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ON A CLASS OF PATTERNED MATRICES
-INTERIM REPORT-

MARLOS VIANA

ABSTRACT. The covariance matrix of the ordered equicorrelated normal distribution characterizes the nor-
mal distribution and is a member of a class of covariance matrices with group structure. The study of its
subgroups leads to patterned matrices of special interest such as matrix circulants.

1. INTRODUCTION

Patterned covariance matrices arise from a variety of contexts. Wilks (1946), in one of the early
papers with patterned structure, considered a set of measurements on k equivalent psychological
tests. This led to a covariance matrix with equal diagonal elements and equal off-diagonal elements.
Votaw (1948) extended this model to a set of blocks in which each block had a pattern. Olkin (1973)
studied a multivariate version in which each element was a matrix, and the blocks were patterned.

The circular covariance matrix has a long history. There, typical measurements arise from a
physical, spatial or temporal model, as for example, measurements on the petals of a flower. For a
discussion of this model see Olkin and Press (1969) and Olkin (1973).

The structure of patterned matrices arising in statistics was studied by a number of authors.
Roy and Sarhan (1956) obtained the inverse of matrices that are function of a Green’s matrix
G = (9ij), 9ij = aibj, i < j, e.g., Horn and Johnson (1991, p. 508). Other matrices considered are
those studied by Votaw (1948).

Roy, Greenberg and Sarhan (1960) considered matrices of the form
D, + avv/,

where D, = diag(ay,...,a,) and v = (v1,...,v,). The covariance matrix of the multinomial dis-
tribution is of this form. Graybill (1969, Chapter 8) summarizes a number of results on patterned
matrices.

Greenberg and Sarhan (1959) are motivated by linear model analyses in which an inverse is
required. In some cases, such as response-surface analysis, observations are taken in a manner that
generates a patterned covariance matrix.

Statistics has motivated a number of papers. Barrett and Feinsilver (1978) give a probabilistic
proof that the inverse of a tridiagonal matrix (a Jacobi matrix) is a Green’s matrix. Their results
is based on a Gaussian Markovian family.
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In a series of papers (we give the latest which provides references to earlier papers), Szatrowski
(1985) discusses how to obtain maximum likelihood estimates for the elements of a class of patterned
covariance matrices. Chinchilli and Carter (1984) considered a patterned covariance arising from
a multivariate growth-curve model. Browne (1977) reviews patterned correlation matrices arising
from multiple psychological measurements. This paper provides references to related papers. In
particular, the work of Guttman (1954) introduces a number of patterns.

Anderson (1969) and Rogers and Young (1977) studied the case in which a covariance matrix 3
can be written as ¥ = 601Gy +...+0,G,,, where the §’s are unknown parameters and G1,...G, is a
set of symmetric linearly independent matrices. The intraclass covariance matrix and the circular
covariance matrix fall into this class. When the matrices Gy, ..., G, are simultaneously diagonaliz-
able (by an orthogonal matrix independent of the #’s), then explicit maximum likelihood estimates
are readily obtainable.

Of course we cannot expect many patterns to have linear structure, and some patterns arising
from certain group operations will not have linear structure. Diaconis (1989) provides a discussion
of how such patterns can arise. These matrices that are exhibited are

a bbb b ¢
b a b ¢ b b
b b a b c b
A=1y c b ab b |
b b ¢c b a b
_cbbbba_
0 b e d e a b b c ¢ b
b a ¢c b b ¢
c d e a b b b b
B=|e a b ¢ e C = € a ¢
’ c b b a c b
b ¢ d e a
d b c b b c abd
¢ a ¢ _bccbba_

Of these, A and B have linear structure, whereas C does not. A simple determinant of linear
structure is to show that G; and G; commute, or equivalently, that G;G; is symmetric.

The class of patterned matrices considered in the following sections arise in several ways. Let
the components of U = (Up, Uy, ...,U,) be independent and identically distributed real random
variables with mean zero and unit variance and o and «; be fixed real numbers. The random
vector Y with components

(1.1) Y}'ZO(()U()—I-OQU]', 7=1,...,n,
has an equicorrelated covariance matrix of the form
(1.2) Cov(Y) = are€’ + asl,

where e is the n x 1 vector of ones, a; = o and az = a2. The common non-negative correlation
among the components of Y is
ai

ai + as
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The covariance matrix of the corresponding vector ) of ordered observations (Y(1y, ..., Y(y)), Y1) <
... <Y}y, is (mod orientation)

(1.3) Cov(Y) = ajee’ + asA,

where A is the covariance matrix of the ordered components of U (Olkin and Viana 1995).

When the components of U are independent and normally distributed with mean 0 and variance
1 then A = (aj;) is a symmetric stochastic matrix, that is, Zj ajj =y ;a5 =1,fori,j=1,...,n
(David 1981, p. 39). The values of a;; are tabulated, e.g., Sarhan and Greenberg (1962); Owen
(1962).

Note that the equicorrelated matrix (1.2) has the symmetry of \S,,, the group of all permutation
matrices of dimension n, in the sense that it commutes with every member S,. Conversely, if a
matrix M commutes with every member of S,, then M has the pattern of (1.2). In fact, if a matrix
M commutes with every member of S,, then M commutes with their sum, which is (proportional
to) e€’. The roots of ee’ are 1 with multiplicity one and eigenvector proportional to e, and 0 with
multiplicity n — 1 and eigenvectors v orthogonal to e. Because M and ee’ are real symmetric
commuting matrices, the resulting spectral decomposition M has the form a;ee’ + asvv’, for some
real numbers o and ag. In addition, because I = ee’ + (n — 1)vv’, it follows that M = ajee’ + asl,
for some real numbers a; and as.

On the other hand, the (doubly) stochasticity of A in (1.3) characterizes the normal distribu-
tion. Let Z1, ..., Z, be independent, identically distributed random variables with zero means and
variance o2, Zny < ... < Zpyy its ordered values and Z = (Z(y),..., Z()). Then Cov(Z) = C is
doubly stochastic if and only if Z3,..., Z, are normal, for all n = 2,3,....

The proof of doubly stochasticity for normal random variables is provided in David (1981, p.
39). Suppose, conversely, that C is doubly stochastic. Then

1= Z COV(Z(Z-), Z(])) = COV(Z(Z-), Z Z(j)) = COV(Z(Z-),HZ),
j=1

j=1

i=1,...,nand n = 2,.... But this is a characterization of the normal distribution, (Govindara-
julu 1966) [see also Johnson and Kotz (1970, p. 53)].

Algebraic operations among matrices with the structure of (1.3) may arise as follows: Start with
a non-null vector vg of dimension n and define
vi = (a1 re€ +agpA)vi_1 = M1, k=1,...,

where the sequence (a; k, a2 ;) may be selected according to a random distribution and is such that
nayr + azp = 1 at each step of k. Then,

Vi = MkMk—l PN M1V0,

and the sequence {vg, vy,...} is a random walk on the plane orthogonal to the equiangular line and
distant the average value of the components of vy from the origin. At each step, the components
of vi are convex combinations of their simple average and weighted averages of v with weights
defined by the rows of A.
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2. THE CLASS ajee’ + asA.
Let GL(n,R) indicate the multiplicative group of n x n real non-singular matrices and
G={Ae€GL(n,R);de =e,e'A=¢}

be the set of all non-singular n x n real doubly-stochastic matrices. Given A € G and a real vector
a = (ay,az) define the n x n matrix

(2.1) [a, A] = aje€’ + azA,

where e is the n-component vector of ones. It then follows that

(2.2) [a, A][b, B] = (naiby + a1by + asb;)ee’ + azbas AB,
suggesting the operation

(2.3) x:(a,b) € RZxRZ - qaxb= (najby + a1by + azby, asbs) € R?,
so that

(2.4) [a, A][b, B] = [a * b, AB].

Proposition 2.1. (R?, +, %) is an algebra.
Proof. In fact, for all a,b,c € R? and all numbers v in the scalar field (R or C) of the vector space
(R2,+), we have
axbe (R?+),
ax(b+c)=axb+axc,
(a+b)xc=axc+bxc,
Y(a*b) =ax(yb) = (ya) *b.
]

Proposition 2.2. W = {(a1,a2) € R? as #0, naj + as # 0} together with * is a commutative
group.

Proof. Let a,b € W and axb = (¢1,c2). Then ¢y = asbs # 0 and ncy +co = (nay+asg)(nby+be) # 0,
so that a xb € W. The unit of (W,*) is 1, = (0,1) € W. Now let, for a € W,

_ —aq 1
1 _ )

a - - @

* (ag(nal +as) as
By virtue of the definition of W, a;! is well defined, a x a; ! = a;! xa = 1, and a;' € W (to see
this, note that if a; ! = (c1,c2) then both ney + ¢a = 1/(nay + az) and ¢y = 1/ay are non-zero).
The associativity and commutativity of (2.3) can be verified directly. g

Example 2.1. ({(—2/n,1),(0,1)},*) is a subgroup of (W, ) of order 2.

Example 2.2. Let Z,, indicate the integers under addition and multiplication modulo (prime) n.
Then naj +ag = az, W = {(a1,az) € Z2;ay # 0}, which together with the multiplication * of (2.3)
taken modulo n, is an Abelian group of order (n — 1)n isomorphic to C,—1 x C),. Take n = 3: The
6 members of W are
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The resulting multiplication table

ool *
|||+
ool
ol
—lo|lofelalallo
Q||| &f|
Qle(rlo|lalo

shows that W is isomorphic to
{1, (12)(36)(45), (135)(264), (143256), (153)(246), (165234)} C Sg,

via g — 7y, with m4(h) = g+ h, g,h € W. The element a is of order 2, b and d have order 3, e and
¢ have order 6. W is isomorphic to Cy x C3 via
a®b? — (a,b%).
The irreducible representations have the form
a®t’ — wg‘wg, w? =1,w) = 1.

There are 6 of these, determined by w, = 1, —1 and w, = 1, w, w. The associated character table is

1 a b c d e
x1 |1 1 1 1 1 1
xo | 1 1 w w?  w? w
x3 | 1 1 v v? 02 v v=10.
xa|1 -1 1 -1 1 -1
x5 |11 —1 w —ws w? —w
x¢ |1 —1 v —v v —w

Proposition 2.3. WG = {[a, A];a € W, A € G} is a subgroup of GL(n,R).

Proof. First note that G is a subgroup of GL(n,R). The direct product group W x G of W and G
is defined by the operation

(a7 A)7 (b7 B) - (a* b7 AB)7
which turns (a, A), (b, B) — [a * b, AB] into an homomorphism between W x G and GL(n,R) such
that (1.,1g) = ((0,1),1,) — I,,. Therefore WG is an isomorphic image of the product group and
hence a subgroup of GL(n,R). O

Example 2.3. G = {I,,} generates the subgroup of all equicorrelated covariance matrices; W =
{1} and G = S,, generate the subgroup S,, of n x n permutation matrices; W = {1,} and

n—1
G = {wol, + wig + wag® + ... + wp_1g"" 1 Zwi =1, w; € R},
i=0

where ¢ is an element of order n in S,,, generate the subgroup of stochastic circulants with first
row w = (wo,...,wp_1). Take n =4 and let F be a stochastic circulant with first row w'. Then
F' = wol +w1g® + wag? + w3g € G and

Qp @1 Qa2 o1
ayp Qo a1 Q2
Q2 @1 Qo o1
ap a2 a1 Qg

FF' = aol + a19 + aag® + ar1g® =
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is a symmetric stochastic circulant with first row determined by «; = w’ g'w.

Example 2.4. The covariance matrix A € G of n ordered independent standard normal compo-
nents indicated in (1.3) has a doubly symmetric stochastic structure with the additional property
that A; ; = Apt1—jn+i1—i- In this example we look at properties of such matrices. When n = 4,

hi a b c 491 245 158 .104
A_|a ke d b| _[245 360 .235 .158
T b d hy a| " |.158 235 .360 .245
c b a 104 158 245 .491

can be expressed as
(2.5) A =BT+ a[(12)(34)] 4+ b[(13)(24)] + c[(14)] + d[(23)],
where [(i7)] and [(i7)(kl)] indicate the corresponding permutation representation of permutations
(zj) and (ij)(kl). Expression (2.5) implies that
hi=p0+d, hy=p+c,
whereas the stochastic property Ae = e requires that
B+a+b+c+d=1.

The quantity 3 is an invariant when A is transformed by gAg’, g € S4. When n = 4 the invariant
corresponds to

B = Var(Y(1)) — Cov(Y(2), ¥(3)),
= Var(Y(z)) — Cov(Y(1), Y(4))-
The following are examples of expression (2.5) and corresponding invariants indexed for n =
2,3,5,6:
Ay = (oI + al(12)],
ﬁQ = h17
As = G514 af[(12)] + [(23)]} + b[(13)],
P3=hi—a=hy—0b,
As = 351+ a[(12)(45)] + b{[(13)] + [(35)]} + ¢[(14)(25)]
+d[(15)] + e{[(23)] + [(34)]} + f[(24)],
ﬁ5:h1—b—2€—f:h2—2b—d—e:h3—a—c—d—f,
Ag = Bl + al(12)(56)] + b[(13)(46)] + ¢[(14)(36)] + d[(15)(26)]+
+ e[(16)] + f[(23)(45)] + g[(24)(35)] + h[(25)] + i[(34)],
Be=h1—f—g—h—i=hg—b—c—e—i=h3—a—d—e—h.
We note that A is a linear combination of single transpositions (2-cycles) or products of two
transpositions, and that all transpositions are present. Because A is a stochastic matrix, Birkhoff’s
Theorem anticipates that A is necessarily a linear combination of permutation matrices. The

presence of all transpositions reflects the fact that 2-cycles alone are sufficient to sort n objects. In
general, we have

An:ﬁnl“‘ Z aijM(Z"j)a

1<j<n
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where, for i < j <mn,

[(ij)n+1—7 n+1—1)] when j #n+1—j,

(2.6) M(ivj):{[(ij)]+[(n+1_j n+1—1)] whenj=n+1-j.

The resulting m = n/2 conjugate-invariant relations among the entries of A, when n is even and
m = (n + 1)/2 relations when n is odd are obtained from

(2.7) he = Bn + Z a0 (1,5), 1<t<m,
i<j<n
where
5., ) = {1 — 03 jnt1—jnt1-i} (1), when ] #Fn+1-— ]:,
2= 0453() = On1—jnt1-qy(t), when j=mn+1-4

and dy, is the indicator function of set L. The cases illustrated above also show that the permutation
matrices associated to distinct coefficients are symmetric. However, they do not jointly commute
and do not form a subgroup of the underlying symmetric group. It can also be shown that the
class of A matrices considered in this example is not closed under multiplication. However, if A is
non-singular, and has a doubly symmetric stochastic structure satisfying A; ; = A,41—jn4+1—; then
so does its inverse.

The largest subgroup of S,, fixing A has order 2, e.g., {I, g, }:
92 = (12), g3 = (13), g1 = (14)(23), g5 = (15)(24), g6 = (16)(25)(34).

Because g,, has order 2 and trace 1 when n is odd and trace 0 when n is even it follows that g, has
an eigenvalue 1 with multiplicity m; = n/2 and an eigenvalue —1 with multiplicity mo = n/2, when
n is even. Otherwise m; = (n+ 1)/2 and mg = n — m;. Therefore, A factors into A = AL & A_,
where the dimension of A, is m? and A_ has dimension m3. Moreover, A has a one-dimensional
factor associated with an eigenvector proportional to e, so that the factorization

A:{l}@B-I-@A—)

obtains, where {1} of dimension one is the constant unit sum of the row (or column) entries of A,
By is symmetric with dimension (m; —1)? and A_ is symmetric with dimension m3. This, in turn,
leads to the factorization of [a, A] = ajee’ + az A into

[a, A] = {naj + a2} ® aa By ® asA_.

Proposition 2.4. For every member [a, A] of WG, the following properties hold:
(1) tr([a, A]) = nay + tr(A)aq,
) la, A]/(na; 4 ag) is doubly stochastic,
) €'[a, Ale = n(nay + az), the sum of all entries of [a, A],
) [a7 A] = [a, In][L A]7
) Denote by A the diagonal matrix of eigenvalues. Then \([a,I,]) = diag(na; +ag, as, ..., as),
) det[a, A] = (naj + az)ay~*detA,
) If A is symmetric, A([a, A]) = A([a, L)) A([1, 4)),
) [a7 A]_l = [a_17A_1]7
) [a7 A]k = [akvAk]a
)
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Proposition 2.5. For all [a, A] in WG we have

eloAl = l(e"“1 —1)e™ee + e®24,
n

If A is symmetric with eigenvalues 1, A, ..., Ay, then
)\(e[“’A}) = diag(e™*1 192, e e“z)‘").

Proof. Because the matrices ee’ and A commute, we have

a,A] aree’+as A _ ealee’eazA‘

eloAl — ¢

Also,

k
ealee’ _ Z % =14+ l(enal _ 1)ee/'
! n
k>0

The first part of the proposition then follows from the fact that ee’e®?4 = ee’e?. To obtain the
corresponding eigenvalues, suppose that A is symmetric, so that

Qel@Aly = (RlaAlQ",

The result follows A([a, A]) = A([a, I,])A([1«, 4]), as shown above on Proposition 2.4. O
From proposition 2.5 we obtain,
e[a,A]e — enal—l—aze’ e/e[a,A} — gnaitaz g/

showing that el®4] when divided by ™19 is a doubly stochastic matrix, and hence a member of
W (. The function

(2.8) V(u) =

plays an important part in determining the dimension of WG, defined as the dimension of its
tangent space WGy [e.g., Curtis (1984)]. Vectors in the subspace WGp are tangent vectors I'(0)
to curves I' : (—d,d) — WG such that I'(0) = I. In fact, note that v(0) = I, whereas direct
computation shows that

e[a,A]u
eWG, 0<|ul<d, d>0

e(nal +az2)u

7' (0) = [a, A] — (nay + a2)L.
In particular, taking a; = 0, as = 1 and A to be a permutation matrix g € G we obtain that WGt
includes all matrices 7;](0) = g — I. Because these matrices span a subspace of dimension n(n — 1)
we have the following result:

Proposition 2.6. n(n — 1) < dim WG < n?.

3. THE GENERAL CLASS ajee’ + asA.

A closer look at Proposition 2.2 shows that what makes it work is the fact that (R,+,.) is a
ring and R — {0} is a multiplicative group. Let R be a ring with unit 1z and L a multiplicative
subgroup of GL(n, R) (a division sub ring would also work). Redefine, for a,b € GL(n, R)?,

(3.1) s : (a,b) — axb=((e'e)arby + arby + azby, azhy) € GL(n, R)?,
where e’e = 1 + ... + 1g. Note that ee’ is an element in the center of R. Let also
Wr = {(a1,a) € GL(n,R)?; (e'e)a; +as € L, ay € L},
Gr={A€GL(n,R); Ae = e,e’A=¢€'},
WGRr ={[a,A];a € Wg, A € GRr}.
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Proposition 3.1. Wg together with x of (3.1) is a group, whereas WGg is a multiplicative
subgroup of GL(n, R). If, in addition, R is commutative, then so is Wg.

Proof. Direct verification. O
Similar result hold when, given x € R",
Wre = {(a1,a2) € GL(n, R)?; (x'x)a; +az € L, ag € L — {0}},
Gr.={A€GL(n,R);Ax =x, x'A=x'},
WGRr. = {a1xx' + azA; a € Wgy, A € Gral).
Proposition 3.2. If x'x is an element in the center of R then Wg , together with
1 (a,b) — a*xb=((x'x)arb; + arby + asby, asbs) € GL(n, R)?

is a group, whereas WG, is a multiplicative subgroup of GL(n, R). If, in addition, R is commu-
tative, then so is Wg ;.

Proof. Direct verification. O

Example 3.1. The class WG = {a1 ® e€' + a3 ® A;a € Wr, A € Gr}. In GL(2,R), consider the

multiplicative subgroup,
0 1 10
=30 [o 1)

The members of W = {(ay,az2) € GL(2,R)?; 2a; +ay € L, ag € L} are

a=(0,I), b= (% [ _i _i ] I,

a4 ) e 20,

whereas the non-singular doubly stochastic matrices have the form
t 1—t 1
O R NS

Let G = L = {A(1), A(0)}, instead of the whole group of doubly stochastic matrices. The resulting
members of @WWG are:

—
I
S O O
O O = O
O = OO
= o O O
OO = O
OO O
= o O O
O~ OO

N e

—_ = —_ = = =
—_ = —_ = =

. o

|
I T S R e e
|
| |
N

N =
|

. e e e
I e




10 MARLOS VIANA

—_= o O
_— o O O
OO O =
OO = O

Q

Il
—_ o O O
O = OO
OO = O
SO O -

0
with commutative multiplication table
* || 1
1

~|lo |||
o |jo|se

ol ||l |~la| o
Qo <l |~le||ollo
QS| Q||| &l X
SO || la|a
Qoo ol ||~
QSO |0 |wQ |l

Q| |s|o|lrelle

g9
®W G is isomorphic to the subgroup with members in Sg,

I,(12)(34)(56)(78), (13)(24)(57)(68), (14)(23)(58)(67),
(15)(26)(37)(48), (16)(25)(38)(47), (17)(28)(35)(46), (18)(27)(36)(45)

all of which have order 2, and to Cy x Cy x (s via

a“cef — (a%, 7, e).
The irreducible representations have the form

€

et — wlwlwt, w?=1,w?=1w’=1.

There are 8 of these, determined by w,, w.,w, € {1, —1}. The associated character table is

1 a b c d e f g
x1/1 1 1 1 1 1 1 1
x2/1 1 1 1 -1 -1 -1 -1
x3/1 1 -1 -1 1 1 -1 -1
xs/1 -1 -1 1 -1 1 1 -1
xs/1 1 -1 -1 -1 -1 1 1
x¢|1 -1 -1 1 1 -1 -1 1
x7|1 -1 1 -1 -1 1 -1 1
xs|1 -1 1 -1 1 -1 1 -1

Proposition 3.3. Let [a, A] € WG over a ring R. Then
(1) [a, 4] = [0, T][1,, A);
(2) (T ®I,)[a,I(I" ® I,) = block-diag(na; + ag,as,...,as), where I is any orthogonal matrix
such that T'ee’'T” = diag(n,0,...,0).
(3) detla, I] = det(na; + ag)det™ (ay),
(4) If a1 and ag are symmetric commuting matrices, then
n
det[a,I,] = H(nalj + agj)agj_l,
j=1

where o1, ..., a;, are the eigenvalues of a;, i = 1, 2.
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Proof. Parts 1 and 4 are direct verification. Parts 2 and 3 follow from observing that part 5 of
Proposition 2.4 holds for W over an arbitrary ring R with unit 1. O
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