation-symmetric, the joint covariance structure for )) and Z was obtained. The case in
which the joint probability distribution of (Y, Z) is multivariate normal leads to an explicit formulation of

the covariances of interest.

5.1. Variance of the estimates. Large-sample estimates of the variance of the estimated covariance struc-
ture 3 of (X,Y,Z) follow from the fact that vVN(% — X) 5 N(0,.ACov(Y)), where the entries of the
asymptotic covariance matrix ACov(X) of ¥ follow from the standard delta method. For example, when
p=2,

T+ A + 95 +m1v22) A2z + 5(711 + 722)

Agviz + (71 + 722) $(1+ My + 7% +711722)

can be used to assess the hypothesis A2 = 12. The closed-form large-sample covariance of the components

of ¥ for p = 2 is reported in Lee (1998). See also Viana and Olkin (2000) and Viana and Olkin (1998) for

ACov(Ai2,712) =

additional results on symmetrically dependent models.

5.2. Siegel’s Argument. Siegel (1993) showed that when (X1,...,X,) is multivariate normal with arbi-
trary mean and covariance structure, then Cov(X1, X(1)) = > | Cov(X1, X;)Pr(X; = X(1)). The result
holds, surprisingly, even when X5, say, is not ordered among the remaining p = n — 1 components (indi-
cate here by Y1,...,Y,), that is, Cov(X1,Y(y)) = 37", Cov(X1, X;)Pr(X; = Y(1)). Therefore, when X, is
equicorrelated with the remaining components, one obtains Cov(X1, Y{(1)) = Cov(X1,Y;),i = 1...p. This is
later extended by Rinott and Samuel-Cahn (1994) to an arbitrary order statistics, and hence, in the present
notation, Cov(X,Y) = Cov(X,Y). Liu (1994) showed that Siegel’s result follows from a multivariate version
of Stein’s identity (Stein (1981)) and Anderson (1993) showed, in a short and elegant argument, that there

is a relationship between Siegel’s proof and the classic identity of Stein.

5.3. David’s representation. David (1996) suggested a representation of equally correlated variates due
to C. Thigpen (see David, 1981, p.117) which leads to the covariance structure of order statistics. If (X,Y)
is permutation symmetric normal with Cov(Y;,Y;) = vi1, @ # J, 4,5 = 1,...,p and Cov(X,Y;) = 701, =
1,...,p, then Y; can be represented as Y; = y91 X + m%, 1 =1,...,p, where the V; are independent
of X and standard normals with a common correlation coefficient (y11 — 73;)/(1 — 73;). In this case,
Y =01 X ++/1 — 72, V, where V is the order vector of V. It then follows that Cov(X,Y) = 701 = Cov(X,Y).
This representation is useful when the distribution of Y is permutation symmetric. David’s representation

can also be used to obtain the covariance of concomitants of order statistics and a covariate, when the
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additional variables, Z1, ..., Z, are permutation symmetric, and the covariance matrix of (X,Y,Z) has the
BPS. Assume joint normality and let 03 = 07 = 05 = 1 (without loss of generality). Then, Ti/ =Y, Z;)

may be represented as T; = yX +I'S;, i =1,...,p where

Vi 1—72 0
S; = ’ , Y= o1 and I' = o1
Wi Y02 O A/ 1-— 732
Therefore,
1 A
Var(T}) = P covmy)y=| ™M
A1g 1 Y12 722
Moreover, S; is multivariate normal independent of X, with
1 A12—701702 711*’;’31 Y12 —7Y01702
Cov(S;) = VISV | covlsy, s = | VIDGVIZ0 |
’ A12—701%02 1 ’ v Y12 —Y01%02 Y22—d2 ’

V1781V 178, V172178, 1—72,
Define T{,. according to the value of the Y; as T(’T) = (Y(y), Z}r)). Since the ordering of Y-variates depends on
that of V-variates, it follows that T,y = yX+T'S(,y, forr =1,...,p, where Sér) = (Viry, Wppp). Consequently,
forri=1,....p, i=1,...,p, Cov(X,T(y) = v = Cov(X,T;) so that Cov(X,Y(,)) = v01 = Cov(X,Y;), and
COV(X, Z[r]]) = Y02 = COV(X, Zl)

5.4. A representation for order statistics, concomitants and ranks. In Section 2, we represented
the concomitants of order statistics as the product UZ of Z and a random permutation matrix U. More
specifically, given any Y € RP, there is one (uniquely defined when the components of Y are distinct)

permutation 7 ordering the components of Y, that is,
Y(rl) <Y (12) < ... <Y (rp). (5.1)

If we indicate by U = U(7) the permutation matrix defined by 7, than it follows that the UY is the vector
of order statistics and UZ is its vector of induced order statistics. Moreover, if ' = (1,2,...,p), then Ur is

the associated vector R of ranks. That is,
y=UyY, Z=UZ, R=1Ur

The set S, of all permutations in p elements has the algebraic structure of a group and U is a linear
representation of Sy, in the sense that U(7) are non-singular matrices satisfying U(r)U(o) = U(7r0) for
all 7,0 in S,. Basic notions of group theory can then be used to facilitate the understanding of certain
symmetry-related properties of order statistics and their covariance structure. e.g., Viana (2003), Viana
(2005).

For example, when the underlying probability model (f) of Y is permutation-symmetric, so that f(y) =
f(uy) for all permutation matrices u, then U = U(r) defined by (5.1) is a random permutation matrix

uniformly distributed in Sj,.
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To prove Proposition 2.1, we pointed to the fact that permutation-symmetric matrices commute with
every permutation matrix of corresponding dimension, that is, if ¥ = aee’ + OI for real scalars « and (3,
then u¥ = Xu for all permutations u of same dimension as ¥ (the converse being also true).

The case A\12 = 712 in Corollary 2.1 is of particular interest. This is the case when the covariance structure
between Y and Z is proportional to ee’. Then we have Cov(Y,Z) = Cov(Y, Z). Furthermore, E(Z) = E(Z)
and Cov(Z) = Cov(Z) so that the distribution of Z is not affected by ordering on the Y space.

A related result for two symmetrically dependent ordered multivariate normal variates is as follows:
Suppose that the joint distribution of (Y1, Ys) is multivariate normal satisfying the BPS condition, and Y,
and Yy are related by Yo = TY;1 + V, where Y; and V are independent and T = Yoy 21—11. Let )V; indicate
the ordered version of Y;, i=1,2. Then

COV[(yl, yg)] = A[COV[(Yl,V)]@)C]A/ = ACOV[(Yl,V)]A/(X)C = COV[(Yl, Yg)]@)c,

I 0

T I
fact that X12C = X1, then Cov()4,Ys) = Cov(Y1,Y2) = X129, as shown in Viana and Olkin (1997).

where ® indicates the Kronecker product of block matrices and A =

] . When )\12 = Y12, using the

APPENDIX A. PrROOF OF LEMMA 2.1

Proof. Let V' = (X,Y;,Y,) so that V = AW with

1 0 O 1 0 O
A=|0 I —e and A'=|0 I e
0 0 1 0 0 1

The Jacobian of the transformation is |[A~!| = 1 and the density function of V is

Fv) = AT 7F AT E (A7 — ) STHA Y — )
= |ASA'[TEg((v— A7 ) (ASA) (v — A7)
=[5 g (v — 1) Z51 (v — )

where p’;/ = (ILLO, M1 — fpy vy p—1 — Hp, ,up)7 and

o3 0«
EVZAEAI = 0e s E(;p

2
a  Ypg o,

2
Here o,

associated with Cov(Yy,Y,). From this transformation, the distribution of V is EC so that the marginal

is a component for Y, in ¥, X5 is a (p — 1) x (p — 1) matrix associated with Cov(Ys), and s, is
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distribution for (X, Ys) is also EC. Its density is given by

ys) = (051 T 0T E (s ) 55 s — ),

0
where u:; = (W1 — fpy - -+, p—1 — fp). The first component in the function g is an even function of (X — o),
and the second part is constant in z, concluding the proof. O

APPENDIX B. PROOF OF PROPOSITION 2.3

Proof. Let S’ = (Ys,Zs) and V' = (X, S, Y}, Z,). Then V = AW, with prg = (fu11 — fiaps - - - s fla(p—1)s H21 —

H2py -« oy H2(p—1) — M2p) and

1 00
A=[0 1 -e®I
0 01

The Jacobian of the transformation from W to V is |[J| = |[A~!| = 1. The density of V is f(v) =

-1 !~ / ’
1Ev] 7 gv (v — py) 51 (v — ), where puy, = (po, fhs, fi1p, pi2p) and

o3 0 (o0
2v = 0 ES 23
(O[, 6)/ 2]3 012)

Here 3 is a 2(p— 1) x 2(p — 1) matrix associated with Cov(Ys, Zs) and X3 is a 2(p — 1) X 2 matrix associated
with Cov((Ys,Zs), (Yp, Zp)). The marginal distribution of (X, S) is also EC and its density is

(z — po)? ’

_ -1 _
f(z,8)=(o1)|Ss| 2 g — +(s—pg) B (s — )|
0
showing the function g is an even function of (z — o). O

APPENDIX C. LINEAR REGRESSION OF X ON Z

The linear regression of X on Z is coincident with that of X on Z. To see this, start with the best linear

predictor of X on Z, pp + ¥V [Z — E(Z)], where

o3(A12 — 712)?

V0o Usy = 0002702€ [So2 + =) Cc-n
/ 2(\
= 0002702€ 2521 I+ M(C - 1)22721]71 :
(1—m1)
Because Y55 = 1/[03(1 — v22)], and
, , 1 , 1 ’ 1 ’
ely =e — 1- 22 —ee] = 1- e =
05(1 — v22) L+ y22(p—1)

= e7
03 (1 — 722) L+y22(p—1) 03(1+y22(p—1))
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it follows that

_ / A2 — Y12)? _

TRt Y0200 e (12 c—1)!

02722 02(1+722(p— 1)) [ (1 —711)(1 —722)( )]
Y0200

_ e/ _ -1
- o2(1 4+ y22(p — 1)) (1 =DT+e0)™

with ¢ = (A12 — 712)2/[(1 = 711)(1 — 722)]. Moreover, € C = €', so that

Y0200
o2(1 4+ v22(p — 1))

-1 ! -1
\1102\1122 = e = 202222.

Finally, because ec= 0,

Y0200
o2(1 4+ y22(p — 1))

intercept = o — Vo Usy E(Z) = g — e [uoe +

L()\ )l
m 12 — Y12
PY0200
o2(1 4+ y22(p — 1))

which is the intercept of the regression of X on Z. Therefore, the two regression equations, X on Z and X

= Mo — H2,

on Z, are the same.
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