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Preface

These lectures notes cover part of the content of an introductory short course on dihedral Fourier analysis,

presented during the 2009 Young Optical Scientists Conference in Moscow, Russia. The content of the �rst

two chapters is abstracted fromSymmetry Studies - An Introduction to the Analysis of Struct ured

Data in Applications , c
 Cambridge University Press (Viana, M., 2008), by permission. An earlier version

of these notes was presented at the 2008 Topical Meeting on Optoinformatics and Photonics, held at the St.

Petersburg State University of Informational Technologies, Mechanics, and Optics in St.Petersburg, Russia.

The optics and visual sciences applications of dihedral Fourier (FDn) analysis introduced in these notes

are aimed at studying experimental data and analytical models indexed by certain dihedral rotations and

reversals realized as vector �elds, as illustrated in the diagram below. Its particular relevance as a research

tool in areas such as optoinformatics and statistical optics appears when formulated within the context

of symmetry studies, as introduced in Viana (2008b), which formally connects algebraic and statistical

reasoning together in one methodology for data summary and inference. Therefore, the primary goal of this

introductory tutorial is a presentation of FDn analysis wit hin a broader methodology capable of motivating

its potential applications to di�erent research programs.

Chapter 1 is dedicated to identifying the language and the basic components of symmetries studies.

It introduces examples de�ning and connecting the algebraic notions of symmetry with those of statistical

analysis and scienti�c experimentation. Chapter 2 is an introduction to the theory of representation of �nite

groups, leading to the tools and techniques of FDn analysis,introduced in Chapter 3.

The role of group theoretical arguments in visual sciences and their potential to predicting new measur-

able e�ects and allowing newer methods of analysis of data has been suggested and pursued by the authors,

e.g., (Lakshminarayanan et al., 1998; Viana, 2008b). In particular, the algebraic methods described in

iii
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Chapter 2 lead to a systematic construction of a broad class of decompositions

I = P1 + P2 + : : : + Pr

of the identity operator in �nite-dimensional vector spaces V as a sum of algebraically orthogonal projection

matrices P1; : : : ; Pr , so that any linear operator T in V commuting with P1; : : : ; Pr can be uniquely expressed

as y1P1 + : : : + yr Pr , with the inverse formula yj = tr ( Pj T)=tr Pj ; j = 1 ; : : : ; r .

To the extent that T is stochastic or experimentally obtained, the construction of the yj de�ned above

de�nes a broad class of experimental data that are indexed, or labeled, by the (algebra of the) corresponding

projections Pj . In quantum mechanics, (the equivalent version of) these projections correspond to quantum

properties, so that then the data yj are indexed by the properties of the system, intertwined with the

operators T.

Similar methods of data indexing are familiar to physicists working with, for example, Pauli or Dirac

matrices. In linear optics, a coherency matrixJ and the Stokes coe�cients Sj are related by J = S0� 0 +

S1� 1 + S2� 2 + S3� 3 in terms of the Pauli matrices � 0; : : : ; � 3. The inverse formula isSj = tr J� j =2.

Symmetry considerations, however, are at the core of decompositions such asI = P1 + P2 + : : : + Pr .

This can be envisioned by considering the simplest (and yet commonly used) decompositionI = A + Q of

the n � n identity matrix, in which A is the n � n matrix with all entries equal to 1 =n and Q = I � A .

It then follows that if T = yaA + yqQ is the decomposition of an � n scalar matrix T, then the inverse

formula is ya = tr ( AT)=tr A , and yq = tr ( QT)=tr Q. These coe�cients depend onT only through the

trace tr T =
P

i Tii of T (the sum of the diagonal entries ofT) and the sum
P

i 6= j Tij of the o�-diagonal

entries of T.

These sums, however, are de�ned precisely over the two subsets of f (i; j ); i; j = 1 ; : : : ; ng that remain

invariant when the permutations of f 1; : : : ; ng are allowed to jointly shu�e the components of their points.

Consequently, ya and yq are functions of the symmetries constraining the operatorT. In the language of

multivariate statistical inference, these two propertiesare precisely the (common) variance and the (common)

covariance among the components ofy.

Di�erent symmetry groups would correspond to di�erent decompositions I = P1+ : : :+ Pr and eventually

lead to di�erent properties. Our emphasis in the present notes is the study of those decompositions induced

by the dihedral groups and in the analysis of data indexed by their planar representations.

Any such decomposition of the identity operator in the data spaceV leads to the decompositionx0x =

x0P1x + : : : + x0Pr x of the sums of squaresx0x for experimental data x in V. The underlying statistical

hypotheses, in addition, would necessarily be hypotheses about the (dihedral) properties of the system under

consideration, as they are derived from each one of the projections P1; : : : ; Pr .

The connection with classical �nite-basis harmonic analysis comes from its specialized cyclic symmetry

Cn = f 1; !; : : : ; ! n � 1g basis, realized as spectral frequencies and playing the role of the projection operators

introduced above. The discrete Fourier transform of a scalar-valued function x indexed by those symmetries

and evaluated at ! j , is

bx(j ) =
X

k

xk ! jk ; k; j = 0 ; 1; : : : ; n � 1:
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The inverse (Fourier) formula is simply xk =
P

j bx(j )! � jk =n. By observing that the cyclic symmetries all

have dimensionnj = 1, we may rewrite, in analogy with the inverse formulas introduced above,

xk =
X

j

nj

n
tr [ ! � jk bx(j )]:

The dihedral Fourier and Fourier-inverse formulas to be developed in Chapter 3 are the natural extensions

of bx(j ) and xk , and result from certain projections P1; : : : ; Pr of interest. The resulting spectral analysis

is referred to as dihedral Fourier analysis. In Chapter 3, bivariate FDn analyses will be required to study

many data-analytic aspects in phase-space.

Marlos A. G. Viana, University of Illinois at Chicago, USA

Vasudevan Lakshminarayanan, University of Waterloo, Canada.

Chicago, March 24, 2009.
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CHAPTER 1

Symmetry, Classi�cation, and Data Reduction

1.1. Introduction

The common understanding and perception of symmetry developed from our collective sensory and

cultural experience with repetition or constancy can guideus in classifying, for example, the uppercase

Roman font printing of the English alphabet, imagined as subsets of the Euclidean plane. For example, the

letters N, S, and Z are characterized by having a center of re
ection symmetry whereas the letters H, I, O,

and X have line (horizontal and vertical) and point re
ectio n symmetry.

When a letter and its transformed image under a vertical line re
ection v : (y1; y2) 7! (� y1; y2) are

indistinguishable, we say that the letter has the symmetry of v. If, in addition, the letter has the symmetry

of a horizontal line re
ection h : (y1; y2) 7! (y1; � y2), then, consequently, it must have the symmetry of the

iterated transformation ( vh) of these two symmetries. Because the iterated transformation of h and v is a

point re
ection o : y 7! � y, we then learn that the letter has the symmetries ofv, h, and o. Trivially, all

letters have the symmetry of the identity transformation 1 : y 7! y, often indicated simply as 1.

� 1 v h o

1 1 v h o

v v 1 o h

h h o 1 v

o o h v 1

(1.1)

The resulting symmetriesG = f 1; v; h; og multiply according to Table (1.1) and share the algebraic properties

of a �nite group: the product ( � ) of two symmetries is a symmetry; the product is associative; 1 is the identity

element and all symmetries have an inverse symmetry also inG. We observe, in addition, that any f 2 G

is a bijective transformation of the Euclidean plane preserving its algebraic properties, in the sense that

f (x + y) = f (x) + f (y) for all vectors x; y in the plane. These are called automorphisms of the plane.

` Aut( `)

F,G,J,K,L,P,Q,R 1

A,M,T,U,V,W,Y 1 ; v

B,C,D,E 1; h

N,S,Z 1; o

H,I,O,X 1 ; h; v; o

(1.2)

Any two letters are then classi�ed together when they share the same set of symmetries or automorphisms.

For example, the letters ` 2 f H,I,O,X g are classi�ed together by sharing the symmetries ofG = f 1; h; v; og.

1



2 1. SYMMETRY, CLASSIFICATION, AND DATA REDUCTION

We then say that G is their automorphism group and write Aut f `g = G for all ` 2 f H,I,O,X g. Table (1.2)

shows the resulting classi�cation of the letters of the English alphabet.

1.2. Data indexed by symmetries

The lines in the left-hand side of Table (1.3) were abstracted from a visual acuity testing chart developed

for the Early Treatment Diabetic Retinopathy Study, or ETDR S (Ferris III et al., 1993, Table 5). The 10

di�erent letters f Z,N,H,V,R,K,D,S,O,Cg that appear in the actual chart di�er only in that they are pri nted

with specially created Sloan fonts (Sloan, 1959) and are presented according to an experimental protocol.

C O H Z V

S Z N D C

V K C N R

K C R H N

Z K D V C

H V O R K

R H S O N

K S V R H

` Aut( `) p(`) entropy( `) � log CS(̀ )

Z 1; o 0:844 0:433 0:63

N 1; o 0:774 0:535 0:53

H 1; o; v; h 0:688 0:619 0:44

V 1; v 0:636 0:656 0:56

R 1 0:622 0:663 0:46

K 1 0:609 0:669 0:57

D 1; h 0:556 0:687 0:43

S 1; o 0:516 0:693 0:44

O 1; o; v; h 0:470 0:692 0:34

C 1; h 0:393 0:673 0:36

(1.3)

The individual letters are shown in the adjacent table, along with their automorphisms, estimated probability

(p) of correct identi�cation, corresponding entropy � [p logp+(1 � p) log(1� p)], and estimated (� log) contrast

sensitivity. The entropy of a letter is a measure of the relative uncertainty in its correct identi�cation. Its

value is zero in the absence of uncertainty, and it is positive otherwise and attains its maximum value

(log 2 = 0:693) when the events are equally like, that is,p = 1 =2. The probabilities of correct identi�cation

were estimated from a large sample of test subjects reportedby Ferris III et al. (1993). The letter contrast

sensitivity is a direct measure of the subject's visual performance. It is estimated from psychophysical

experiments to determine the threshold of perception undervarying levels of background contrast (Alexander

et al., 1997). The smaller is the contrast needed to see the letter, the larger is the sensitivity.

We are interested in describing the connection among font symmetry, letter entropy, and contrast sen-

sitivity from samples of Sloan lines similar to those shown in (1.3).

To each symmetry t in G = f 1; v; h; og, indicate by �x t the subset of letters in a selected line with the

symmetry of t and by x t = j�x t j the number of elements in �xt . For example, the �rst line C O H Z V in

the chart gives

(1; v; h; o)
x
�! (5; 3; 3; 3); (1.4)

which is an example of data indexed by the elements inG, and a point in the vector space V = R4. If

j�x t j 6= 0 then the mean line entropy
P

` 2 �x t
entropy(`)=j�x t j based on those letters with the symmetry oft

leads to a di�erent indexing of data by the elements ofG. In this case, for the same line, the new indexing is

(1; v; h; o) x�! (0:614; 0:655; 0:661; 0:581): (1.5)
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Similarly, when averaging the (� log) contrast sensitivity over the letters with same symmetry, the indexing

is

(1; v; h; o) x�! (0:466; 0:46; 0:380; 0:476): (1.6)

Note that the �rst components in (1.4), (1.5), and (1.6) are, respectively, the total number (5) of letters in

each line, the line mean entropy and mean contrast sensitivity. These are examples of data indexed by a

particular structure (a �nite group in this case) or, simply , examples of structured data. Clearly, together,

the data in 1.5 and 1.6 give an example of bivariate data indexed by the symmetries ofG.

1.3. Symmetry and data reduction

Classical physical measurements are understood, mathematically, as real vectorsx in the usual Euclidean

vector space. Consequently, it is of natural interest to represent the symmetries described byG = f 1; h; v; og

into the vector spaceV = R4 for the data, shown in (1.4), (1.5), or (1.6), indexed byG. These representations

are accomplished by associating to each elementt in G a linear transformations � t in V.

Speci�cally, using the multiplication table of G shown in (1.1), to each elementt in G associate the

permutation matrix

f e1; ev ; eh ; eog
� t�! f et � 1; et � v ; et � h ; et � og; (1.7)

in which the entry ( � t )sf of � t at row s and column f is equal to 1 if and only if f = t � s, for f; t; s 2 G.
For example, (� v )ho = 1 indicates that v � h = o. Therefore,

� 1 =

2

6
6
6
6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

3

7
7
7
7
7
7
7
5

; � v =

2

6
6
6
6
6
6
6
4

0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

3

7
7
7
7
7
7
7
5

; � h =

2

6
6
6
6
6
6
6
4

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

3

7
7
7
7
7
7
7
5

; � o =

2

6
6
6
6
6
6
6
4

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

3

7
7
7
7
7
7
7
5

:

These resulting linear transformations then connect the symmetries in the group G with the vector space

V for (1.4), (1.5), or (1.6) in a way that the multiplication in G described by (1.1) is now represented as

multiplication of nonsingular linear transformations in V, that is,

� t � t 0 = � t � t 0 for all t; t 0 2 G: (1.8)

This is the homomorphic property, characteristic of these linear representations.
The algebraic aspects outlined in the next chapter and detailed in Viana (2008b) will show that cer-

tain linear combinations of f � 1; � v ; � h ; � og then lead to four algebraically orthogonal projection matrices
P1; : : : ; P4, given by

1=4

2

6
6
6
6
6
6
6
4

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

3

7
7
7
7
7
7
7
5

; 1=4

2

6
6
6
6
6
6
6
4

1 1 � 1 � 1

1 1 � 1 � 1

� 1 � 1 1 1

� 1 � 1 1 1

3

7
7
7
7
7
7
7
5

; 1=4

2

6
6
6
6
6
6
6
4

1 � 1 1 � 1

� 1 1 � 1 1

1 � 1 1 � 1

� 1 1 � 1 1

3

7
7
7
7
7
7
7
5

; 1=4

2

6
6
6
6
6
6
6
4

1 � 1 � 1 1

� 1 1 1 � 1

� 1 1 1 � 1

1 � 1 � 1 1

3

7
7
7
7
7
7
7
5

; (1.9)

respectively, which determine statistical summariesP1x; : : : ; P4x characterized by the particular represen-

tation (1.7) of G. We will refer to these summaries, in general, as the canonical invariants in the study - a
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concept that will be developed throughout the text. In the present case, these projections directly identify

four invariants, namely,

I 1 = x1 + xo + xv + xh ; I v = x1 + xv � xo � xh ;

I h = x1 + xh � xo � xv ; I o = x1 + xo � xv � xh ;

each one taking values on subspaces in the dimension of 1. These summaries depend on the labels (provided by

G) only up to companion points determining a linear subspace of the data space (called invariant subspace).

For example, the summaryx1 + xo � xv � xh is such that

x t � 1 + x t � o � x t � v � x t � h = � (x1 + xo � xv � xh ) for all t 2 G:

The summaries of the data induced byG can then be interpreted as of exactly two types:

(1) The overall sum of responses (I 1) and

(2) The three pairwise comparisons (�I v ; �I h ; �I o).

These pairwise comparisons are the basis for statistical inferences in this particular symmetry study, as

detailed in Viana (2008b).

The invariants are the data that should be retained when the arbitrariness of where is left (right) and

where is up (down), introduced by the action (1.7), is resolved. For example, then,x1 + xo � xv � xh compares

point and line symmetries in a way that depends on the chosen planar orientation only up to an invariant

subspace. As e�ectively suggested by Weyl (1952, p. 144),

Whenever you have to do with a structure-endowed entity try to determine its group of

automorphisms, the group of those element-wise transformations which leave all structural

relations undisturbed. You can expect to gain a deep insightinto its constitution this way.

Inference. We have remarked that the matricesP in (1.9) lead to the data summariesPx shown on

page 4. These matrices are algebraically orthogonal (Pi Pj = Pj Pi = 0 for i 6= j ) projections (P2
i = Pi ,

i = 1 ; : : : ; 4) that reduce the identity operator I in the data vector according to the sum

I = P1 + P2 + P3 + P4;

so that, consequently, the theory of statistical inferencefor (real symmetric) quadratic forms can be applied

to study the decomposition

x0x = x0P1x + : : : + x0P4x

of the sum of squaresx0x of x.

To illustrate, consider the data shown in (1.10). Each row isa sample of size 5, obtained from 5 di�erent
Sloan chart lines, of the corresponding mean line entropyx t =

P
` 2 �x t

entropy(`)=j�x t j, indexed by the
symmetry element t.

tnsample 1 2 3 4 5

1 0:614 0:636 0:632 0:624 0:66

v 0:675 0:619 0:692 0:64 0:619

h 0:655 0:619 0:66 0:69 0:667

o 0:603 0:603 0:553 0:603 0:635

(1.10)
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The application of the algebraic arguments outlined above resulted in the analysis of variance table shown
in (1.11), where the degrees of freedom (df) are the traces ofthe corresponding canonical projections and

the F-ratios derived from the ratios of the mean sum of squares x0Px=df relative to the mean error sum of
squares.

component x0Px df x 0Px=df F-ratio

I 1 8:0633 1 8:0633

I v 0:000757 1 0:000757 1:036

I h 0:002312 1 0:002312 3:165

I o 0:006956 1 0:006956 9:525

Error 0 :011684 16 0:000730

(1.11)

Here, the decomposition of the sum of squares is the consequence of jointly shu�ing the rows and columns

of the table in (1.10) using G = f 1; h; v; og and the permutations of f 1; 2; 3; 4; 5g, respectively.

Under the usual normality assumptions and corresponding hypotheses of the formI = 0 (in terms of

expected values), the indicated F-ratios have a central F-distribution with degrees of freedom 1 and 16 and

can be used to test these parametric hypotheses.

The analysis of variance (1.11) points to a signi�cant distinction in mean line entropy when the di�er-

entiation (among chart lines) is due to point vs. line symmetries (I o 6= 0). The explanation of this �nding,

expressed in terms of the invariantI o, may then be found in the theories of eye movement, for example.

To summarize the methodological steps introduced above, werecall that the mean line entropy data

x0 = ( x1; xv ; xh ; xo) shown in Table (1.10) was introduced as an example of data indexed by the elements of

a �nite group G = f 1; v; h; og, so that it was then possible to identify:

(1) A set (G) of labels with the algebraic properties of a �nite group;

(2) A set of data (x) indexed by those labels (the structured data);

(3) A group action, de�ned in (1.7), with which the symmetrie s in G were applied to itself ;

(4) A linear representation (� ) of that action connecting the labels and the data vector space (V);

(5) The projection matrices P1; : : : ; P4 shown in (1.9);

(6) The canonical invariants P1x; : : : ; P4x in the data, described on page 4, and their interpretations,

and

(7) The resulting analysis of variancex0x = x0P1x + : : : + x0P4x based on the decompositionI =

P1 + : : : + P4, shown in (1.11) .

Permutations as experimental labels. The reduction of data indexed by a group of symmetries,

consequence of shu�ing the labels according to the multiplication table of the group, has many practical

applications (Viana, 2008b; 2007; 2008a). This type of group action, called regular action, deserves a

special introduction. To illustrate, consider the observed frequencies with which the DNA words

f act; tac; cta; cat; tca; atcg

appear in 9 subsequent 900� bp long regions along the BRU isolate of the Human Immunode�ciency Virus

Type I described in Viana (2008b, Chapter 1), and shown in Table (1.12). This data are, therefore, indexed
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by the complete set of permutations in the positionsf 1; 2; 3g of the nucleotides f a; c; tg with which they

appear in the DNA words.

Other common examples occur in ranking preferences studies, or scalar data in psychometric studies

where scalar response to the di�erent sequences of presentation of a stimuli are recorded.

The choice of any of the 6 DNA words as a reference (act in this case) is certainly arbitrary and should

then be resolved by the resulting invariants. This is in analogy with the symmetry study of the Sloan fonts,

which can be interpreted as an example of data indexed by the permutations f agct; gatc; atcg; ctagg, each

one of which can be arbitrarily assigned to be the reference one.

These two studies are then examples of data indexed by particular functions f 1; 2; 3; 4g 7! f a; g; c; tg.

This leads us to the consideration of the case in which the setof labels is any �nite set (V ) endowed with

certain symmetries of experimental interest. In the previous examples, we hadV = G. This extension

requires, however, a broader interpretation of some of the steps in the summary presented on page 5.

To illustrate, suppose that the labels (V ) of interest are the 16 purine-pyrimidine sequences1 in length
of 4 shown in Table (1.14), where the symbolsf u; yg represent the classes of purinesf a; gg and pyrimidines
f c; tg, respectively, translated from the original sequence written with the alphabet f a; g; c; tg of adenines

(a), guanines (g), thymines (t), and cytosines (c). The structured data are the frequencies with which these
sequences appear in 10 subsequent 200 bp-long regions of theBRU isolate of the Human Immunode�ciency
Virus Type I (HIV-1). The entire 9229 bp-long DNA sequence is available from the National Center for

Biotechnology Information 2 database using the accession number K02013.

1 2 3 4 5 6 7 8 9

act 8 16 16 7 17 11 12 6 14

tac 7 17 13 15 9 11 18 5 17

cta 15 8 14 9 14 15 8 5 16

cat 14 15 16 14 21 17 15 10 8

tca 11 18 10 17 11 16 14 9 13

atc 7 15 9 13 11 11 11 12 10

total 62 89 78 75 83 81 78 47 78

(1.12)

The symmetries of potential interest, among others, are allthe permutations of the four positions in L =

f 1; 2; 3; 4g or the permutations of the two symbols in C = f u; yg. These sets of permutations, together

with the operation of composition of functions, are examples of full symmetric groups, indicated by SL , SC ,

or simply by S` when only the number (̀ ) of elements in the set is of interest. An important distinct ion,

however, is the fact that now the group operation in general is not commutative, as the reader may verify

by composing di�erent pairs of permutations in S3.

Given a sequences 2 V, a permutation � in S4, and a permutation � in S2, we observe that the

composites

s� � 1 : L
� � 1

��! L
s
�! C and �s : L

s
�! C

�
�! C

1Molecular and molecular chirality aspects, discussed else where, are related to the study of the scattering of visible l ight

by cholesterics of a certain pitches.
2http://www.ncbi.nlm.nih.gov/
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are also binary sequences in length of 3 and consequently a point in V . The resulting subsetsf s� � 1; � 2 S4g

(shown in Table (1.13)) and f �s ; � 2 S2g of V are examples of symmetryorbits. The collection of all orbits

in V obtained under a particular group action is generally indicated by V=G.

s(1) y u y u u u y y y u u u y y y u

s(2) y u u y u u y u u y y u y y u y

s(3) y u u u y u u y u y u y y u y y

s(4) y u u u u y u u y u y y u y y y

S4 ns 1 16 15 14 12 8 13 11 7 10 6 4 9 5 3 2

1234 1 16 15 14 12 8 13 11 7 10 6 4 9 5 3 2

1243 1 16 15 14 8 12 13 7 11 6 10 4 5 9 3 2

1324 1 16 15 12 14 8 11 13 7 10 4 6 9 3 5 2

1432 1 16 15 8 12 14 7 11 13 4 6 10 3 5 9 2

2134 1 16 14 15 12 8 13 10 6 11 7 4 9 5 2 3

3214 1 16 12 14 15 8 10 11 4 13 6 7 9 2 3 5

4231 1 16 8 14 12 15 6 4 7 10 13 11 2 5 3 9

1342 1 16 15 12 8 14 11 7 13 4 10 6 3 9 5 2

1423 1 16 15 8 14 12 7 13 11 6 4 10 5 3 9 2

2314 1 16 14 12 15 8 10 13 6 11 4 7 9 2 5 3

2431 1 16 14 8 12 15 6 10 13 4 7 11 2 5 9 3

3124 1 16 12 15 14 8 11 10 4 13 7 6 9 3 2 5

3241 1 16 12 14 8 15 10 4 11 6 13 7 2 9 3 5

4232 1 16 8 15 12 14 7 4 6 11 13 10 3 5 2 9

4213 1 16 8 14 15 12 6 7 4 13 10 11 5 2 3 9

2143 1 16 14 15 8 12 13 6 10 7 11 4 5 9 2 3

3212 1 16 12 8 15 14 4 11 10 7 6 13 3 2 9 5

4321 1 16 8 12 14 15 4 6 7 10 11 13 2 3 5 9

2341 1 16 14 12 8 15 10 6 13 4 11 7 2 9 5 3

2413 1 16 14 8 15 12 6 13 10 7 4 11 5 2 9 3

3421 1 16 12 8 14 15 4 10 11 6 7 13 2 3 9 5

3142 1 16 12 15 8 14 11 4 10 7 13 6 3 9 2 5

4123 1 16 8 15 14 12 7 6 4 13 11 10 5 3 2 9

4312 1 16 8 12 15 14 4 7 6 11 10 13 3 2 5 9

(1.13)

word n region 1 2 3 4 5 6 7 8 9 10

yyyy 5 8 3 5 7 8 5 25 16 6

uuuu 52 29 36 35 30 34 44 35 37 17

yuuu 18 16 20 16 20 20 16 18 17 17

uyuu 12 16 19 14 20 14 15 11 16 14

uuyu 15 14 21 17 21 12 13 10 16 12

uuuy 17 16 20 16 20 19 16 18 17 17

yyuu 16 11 11 10 10 14 12 15 11 15

yuyu 6 12 9 11 6 8 8 2 4 10

yuuy 10 11 9 8 10 8 11 8 10 11

uyyu 11 14 10 11 8 12 14 10 11 15

uyuy 9 10 11 14 7 6 6 1 4 9

uuyy 12 14 8 8 8 15 14 16 11 16

yyyu 5 6 5 7 8 8 6 10 7 10

yyuy 1 9 4 8 7 7 7 5 7 10

yuyu 4 6 7 11 8 5 5 4 7 9

uyyy 5 6 5 7 8 8 6 10 7 10

(1.14)

The action of the permutations in S4 on the positions of the symbols of each word inV generates a

partition V = O0 [ O 1 [ O 2 [ O 3 [ O 4 of V in which each orbit Ok has exactly
� 4

k

�
elements, speci�cally,

O0 = f yyyyg; O4 = f uuuug; (1.15)
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O1 = f yyyu; yyuy; yuyy; uyyyg; O3 = f yuuu; uyuu; uuyu; uuuy g; (1.16)

and

O2 = f yyuu; yuyu; yuuy; uyyu; uyuy; uuyyg; (1.17)

and can be characterized by the distribution (k; ` � k) of purines (u) and pyrimidines (y) in the sequences.

The reader may want to identify, in this example, all the steps described in P�olya's reasoning, introduced

in Viana (2008b), namely: description, classi�cation, and interpretation of the objects of interest.

A good classi�cation is important because it reduces the observable variety to relative few

clearly characterized and well-ordered types.

The practical aspect of this simple example, and its consequences for the planning and analysis of experi-

mental data, is the varied structural classi�cations that c an be obtained from the same initial set of labels by

introducing di�erent symmetries, and di�erent actions on t he sets of positionsL = f 1; 2; 3; 4g and symbols

C = f u; yg. In each case a new partition ofV can be obtained, with a corresponding new partition in the

data space.

In each one of the elementary orbitsO0; O1; : : : ; a representation of G is then determined, in analogy

with the original case in which V = G so that steps (4)� (7) in the summary listed on page 5 would then

lead to the canonical projections. Consequently, the identi�cation of elementary orbits, in a way that will

be made more speci�c later on, constitutes a methodologicalstep of interest in our studies. These orbits will

be referred to as sets in which the group actstransitively .

To illustrate further the notion of an elementary orbits, tr ansitive actions, and the role of the underlying

group of symmetries, consider the words in the orbit

O2 = f yyuu; uuyy; yuyu; uyuy; yuuy; uyyug � f a; �; b; �; c; 
 g � V

introduced above. Indicate by v = (12)(34) the transposing of positions 1; 2 and 3; 4, and similarly o =
(13)(24), h = (14)(23). These permutations multiply according to (1.1) and the resulting action

a � b � c 


1 a � b � c 


h � a � b c 


v a � � b 
 c

o � a b � 
 c

;

on O2 identi�es three elementary orbits O21 = f a; � g; O22 = f b; � g; O23 = f c; 
 g, decomposingO2,

each one of which giving a linear representation ofG in the dimension of 2. With the algebraic tools of

outlined in the next chapter, it will be seen that the decomposition of the identity matrix in each of these

three subspaces of the original spaceV (in the dimension of 6) indexed by orbit O2 is simply the (standard)

reduction I = A + Q given by

A =
1
2

"
1 1

1 1

#

; Q =
1
2

"
1 � 1

� 1 1

#

: (1.18)

The identity matrix in V then reduces according to the sumPA + PQ of two canonical projections

PA = Diag ( A ; A ; A); PQ = Diag ( Q; Q; Q) (1.19)
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in V. In the above expression, the two projections are block diagonal matrices with blocks A and Q,

respectively.

The nontrivial canonical invariants of interest are, clearly, the within-orbit comparisons. For (log)

frequency data f xa ; x � ; xb; x � ; xc; x 
 g, say, the broader interpretation of the canonical invariants would

suggest the study of the ratios

log
xa

x �
; log

xb

x �
; log

xc

x 

:

This example suggests that the orbitsO21, O22, and O23 are essentially the same and could be classi�ed as

of the same type. Similarly, the orbits in (1.15), (1.16) and (1.17) de�ne three classes or types of orbits. In

the following section, we give an account of these importantfacts from two complementary perspectives.

1.4. Summary

In this chapter we illustrated the basic steps related to the study experimental results indexed by

symmetry or symmetry actions. In summary, these steps include the identi�cation of

(1) a set V of labels;

(2) a set of data (x) indexed by those labels (the structured data);

(3) a rule or group action, with which the symmetry transform ations in G are applied to V ;

(4) the classes and multiplicities of the resulting elementary orbits, subsets ofV , where G acts transi-

tively;

(5) the resulting linear representations of these actions in the corresponding data vector spaces;

(6) the canonical (algebraically orthogonal) projection matrices P1; P2; : : :;

(7) the canonical invariants P1x; P2x; : : : on the data, and their interpretations; and

(8) a statistical analysis of the canonical invariants and, if applicable, their analysis of variancex0x =

x0P1x + x0P2x + : : : based on the canonical decompositionI = P1 + P2 + : : : of the identity operator

in the data spaces.





CHAPTER 2

Algebraic Aspects

2.1. Introduction

The study and data-analytic applications of group actions are among the main objectives of the present

chapter. The study of group actions and orbits is an integralpart of any symmetry study, and was identi�ed

earlier in the summary of Chapter 1, on page 9, steps 3, and 4. The algebraic aspects in these notes follow

closely from Serre (1977, Part I). Examples and applications are described in (Viana, 2008b).

2.2. Permutations, groups and homomorphisms

In the classi�cation of the binary sequences in length of 4 introduced in Chapter 1, the symmetries of

interest were the permutations of the four positions and thepermutations of the two symbols f u; yg. These

sets of permutations, together with the operation of composition of functions, share all the de�ning algebraic

properties identi�ed in the multiplication table of f 1; v; h; og, characteristics of a �nite group. In Section

1.3 of Chapter 1, it was shown that permutations appear in many, if not all, steps of a symmetry study.

They appear as labels for the DNA data on page 6, in matrix formas linear representations, on page 3,

and as shu�ing mechanisms with which sets of labels could be classi�ed and interpreted for the purpose of

describing the data indexed by those labels.

Recall, from Chapter 1, that we denote by SL the set of all bijective mappings de�ned on a setL and

write S` when only the number (̀ ) of elements in L is of interest. When ` is �nite, the `! mappings in SL

are called the permutations in L .

The cycle notation for permutations. To illustrate the notation, the 3! = 6 permutations

1 2 3

# # #

1 2 3

;

1 2 3

# # #

2 3 1

;

1 2 3

# # #

3 1 2

;

1 2 3

# # #

2 1 3

;

1 2 3

# # #

3 2 1

;

1 2 3

# # #

1 3 2

:

in S3 are denoted, respectively, byf 1; (123); (132); (12); (13); (23)g, or also by f 123; 231; 312; 213; 321; 132g.

Permutations such as (12) or (132) are called cycles. Every permutation can be expressed as the com-

position of disjoint cycles. For example,

� =

1 2 3 4 5 6 7 8 9

# # # # # # # # #

3 8 7 6 1 2 5 4 9

= (1375)(2846); (2.1)

observing that cycles with a single element are excluded. Equivalently, � = (2846)(1375), a consequence of

the fact that the composition of any two disjoint (without co mmon elements) cycles is commutative. We

note that the composition � � of two permutations � and � is the permutation obtained by �rst applying

11
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� followed by � , e.g., if � = (23) and � = (13), then � � = (123). Because �� = (132), the composition of

permutations is not commutative in general.

The dihedral group D3. A particular realization of the group S3 is described by the symmetries of
a rigid regular triangle with vertices indexed by f 1; 2; 3g. The resulting symmetry operations allowed by

the triangle are the dihedral symmetries andS3 will be referred to as the dihedral groupD3. The reader is
invited to describe those symmetries in terms of the e�ect that the permutations

r 1 =

1 2 3

# # #

1 2 3

; r 2 =

1 2 3

# # #

2 3 1

; r 3 =

1 2 3

# # #

3 1 2

;

t1 =

1 2 3

# # #

2 1 3

; t2 =

1 2 3

# # #

3 2 1

; t3 =

1 2 3

# # #

1 3 2

have on the vertices of the triangle and then, with special attention, their e�ect on the oriented edges

f (1; 2); (2; 3); (3; 1); (2; 1); (1; 3); (3; 2)g

of the triangle. This exercise will justify our referring of f r 1; r 2; r 3g and f t1; t2; t3g as rotations and reversals,

respectively.

Parity of a permutation. Two-element cycles, such as (13), are also called transpositions. Note that

(1375) = (15)(17)(13); (2846) = (26)(24)(28): (2.2)

In general, every cycle can be expressed as a composition of transpositions. This is trivially true for all two-

element cycles. Assuming that it holds for cycles of lengthn � 1, direct evaluation shows that (12: : : n) =

(1n)(12 : : : n � 1), thus proving that the stated decomposition holds for cycles of length n. From (2.1) and

(2.2) we obtain

� = (1375)(2846) = (15)(17)(13)(26)(24)(28) ;

and observe that � , of length 8, is the composition of 2 disjoint cycles. These two numbers are su�cient to

characterize the permutation. The di�erence 8� 2 = 6 is called the decrementand corresponds to the number

of transpositions expressing� . To see this in general, note that every cycle of lengthn is the composition

(12: : : n) = (1 n)(1 n � 1) : : : (12) of n � 1 transpositions, so that a permutation � of length m with h disjoint

cycles of lengthn1; : : : ; nh can be written as the composition of
P h

i =1 (ni � 1) = m � h transpositions, equal

to its decrement.

The parity of a permutation is de�ned as the parity of its decr ement. Consequently, an even (respectively

odd) permutation is the composition of an even (respectively odd) number of transpositions. The proof of

the following proposition is in Viana (2008b).

Proposition 2.1. For all permutations � and transpositions � , decrement (� � ) = decrement (� ) � 1.

The sign (Sgn), or signature, of a permutation is given by

Sgn(� ) =

8
<

:

+1 if � is even;

� 1 if � is odd:
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As a consequence of Proposition 2.1, the reader may verify that the parity of the composition �� of any two

permutations �; � is given by

� n� even odd

even even odd

odd odd even

;

and that, consequently, for any two permutations �; � ,

Sgn (�� ) = Sgn ( � )Sgn (� ): (2.3)

Clearly, Sgn (1) = 1 and Sgn (� � ) = � Sgn (� ) for all transpositions � . The reader may want to verify that

the rotations and reversals have opposite parity.

Conjugacy classes. Two permutations � and � are conjugate when� = � �� � 1 for some permutation � .

Conjugacy de�nes an equivalence relation among permutations and the resulting classes are called conjugacy

classes. Also note that the only e�ect the operation of conjugacy has on the cycle structure of a permutation

is that of eventually renaming the elements within each cycle. For example, in the dihedral group D3, if

� = (12) and � = (23), then the conjugacy � �� � 1 transforms the cycle (12) into the cycle (13), that is,

� �� � 1 = (13). The conjugacy classes ofD3 are f 1g, f (123); (132)g and f (12); (13); (23)g. We have:

Proposition 2.2. Conjugacy classes determine the same cycle structure.

In Chapter 1 we remarked that the composition table ofG = f 1; v; h; og summarizes the de�ning prop-

erties of a �nite group, namely, the composition of two symmetries is also a symmetry, the composition is

associative, the identity element 1 is an element inG and each element inG has an inverse element also in

G. More speci�cally,

De�nition 2.1. A group is a nonempty setG equipped with an associative operation (�; � ) 2 G � G !

� � � 2 G, an (identity) element 1 2 G, satisfying 1 � � = � � 1 = � , for all � 2 G and such that for every

� 2 G, there is an (inverse) element� � 1 2 G such that � � � � 1 = � � 1 � � = 1.

The group operation is generally referred to as multiplication so that the n-th power � n of a group
element � means itsn-fold � � : : : � � product.

� 1 (123) (132) (12) (13) (23)

r 1 = 1 1 (123) (132) (12) (13) (23)

r 2 = (123) (123) (132) 1 (23) (12) (13)

r 3 = (132) (132) 1 (123) (13) (23) (12)

t1 = (12) (12) (13) (23) 1 (123) (132)

t2 = (13) (13) (23) (12) (132) 1 (123)

t3 = (23) (23) (12) (13) (123) (132) 1

(2.4)
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A word about notation. We adopt the convention that when a group multiplication � � � is de�ned by

the composition of functions that then � � � = �� , for �; � 2 G. For example, (123)� (23) = (13), which is the

result of (123) followed by (23). Otherwise, the group operation ( � ) is omitted and we write, for simplicity,

� � instead. The complete multiplication table for D3 is shown in (2.4), constructed using symbolic logic

algorithms described in Viana (2008b). Indicating by jSj the cardinality of a �nite set S, the group order is

the number jGj of elements in the group. A commutative, or Abelian, groupG is one in which the operation

is commutative, that is, � � = �� for all �; � 2 G. The group f 1; v; h; og is Abelian, whereasD3 is not.

A subgroup of G is any subset ofG that is a group under the operation of G restricted to that subset.

For example, f 1; vg, f 1; hg, and f 1; og are subgroups off 1; v; h; og of order 2. C3 = f 1; (123); (132)g is a

commutative subgroup of D3 of order 3.

The order of a group element� is the smallest positive integern such that � n = 1. The elements v, h,

and o have order 2. The permutation (123) has order 3.

The dihedral groups D4 and D5. Similarly to D3, let

D4 = f 1; (1234); (13)(24); (1432); (14)(23); (24); (12)(34); (13)g;

and

D5 = f 1; (12345); (13524); (14253); (15432); (25)(34); (12)(35); (13)(45); (14)(23); (15)(24)g;

with corresponding multiplication tables (the notation fo llows that of D3)

r 1 r 2 r 3 r 4 t1 t2 t3 t4

r 2 r 3 r 4 r 1 t4 t1 t2 t3

r 3 r 4 r 1 r 2 t3 t4 t1 t2

r 4 r 1 r 2 r 3 t2 t3 t4 t1

t1 t2 t3 t4 r 1 r 2 r 3 r 4

t2 t3 t4 t1 r 4 r 1 r 2 r 3

t3 t4 t1 t2 r 3 r 4 r 1 r 2

t4 t1 t2 t3 r 2 r 3 r 4 r 1

;

r 1 r 2 r 3 r 4 r 5 t1 t2 t3 t4 t5

r 2 r 3 r 4 r 5 r 1 t5 t1 t2 t3 t4

r 3 r 4 r 5 r 1 r 2 t4 t5 t1 t2 t3

r 4 r 5 r 1 r 2 r 3 t3 t4 t5 t1 t2

r 5 r 1 r 2 r 3 r 4 t2 t3 t4 t5 t1

t1 t2 t3 t4 t5 r 1 r 2 r 3 r 4 r 5

t2 t3 t4 t5 t1 r 5 r 1 r 2 r 3 r 4

t3 t4 t5 t1 t2 r 4 r 5 r 1 r 2 r 3

t4 t5 t1 t2 t3 r 3 r 4 r 5 r 1 r 2

t5 t1 t2 t3 t4 r 2 r 3 r 4 r 5 r 1

:

The reader is invited to study the e�ect of applying these permutations to the oriented edges of the corre-

sponding regular polygons.

The reader is also asked to observe the cyclic structure of the rotations Cn = f r 1; r 2; : : : ; r n g as subgroups

of Dn and verify the fact that

D4 = C4 [ f t1 C4g
| {z }
reversals

; D5 = C5 [ f t1 C5g
| {z }
reversals

; (2.5)

with t1 = (14)(23) in the D4 case andt1 = (25)(34) in the D5 case.
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A semi-direct product. The multiplication tables of Dn , as suggested by (its implicit de�nition shown

in) D3, D4, and D5, can be reconstructed as follows: First, denote the rotations r k as (k; 1) and the reversals

tk as (k; � 1), with k = 0 ; 1; : : :n � 1. Then, as suggested by the respectivef k; � 1g indices

0 1 2 3 0 1 2 3

1 2 3 0 3 0 1 2

2 3 0 1 2 3 0 1

3 0 1 2 1 2 3 0

0 1 2 3 0 1 2 3

1 2 3 0 3 0 1 2

2 3 0 1 2 3 0 1

3 0 1 2 1 2 3 0

;
1; 1 1; � 1

� 1; 1 � 1; � 1
;

in the D4 case, observe that they multiply according to

(k; d) � (k0; d0) = ( d0k + k0 mod n; dd0); k = 0 ; : : : ; n � 1; d = � 1: (2.6)

Rules as these are known as semidirect products (Viana, 2008b, p.40).

Cyclic groups. The sets Cn = f ! k ; k = 0 ; : : : ; n � 1g, and ! = e2�i=n are multiplicative groups of

order n. We refer to Cn and any of its equivalent realizations as cyclic groups. They are characterized here

as any �nite group with some element of order equal to the order of the group. Any such element is called

a group generator. For example,C3 may be realized, isomorphically, as

f 1; (123); (132)g ' f 1; !; ! 2g ' f 3Z; 3Z + 1 ; 3Z + 2 g ' f 1; r; r 2g ' f 1; �; � 2g

where 3Z + k = f 3m + k; m 2 Zg, k = 0 ; 1; 2,

r =

"
cos 2�= 3 � sin 2�= 3

sin 2�= 3 cos 2�= 3

#

; � =

"
! 0

0 !

#

;

with group generators, (123), 3Z + 1, r and � , respectively. Similarly, (132), 3Z + 2, r 2 and � 2 are also

generators. The groupsf 1; r; r 2g and f 1; �; � 2g are realizations ofC3 as groups of rotations in the plane.

Note that (1234) generatesC4 = f 1; (1234); (13)(24); (1432)g, whereas (13)(24) does not. Whenn > 1

is prime, however, Cp can be generated, without distinction, by any one of its members distinct from the

identity. Equivalently (Weyl, 1952, p. 140), because the points in Cn may be realized as the roots inC of the

equation zn � 1 = 0 then Cn can be generated by any one of its non trivial roots. The rootsof the equation

zn � 1 = 0 form the vertices of a regularn-sided polygon, and sincezn � 1 = ( z� 1)(zn � 1 + zn � 2 + : : :+ z+1),

the roots of zn � 1 + zn � 2 + : : : + z + 1 are said to be algebraically indiscernible.

With these comments in mind, the reader is invited to review the construction of the dihedral groups as

semidirect products (of cyclic groups) brie
y introduced on page 15.
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Cosets. The sets Ok = nZ + k, k = 0 ; 1; : : :; n � 1 are examples of cosets of a subgroup, in this case

nZ � Z. They decompose the original groupZ into their disjoint union. Direct calculation shows that th e sets

Ok , together with the operation O` + Om = O` + m mod n , form a group, called the quotient group and denoted

by Z=nZ. More generally, the (left) cosets of a subgroupH of G are the subsets�H = f � � : � 2 H g � G,

de�ned for all � 2 G. Because an element� 2 G belongs to exactly one coset, namely�H , it follows that any

two cosets are disjoint sets and the union of the collection of all cosets decomposes the setG. Moreover, any

two cosets have the same (eventually in�nite) number of elements, called the index ofH in G and indicated

by jG : H j. This follows from the fact that � � ! � 0� is a bijective correspondence between�H and � 0H .

There is no need to distinguish between left and right cosets, which are de�ned equivalently.

The reader may want to identify the cosets used in the construction of D4 and D5, shown on page 14.

Matrix groups. The general linear group is de�ned by the setGL(n; F) of n � n nonsingular (i.e.,

nonzero determinant) matrices with real (F = R) or complex (F = C) entries, under the operation of matrix

multiplication. Equivalently, we may consider the underly ing vector spaceV = Fn and simply write GL(V).

Some classical subgroups: then � n permutation matrices de�ne a �nite subgroup of GL(V), of order n!,

also called the Weyl subgroup; the special linear group of the matrices inGL(n; F) of determinant 1, denoted

by SL(n; F). More generally, the general linear group may be considered as the setGL(V) of all invertible

linear transformations of the vector spaceV.

Dihedral rotations and reversals as matrix groups. The dihedral (planar) rotations and reversals

are de�ned as

� k;d =

2

4
cos (� k ) � d sin (� k )

sin (� k ) d cos (� k )

3

5 ; � k = 2 �k=n; (2.7)

for k = 0 ; : : : ; n � 1, and d = � 1.

Therefore, rotations are indexed byd = 1 and reversals by d = � 1. The underlying planar rotations

are in the counterclockwise direction and the reversals arede�ned as the horizontal re
ection followed by

a rotation. It is remarked that the planar horizontal re
ect ion, in the case of a rigid body, requires its

realization as the 180 deg rotation inR3 along the x-axis (thus changing the polarity of the z axis).

Group homomorphisms. Given two groups G and H , a homomorphism from G to H is a function

� : G ! H preserving their group structure, that is, � � � = � � � � for all �; � in G. Homomorphisms map the

identity of G into the identity of H and the inverse of� 2 G into the inverse in H of its image, for all � in

G. An injective homomorphism is called a monomorphism, whereas a surjective homomorphism is called an

epimorphism.

An isomorphism is a bijective homomorphism. An isomorphismfrom G to H 0 � G is often called an

endomorphism ofG, whereas an isomorphism fromG to G is called an automorphism ofG. We write G ' H

to indicate that G is isomorphic with H .

A simple, however important, fact is that the symmetric group S` is isomorphic with the group of ` � `

permutation matrices. It follows from associating to each permutation � 2 S` the permutation matrix r �

de�ned by

(r � ) ij = 1 () j = � i: (2.8)
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We then have r (� � � ) = r (� )r (� ), for all �; � 2 S` . It is often more convenient, if not computationally more

attractive, to think of permutations in terms of their corre sponding (̀ � `) permutation matrices.
The 3� 3 permutation matrices. A simple application of the symbolic logic algorithm described in Viana

(2008b) gives the 3� 3 permutation matrices
2

6
6
4

1 0 0

0 1 0

0 0 1

3

7
7
5 ;

2

6
6
4

0 1 0

0 0 1

1 0 0

3

7
7
5 ;

2

6
6
4

0 0 1

1 0 0

0 1 0

3

7
7
5 ;

2

6
6
4

0 1 0

1 0 0

0 0 1

3

7
7
5 ;

2

6
6
4

0 0 1

0 1 0

1 0 0

3

7
7
5 ;

2

6
6
4

1 0 0

0 0 1

0 1 0

3

7
7
5 ;

associated, isomorphically, to

D3 = f 1; (123); (132); (12); (13); (23)g � f r 1; r 2; r 3; t1; t2; t3g:

Isomorphic groups can be considered as algebraic copies of each other, or di�erent realizations of a common

abstract group de�ning their algebraic characteristics. Consequently, groups become distinct only up to

isomorphisms.

When G = H , an isomorphism of G is called an automorphism ofG. The kernel, indicated by ker�
of a homomorphism� : G ! H is the set of those elements inG mapped into the identity element of H ,

whereas its range or image is the set im� = f � � ; � 2 Gg. Clearly ker� and im� are subgroups ofG and H ,

respectively. Moreover, if ker� = f 1g and � � = � � then � � � � 1 = � � � � � 1 = � � � � � 1 = 1, so that � � � 1 2 f 1g

and � = � . That is, G is isomorphic with im � .

2.3. Group actions

We have brie
y introduced the notion of group action in a numb er of examples in Chapter 1, such as

in 1.7 on page 3, and 1.10 on page 4. We also calculated a numberof group orbits such asf s� � 1; � 2 S4g

and f �s ; � 2 S2g when discussing the classi�cation of binary sequences in length of 4, or when studying the

energy levels and accessible microstates. We now give a precise de�nition of that important concept.

De�nition 2.2 (Group action). The action of a group G on a set V is a mapping ' : G � V ! V

satisfying ' (1; s) = s, for all s in V and ' (�; ' (�; s )) = ' (��; s ), for all s 2 V , �; � in G.

In short notation, we may also write ' � (s) to indicate ' (�; s ) so that G acts on V according to ' when

' 1 is the identity mapping in V and ' � � = ' � ' � , for all �; � in G.

When � 7! ' � is a monomorphism we say that the corresponding action is faithful, or that G acts on

V faithfully.

Regular actions. Earlier on in Chapter 1, Section 1.3 on page 3, we illustratedthe reduction of data

indexed by a group acting by multiplication on itself. More precisely, whenV = G and G acts on itself

according to ' � (� ) = � � , we say that ' is a (right) regular action. Similar de�nition applies to le ft regular

actions.

Orbits, stabilizers, and transitive actions. The orbit Os of an elements 2 V generated byG acting

on V according to ' is the set Os = f ' � (s); � 2 Gg. We indicate by �x ( � ) = f s 2 V; ' � (s) = sg the set of

elements inV that remain �xed by � under the action ' . The set Gs = f � 2 G; ' � (s) = sg of elements� 2 G

�xing the point s 2 V is called the stabilizer ofs by G under ' . It is then easy to check that jGj = jOsjjGsj.
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Gs is a subgroup ofG, often called the isotropy group ofs in G under ' .

If � : V ! V and �' � = ' � � for all � in G, we say that � and ' commute. In this case, as the reader

may want to verify, s and � (s) have the same group stabilizers, for alls 2 V . In particular, then, commuting

actions share the same group stabilizers.

Note that � stabilizes ' � (s) if and only if ' � ' � (s) = ' � (s), or equivalently, ' � � 1 �� (s) = s, or, � � 1�� 2

Gs, or if and only if � 2 �G s � � 1. Therefore, G' � (s) = �G s� � 1.

When the orbit Os of an elements 2 V generated byG under the action ' coincides with V we say that

the action ' is transitive, or that G acts transitively on V.

If f 2 O s then, for some� 2 G, ' � (f ) = ' � ' � (s) = ' � � (s) 2 O s, so that the restriction ' � jO of ' � to

Os is a (transitive) group action on Os .

If s 6= f then either Os \ O f = ; or Os = Of . In fact, given s0 2 O s and an elementh in Os \ O f then

s0 is in Of . Similarly, starting with a point f 0 2 O f . Then Os = Of . Moreover, becauses 2 O s for every

s 2 V , we have the following:

Proposition 2.3. Every group action ' on V decomposesV as the disjoint union of the resulting orbits,

in each one of which the restriction of' acts transitively.

Applying Proposition 2.3 to the regular action, we concludethat G acts transitively on its cosets.

Group actions and permutations. Given an action ' of G on V then ' � 2 SV for all � in V . In fact,

because' � (s) = ' � (f ) implies s = ' (� � 1; ' (�; s )) = ' (� � 1; ' (�; f )) = f then ' � is one-to-one, and since

' � takes ' � � 1 (f ) to f for all f 2 V , ' � is a bijective mapping. Also, by de�nition, ' � � = ' � ' � . Therefore,

Proposition 2.4. � 7! ' � is a group homomorphism fromG to SV .

Conversely, it is clear that given a homomorphism� from G to SV then ' � (s) = � (� )(s) de�nes a group

action of G on V.

Applying Proposition 2.4 to an orbit O of V , it then follows that � 7! ' � jO is a group homomorphism

from G to SO . Applying it to the regular action, we see that � 7! ' � is a group homomorphism fromG

to SG . In view of Propositions 2.3 and 2.4, we will focus our attention, primarily, on the identi�cation of

transitive actions.

Actions on mappings. Consider the set V = f uu; yy; uy; yug of binary sequences in length of 2, so

that each sequence is a mappings from f 1; 2g into f u; yg. The reader may verify that

' 1 : f 1; 2g
� � 1

��! f 1; 2g
s
�! f u; yg; s 2 V; � 2 S2 ' f 1; (12)g;

and

' 2 : f 1; 2g
s
�! f u; yg

�
�! f u; yg; s 2 V; � 2 S2 ' f 1; (uy)g;

are actions ofS2 on V. Action ' 1 classi�es the sequences by shu�ing the positionsf 1; 2g whereas' 2 gives

a classi�cation by shu�ing the symbols f u; yg. The evaluation

' 1 :

� uu yy uy yu

1 uu yy uy yu

(12) uu yy yu uy

; ' 2 :

� uu yy uy yu

1 uu yy uy yu

(uy) yy uu yu uy



2.4. BURNSIDE'S LEMMA 19

of these actions shows that' 1 decomposesV as the disjoint union of three orbits f uug, f yyg, and f uy; yug,

in each of which (the restriction of) ' 1 acts transitively, whereas, similarly, ' 2 decomposesV as the disjoint

union of the two orbits f uu; yyg and f uy; yug. Table (2.9) shows the orbits of S4 acting on the binary

sequences in length of 4 according tos� � 1 (position symmetry), the resulting isotropy groups and the

sequences �xed by each permutation.

2.4. Burnside's Lemma

The following result shows that the number of orbits generated by a group action is simply the average

number of points �xed by the action. The reader may �rst refer to Table (2.9) on page 19, which summarizes

the action s� � 1 of S4 on the spaceV of all binary sequences in length of 4 and identi�es, for each� 2 G the

number j�x( � )j of points in V �xed by the action on V , and the number jGsj of points in G that leave the

element s 2 V �xed. This group action was introduced earlier, on page 7.

s(1) y u y u u u y y y u u u y y y u

s(2) y u u y u u y u u y y u y y u y

s(3) y u u u y u u y u y u y y u y y

s(4) y u u u u y u u y u y y u y y y

label ! 1 16 15 14 12 8 13 11 7 10 6 4 9 5 3 2 j f ix j

1 1 16 15 14 12 8 13 11 7 10 6 4 9 5 3 2 16

(34) 1 16 15 14 8 12 13 7 11 6 10 4 5 9 3 2 8

(23) 1 16 15 12 14 8 11 13 7 10 4 6 9 3 5 2 8

(24) 1 16 15 8 12 14 7 11 13 4 6 10 3 5 9 2 8

(12) 1 16 14 15 12 8 13 10 6 11 7 4 9 5 2 3 8

(13) 1 16 12 14 15 8 10 11 4 13 6 7 9 2 3 5 8

(14) 1 16 8 14 12 15 6 4 7 10 13 11 2 5 3 9 8

(234) 1 16 15 12 8 14 11 7 13 4 10 6 3 9 5 2 4

(243) 1 16 15 8 14 12 7 13 11 6 4 10 5 3 9 2 4

(123) 1 16 14 12 15 8 10 13 6 11 4 7 9 2 5 3 4

(124) 1 16 14 8 12 15 6 10 13 4 7 11 2 5 9 3 4

(132) 1 16 12 15 14 8 11 10 4 13 7 6 9 3 2 5 4

(134) 1 16 12 14 8 15 10 4 11 6 13 7 2 9 3 5 4

(142) 1 16 8 15 12 14 7 4 6 11 13 10 3 5 2 9 4

(143) 1 16 8 14 15 12 6 7 4 13 10 11 5 2 3 9 4

(12)(34) 1 16 14 15 8 12 13 6 10 7 11 4 5 9 2 3 4

(13)(24) 1 16 12 8 15 14 4 11 10 7 6 13 3 2 9 5 4

(14)(23) 1 16 8 12 14 15 4 6 7 10 11 13 2 3 5 9 4

(1234) 1 16 14 12 8 15 10 6 13 4 11 7 2 9 5 3 2

(1243) 1 16 14 8 15 12 6 13 10 7 4 11 5 2 9 3 2

(1324) 1 16 12 8 14 15 4 10 11 6 7 13 2 3 9 5 2

(1342) 1 16 12 15 8 14 11 4 10 7 13 6 3 9 2 5 2

(1432) 1 16 8 15 14 12 7 6 4 13 11 10 5 3 2 9 2

(1423) 1 16 8 12 15 14 4 7 6 11 10 13 3 2 5 9 2

jG s j 24 24 6 6 6 6 4 4 4 4 4 4 6 6 6 6 140

: (2.9)

Lemma 2.1 (Burnside). If a �nite group G acts on V, then

Number of orbits in V =
1

jGj

X

� 2 G

j�x ( � )j:
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Proof. Indicate by ' the action of G on V and let A = f (�; s ) 2 G � V ; ' � s = sg so that jAj evaluates

as

jAj =
X

�

jf s; ' � s = sg =
X

� 2 G

j�x ( � )j:

Similarly, if m is the number of orbits in V and s1; : : : ; sm are orbit representatives, we have

jAj =
X

s

jf � ; ' s = sgj =
X

s2 V

jGsj =
mX

i =1

jO i jjGs i j =
mX

i =1

jO i j
jGj
jO i j

= m � j Gj:

The result follows from equating the two evaluations ofjAj. �

Binary sequences in length of 4. To illustrate, consider the action s� � 1 on the binary sequences in

length of 4, shown in Table (2.9). It then follows that

Number of orbits of V =
1

j G j

X

G

j �x( � ) j=
120
24

= 5 :

As introduced in Chapter 1, each orbit can be characterized by the number of symbols (u) in the sequences.

Also note that jGj=jGsj is the number of elements in the orbit of whichs is a representative.

2.5. Representations

Permutation representations. The group homomorphisms� 7! ' � from G to SV introduced (see

Proposition 2.4 on page 18) are called permutation representations of G on SV , or, shortly, permutation

representations ofG on V . Its (permutation) matrix form � � , similarly to (2.8), is de�ned by

(� � )sf = 1 () ' � s = f: (2.10)

To illustrate, the restriction of the action

� ns uu yy uy yu

1 uu yy uy yu

(uy) yy uu yu uy

;

of S2 = f 1; (uy)g on V = f uu; yy; uy; yug to each one of its orbitsf uu; yyg and f uy; yug gives a permutation

representation

� 1 =

"
1 0

0 1

#

; � (uy ) =

"
0 1

1 0

#

of S2 on R2, a subspace of the data spaceV for V .

Choose an ordering 1; 2; : : : ; v, for the elements inV and assign them in correspondence with the canonical

basis f e1; e2; : : : ; evg for V = Rv . Then, equivalence (2.10) extends to

' � s = f () (� � )sf = 1 () e0
s � � ef = 1 () � � ef = es : (2.11)

Applying (2.11) to the equality ' � (' � � 1 h) = h gives� � e' � � 1 h = eh , or e' � � 1 h = � � � 1 eh , for all � 2 G. That

is � � es = e' � s , for all � 2 G and s 2 V . As a consequence, we have

(� � � � )es = � � (� � es) = � � e' � s = e' � ' � = e' � � s = � � � es ;
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for all s 2 V . The homomorphism extends by linearity to all x =
P

s2 V xses 2 V, where xs are real scalars

so that � � � � = � � � for all �; � in G.

The permutation representation of Sn . If in particular V = f 1; : : : ; `g, G = S` , and ' � i = � i then

(� � ) ij = 1 if and only if � i = j . We will refer to the corresponding representation simply as the (̀ � `)

permutation representation of Sn . The case` = 3 appeared earlier on page 17.

Linear representations. More generally, group homomorphisms fromG to GL(V) are called linear

representations ofG on V.

Linear representations map the identity of G into the identity matrix (or operator) of GL(V), that is,

� 1 = I . Also, the inverse � � 1 of � is mapped to the inverse� � � 1 of the matrix � � , that is � � � 1 = � � 1
� .

The dimension of a linear representation is de�ned as the dimension of the corresponding vector space.
Often we refer to all linear representations simply as representations. For example, the matrices

"
1 0

0 1

#

;

"
� 1 � 1

1 0

#

;

"
0 1

� 1 � 1

#

;

"
� 1 � 1

0 1

#

;

"
1 0

� 1 � 1

#

;

"
0 1

1 0

#

; (2.12)

give a linear representation ofD3 (page 13) onR2.

Proposition 2.5. The matrices � k;d give a linear representation ofDn .

Proof. Direct veri�cation shows that the matrices � � = � k;d (page 16) multiply according to

� k;d � k 0;d0 = � dk 0+ k mod n;dd 0;

so that, using the semidirect multiplication rule

� � � = ( k; d) � (k0; d0) = ( d0k + k0 mod n; dd0); �; � 2 Dn ;

on page 15, we have,

� � � � = � � � � :

�

Equivalent representations. If � is a linear representation ofG on V and B 2 GL(V) then � : � 7!

B� � B � 1 is also a linear representation ofG in GL(V). Any two such linear representations, obtained one

from another by a changing of basis, are called equivalent orisomorphic representations. It was apparent, in

the construction of the permutation representations, that the identi�cation of V with a basis for V could be

done in as many di�erent ways as the arbitrary orderings of the elements inV . The resulting representations,

however, are all equivalent.

Dihedral rotations and reversals in canonical space. The planar rotations and reversals intro-

duced on page 16 give an equivalent representation ofDn when transformed according to

X� k;d X � 1 =
1
2

2

4
(1 + d)! k (1 � d)! k

(1 � d)! � k (1 + d)! � k

3

5 ; X =

p
2

2

"
1 i

� 1 � i

#

; ! = e2�i=n : (2.13)

The reader may want to verify that these matrices multiply according to the (semi-direct product) rule

introduced on page 15. They give an equivalent representation of Dn . Usually, they are referred to as

the dihedral representation in canonical space (Bacry, 1967, p.203). In that space, rotations are given by
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z 7! wz and reversals byz 7! w�z. The parameters in the representation (2.13) are consistent with the fact

that d = det � k;d = � 1 (Cartan, 1966, Ch.1 Sec II).

It is also observed that

� 0
k;d

"
0 1

� 1 0

#

� k;d = d

"
0 1

� 1 0

#

; (2.14)

which is, up to sign, a symplectic equation (Lakshminarayanan et al., 1998, Eq.4) de�ning a lens equation.

It embeds the rotations of Dn (d = 1) as a subgroup Sp(2; C), unconnected with the reversals (d = � 1). In

the present representation, reversals and rotations re related by

� k; � 1 = � k; 1

"
1 0

0 � 1

#

; k = 0 ; : : : ; n � 1: (2.15)

One-dimensional representations. The unity or symmetric representation assigns the value� � = 1

for all � 2 G. The alternating or sign representation of S` is de�ned as

Sgn � =

8
<

:

+1 if the permutation � is even;

� 1 if the permutation � is odd:

From Proposition 2.1, we know that Sgn �� = Sgn � Sgn � , for any two permutations � , � . When G is the

subgroup Cn of Sn , the reader may verify that

� k (� j ) = ! jk ; j = 0 ; : : : ; n � 1; k = 1 ; : : :n;

where � is a generator ofCn and ! is a primitive n-th root of 1, are n distinct one-dimensional representations

of Cn .

The regular representation. The representation of the action ' � (� ) = �� � 1 of G on itself is called
the (left) regular representation of G. Its dimension is the number of elements inG. Similarly, ' � (� ) = � �
de�nes the right regular representation. We will refer to either action as the regular action1, the context

indicating which one is at work. The regular representation

� 1 =

2

6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

3

7
7
7
7
5

; � v =

2

6
6
6
6
4

0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

3

7
7
7
7
5

; � h =

2

6
6
6
6
4

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

3

7
7
7
7
5

; � o =

2

6
6
6
6
4

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

3

7
7
7
7
5

(2.16)

appeared earlier on in Chapter 1 under the action ofG = f 1; v; h; og on itself.

2.5.1. Unitary representations. The linear representations introduced in the previous section verify

the property ( � � x; � � y) = ( x; y), for all � 2 G, under the standard inner product (x; y) = x0y in Rv .

Equivalently then � � � 0
� = I for all � 2 G.

To de�ne the corresponding property for complex linear spaces, recall that an inner product in a real or

complex vector spaceV is a function (:; :) : V2 7! F such that, for all x; y; z 2 V, and scalarsa; b,

(1) (x; y) = (y; x), (Hermitian symmetric)

(2) (ax + by; z) = a(x; y) + b(y; z), (conjugate bilinear)

(3) (x; x ) � 0, (x; x ) = 0 if and only if x = 0, (positive de�nite).

1These de�nitions vary among authors.
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The vector spaceV, together with ( :; :), is called an inner product space. An Euclidian (respectively unitary)

space is a real (respectively complex) inner product space.

A linear representation � of G on the inner product spaceV is unitary if

(� � x; � � y) = ( x; y)

for all x; y 2 V, and � 2 G. If ( :j:) is an inner product in V, direct evaluation shows that then

(x; y) =
1

jGj

X

� 2 G

(� � xj� � y) (2.17)

is an inner product in V, relative to which � is unitary.

Moreover, � is equivalent to a representation that is unitary in the orig inal inner product space. To see

this, indicate by f e1; : : : ; ev g an orthonormal basis relative to (:j:) and by f f 1; : : : ; f vg an orthonormal basis

relative to the invariant inner product ( :; :), and let A be the linear transformation de�ned by Aei = f i .

Then (Aei ; Aej ) = � ij = ( ei jej ), so that (Ax; Ay ) = ( xjy). De�ne r � = A � 1� � A, � 2 G. Then r and � are

equivalent and, because

(r � xjr � y) = ( A � 1� � Ax jA � 1� � Ay) = ( � � Ax; � � Ay) = ( Ax; Ay ) = ( xjy);

r is unitary in the original inner product space.

The reader may want to verify (Viana, 2008b, pp. 64,67) that the representation ofD3, obtained from 2.7

on page 16 forn = 3, is equivalent to the unitary representation of D3 given by 2.13 on page 21.

2.5.2. Regular representations and group algebras. Given a �nite group G with g elements, we

are interested in the setFG of elements written as symbolic linear combinations

x =
X

� 2 G

x � �;

where x � are scalars in the (real or complex)2 �eld F and � 2 G. The data-analytic appeal is obviously the

fact that the components x � of x can be interpreted as data indexed byG. Then FG carries a vector space

structure endowed by the (data) vector spaceFg on top of which a (multiplication) operation

xy =
X

�;�

x � y� �� =
X

�

[
X

�� = �

x � y� ]� 2 V (2.18)

is de�ned in a way that for all x; y; z 2 FG, and all scalars 
 , we have xy 2 FG, x(y + z) = xy + xz,

(x + y)z = xz + yz, 
 (xy) = x(
y ) = ( 
x )y. Moreover, because the group operation is associative, we have

x(yz) = ( xy)z = xyz. Under these conditions we say that the vector spaceFG, along with the multiplication

so de�ned, constitutes an (associative) group algebra.

The subspaces,B, corresponding to the (left) regular action of G satisfy � B � B for all � 2 G and, by

the linearity of the multiplication, are exactly those subalgebrasI of FG that satisfy yI � I for all y 2 FG.

These subspaces are examples of stable or invariant subspaces and are studied in Section 2.6. Equivalently,

in this example, they de�ne left ideals of FG so that the determination of the invariant subspaces of regular

representations corresponds to searching for the ideals ofFG. We will revisit these concepts later on in

Section 2.10.

2It is usually su�cient to assume that F is a �eld of characteristic zero.
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2.5.3. Tensor representations. If G acts on V and W giving linear representations � and � of G on

V and W, respectively, then the identi�cation of V � W as a basis forV � W gives a linear representation

of G on V � W , indicated by � 
 � , evaluated as (� 
 � ) � = � � 
 � � , and called the tensor product of the

two representations � and � .

By expressing the data points inV �W asx 
 y, we see that the these data then evaluate as (� � x) 
 (� � y).

Clearly, the same construction can be extended to de�ne the tensor representation derived from more

than two linear representations of G.

Tensor representations and direct products of groups.It is simple to verify that if � and � are linear

representations of groupsG and H on V and W, respectively, then � �;� = � � 
 � � is a linear representation

of G � H on V � W . To illustrate, the linear representation of G = f 1; v; h; og on page 3 is isomorphic to a

linear representation ofC2 � C2 ' G on R2 � R2 given by � �;� = � � 
 � � , where � is the linear representation

of C2 = f 1; tg on R2 given by

� 1 = I 2; � t =

"
0 1

1 0

#

:

2.6. Reducibility

Stable subspaces. If � is a representation ofG on the vector spaceV and W is a subspace ofV such

that � � x 2 W for all � 2 G and x 2 W then W is called a stable of invariant subspace. Clearlyf 0g and V

are stable subspaces ofV.

Note that if x =
P

s2 W xses is a point in the subspaceW spanned byf es ; s 2 W g and W is an orbit of

V under the action ' of G on V then

� � x =
X

s2 W

xs� � es =
X

s2 W

xse' � s 2 W ;

for all � 2 G, so that W is a stable subspace of the space generated byf es ; s 2 Vg.

The Sym2 and Alt2 subspaces.Let � be the representation ofS2 shu�ing the indices of the basis f e1; e2g

of V = R2 and consider the tensor representation� 
 � of G on V � V . De�ne also

v1 = 2 e1 
 e1; v2 = 2 e2 
 e2; v3 = e1 
 e2 + e2 
 e1; v4 = e1 
 e2 � e2 
 e1

It then follows that V � V = < v 1; v2; v3 > � < v 4 > is a direct sum decomposition ofV, each component of

which is a stable subspace ofV under � 
 � . The action of � 
 � on the bases of these subspaces, in turn,

de�nes two representations, called respectively, the symmetric square (Sym2) and alternating square (Alt 2)

representations ofS2. More generally, if V is spanned by a basis indexed by the elements of a setV with v

elements and� is a permutation representation of a groupG acting on V , then

V � V = < es 
 ef + ef 
 es ; (s; f ) 2 D [ U > � < es 
 ef � ef 
 es ; (s; f ) 2 U >

where D indicates the main diagonal ofV � V , and U its upper triangular part. The component subspaces

are stable subspaces of� 
 � , the corresponding symmetric square representation is in dimension ofv(v+1) =2

and the alternating square is in dimension ofv(v � 1)=2. We write � 
 � ' Sym2 � Alt 2 to indicate the

associated decomposition of� 
 � .
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The reader may want to verify that a decomposition V1 � V 2 of V in which V1 is a stable subspace under

a representation � can be characterized by the matrix form

� � =

"
R1(� ) 0

M (� ) R2(� )

#

of � � so that R1 and R2 are representations ofG, in the dimensions of the corresponding submatrices. In

this case, we say that� is a reducible representation.

Irreducible representations. We say that a representation � of G in GL(V) is irreducible when the

only proper stable linear subspace ofV is the null subspace.

Clearly, then, all one-dimensional representations are irreducible. To illustrate, consider the representa-

tion

� 1 =

"
1 0

0 1

#

; � t =

"
� 1 0

� 1 1

#

;

of S2 = f 1; tg given by its action (by multiplication) on the indices of the basis spanning the subspaces

< e t � e1 > and < e t > of V = R2.

Here, V = < e t � e1 > � < e t > is a direct sum decomposition ofV in which < e t � e1 > is reduced

by the alternating representation (page 22). Therefore,� is reducible. However,< e t > is not yet a stable

complement of< e t � e1 > in V.

Consider, instead, the direct sum decompositionV = < e t � e1 > � < e t + e1 > , relative to which the

representation is now

� 1 =

"
1 0

0 1

#

; � t =

"
� 1 0

0 1

#

:

The new component reduces as the identity or symmetric representation, which is also one-dimensional

and hence irreducible. In summary,� decomposes as the sum 1� Sgn of two irreducible one-dimensional

representations,V decomposes as the sumV1 � V Sgn of two stable (and also irreducible) subspaces:

V = V1 � V Sgn; � ' � 1 � � Sgn :

A reduction for binary sequences.The representation � for the action

� ns uu yy uy yu

1 uu yy uy yu

t = (12) uu yy yu uy

of S2 on the binary sequences in length of 2 reduces as the identityin each one of the subspaces indexed

by single-element orbits and as 1� Sgn in the subspace indexed by the two-element orbit. That is, � '

1 � 1 � 1 � Sgn .
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A two-dimensional irreducible representation of D3. Start with the subspace W1 = < e > gener-

ated by the sum e0 = (1 ; 1; 1) of the vectors in the canonical basisf e1; e2; e3g of V = R3. If � indicates the

permutation representation of D3 (page 17) then clearly� � y 2 W1 for all y 2 W1 and � 2 D3, so that W1 is

a stable subspace of� .

Let W0 = f y 2 V; e0y = 0 g be the orthogonal complement ofW1 in V and A = ee0=3 the projection on

W1 along W0, that is, V = W0 � W1, A 2 = A and Ay = 0 for all y 2 W0. Similarly, let

Q = I � A =
1
3

2

6
6
4

2 � 1 � 1

� 1 2 � 1

� 1 � 1 2

3

7
7
5 (2.19)

indicate the projection on W0 along W1. The reader may want to verify that Q is centralized by � , that

is, � � Q = Q� � for all � 2 D3, and that, consequently, if y 2 W0 then y 2 Q z for some z 2 V, and

� � y = � � Qz = Q� � z 2 W0, for all � 2 D3. That is, W0 is a stable two-dimensional complement ofW1 in V.

To obtain a two-dimensional representation (� ) in W0, let

B =

2

6
6
4

1 1 1

� 1 2 � 1

� 1 � 1 2

3

7
7
5 ;

and construct the representation

Br � B � 1 =

2

6
6
4

1 0 0

0 1 0

0 0 1

3

7
7
5 ;

2

6
6
4

1 0 0

0 � 1 � 1

0 1 0

3

7
7
5 ;

2

6
6
4

1 0 0

0 0 1

0 � 1 � 1

3

7
7
5 ;

2

6
6
4

1 0 0

0 � 1 � 1

0 0 1

3

7
7
5 ;

2

6
6
4

1 0 0

0 1 0

0 � 1 � 1

3

7
7
5 ;

2

6
6
4

1 0 0

0 0 1

0 1 0

3

7
7
5 ;

for � 2 f 1; (123); (132); (12); (13); (23)g, respectively, equivalent to the permutation representation r � shown

on page 17. The rational for that choice of the new basis (obtained from B) will become evident in similar

coming examples.

The subrepresentation identi�ed by the lower-right 2 � 2 matrix is precisely the linear representation (� )

of D3 given by 2.12 on page 21, and is irreducible.

In fact, if there were a proper one-dimensional stable subspaceW , with generator y, then it would verify

� (23) y = �y for some scalar� , which implies y2 = �y 1, y1 = �y 2. The nonzero eigenvalue solutions to

y2 = � 2y2 are � = � 1, that is, y = ( y1; y1) or y = ( y1; � y1). Since the subspaceW must also be stable under

� (12) , then we would have

� (12) y =

"
� 1 � 1

0 1

# "
y1

y1

#

=

"
� 2y1

y1

#

2 W

() y1 = 0 ; using y = ( y1; y1) or y = ( y1; � y1) =) W = f 0g:

Becausef 0g is the only proper stable subspace,� is irreducible.

Table (2.20) summarizes the irreducible representations of D3. It includes the presently derived two-

dimensional representation, along with the trivial and alternating (one-dimensional) ones. Note that the

trivial representation can be identi�ed by the remaining up per-left entry in the representation Br � B � 1

constructed above.
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Since the trace tr � � of the linear representation � � , indicated here by � � (� ), is constant over conjugacy

classes, it is su�cient to report it for representatives of t hese classes.

� 1 (12) (123)

� 1 1 1 1

� � 2 0 � 1

� Sgn 1 � 1 1

: (2.20)

These tables completely describe the representations and will be studied later on in the text with greater

detail.

Theorem 2.1. Let � : G ! GL(V) be a linear representation ofG in V and let W1 be a vector subspace

of V stable under G. Then there is a complementW0 of W1 in V which is also stable underG.

Proof. E.g., Serre (1977). �

Theorem 2.2. Every representation is a direct sum of irreducible representations.

Proof. Given a linear representation in GL(V), if V is irreducible, the proof is complete. Suppose,

otherwise, that dim V = n + 1 and that the result holds for every representation in dim V � n. Since V is

not irreducible, then, from Theorem 2.1, there are stable subspacesV 0 and V 00 such that V = V 0 � V 00�

with dim V 0 � n and dim V 00 � n. By the induction hypothesis, V 0 and V 00are direct sum of irreducible

representations, and then so isV. �

2.7. Schur's Lemma

Lemma 2.2 (Schur). Let � i : G ! V i be irreducible (complex) representations ofG, i = 1 ; 2, and let

f : V1 ! V 2 be a nonzero linear mapping satisfyingf� 1(� ) = � 2(� )f for all � 2 G. Then � 1 and � 2 are

isomorphic. If, in addition, V1 = V2 and � 1 = � 2 then f is a scalar multiple of the identity mapping.

Proof. Let W1 = ker f = f x; f (x) = 0 g. If x 2 W1 then f (x) = 0 and f� 2(� )x = � 1(� )f (x) = 0, which

implies � 1(� )x 2 W1, for all � 2 G. That is, W1 is a stable subspace. Since� is irreducible, we must have

W1 = f 0g or W1 = V1. If W1 = V1 then f = 0, contrary to the hypothesis, hence W1 = f 0g. Similarly,

we obtain im f is stable and equal to V2. Hence, f is an isomorphism, and the two representations are

equivalent or isomorphic. To verify the second statement, let � be an eigenvalue (possibly complex) off and

de�ne f 0 = f � � , understanding that � � �I . If f (x) = �x then (f � � )x = 0, so that ker ( f � � ) 6= f 0g,

and equivalently, f � � is not an isomorphism. Moreover, (f � � )� � = f� � � �� � = � � f � � � � = � � (f � � ),

for all � 2 G. From the �rst part of the Lemma, it follows that f � � = 0, or f = �I . �

Proposition 2.6. For every nonequivalent irreducible representations� 1, � 2 of G and every linear

mapping H : V1 ! V 2, it holds that
P

� 2 G � 1(� )H� 2(� � 1) = 0.

Proof. Note that H 0 =
P

� 2 G � 1(� )H� 2(� � 1) is a linear mapping from V1 into V2 which intertwines

with � 1(� ) and � 2(� ) for all � 2 G, that is, � 1(� )H 0 = H 0� 2(� ) for all � 2 G. From Schur's Lemma (the

representations are nonequivalent irreducible) it follows that H 0 = 0. �
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Proposition 2.7. Let � be an irreducible representation ofG into GL(V) with dim � = n. Then, for

any linear mapping H in V,
1

jGj

X

� 2 G

� � H� � � 1 =
tr H

n
I n :

Proof. Schur's Lemma implies that H 0 =
P

� 2 G � � H� � � 1 =jGj = �I n for some scalar� . Taking the

trace on both sides (and using its invariance under similarity) the result � = tr H=n obtains. �

Consider again the irreducible representations 1, Sgn and� of D3 (page 21). Let H = ( h11; h12) be any

linear mapping from R2 into R. From Schur's Lemma we know that
X

� 2 G

Sgn � H� � � 1 = 0 ;

so that the linear forms
X

� 2 G

Sgn � [h11� 11(� � 1) + h12� 21(� � 1)];
X

� 2 G

Sgn � [h11� 12(� � 1) + h12� 22(� � 1)]

in h11 and h12 must vanish for all values ofh11 and h12. Therefore, the corresponding coe�cients must be

zero, that is,
X

� 2 G

Sgn � � ij (� � 1) = 0 ; i; j = 1 ; 2: (2.21)

The reader may want to verify the relations in (2.21) from Table (2.22).

� 1 Sgn(� ) � 11(� ) � 21(� ) � 12(� ) � 22(� )

1 1 1 1 0 0 1

(123) 1 1 � 1 1 � 1 0

(132) 1 1 0 � 1 1 � 1

(12) 1 � 1 � 1 0 � 1 1

(13) 1 � 1 1 � 1 0 � 1

(22) 1 � 1 0 1 1 0

: (2.22)

This is the argument that proves

Corollary 2.1. For any two nonequivalent irreducible representations� , � of G, the relation
X

� 2 G

� ij (� )� k` (� � 1) = 0

holds for all i; j; k; ` indexing the entries of these representations.

Consider again the irreducible two-dimensional representation � of D3. From Proposition 2.6, we know

that
1

jGj

X

� 2 G

� �

"
h11 h12

h21 h22

#

� � � 1 =
tr H

2
I 2;

implying that, for all scalars h11; h12; h21; h22, we must have

1
jGj

X

� 2 G

2X

j;k =1

� ij (� )hjk � ki (� � 1) =
1
2

h11 +
1
2

h22; i = 1 ; 2:
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Consequently, equating the coe�cients of the linear forms, the equality
P

� 2 G � ij (� )� k` (� � 1) = � i` � jk =2

must obtain. This is the argument proving the following result:

Proposition 2.8. For any n-dimensional irreducible representation,� , of G we have
X

� 2 G

� ij (� )� k` (� � 1) = � i` � jk jGj=n:

The reader may refer to Table (2.22) and verify the relationsobtained from Proposition 2.8.

2.8. Characters of a linear representation

Given a linear representation � in GL(V), the complex-valued function � � (� ) = tr � � is called the

character of the representation. Since� 1 is the identity matrix in V, we see that� � (1) = dim V.

If � is an eigenvalue of� , then, relative to the invariant inner product de�ned in (2. 17), we have

(y; y) = ( � � y; � � y) = ( �y; �y ) = � � (y; y);

so that � � = 1. Let � 1; : : : ; � m indicate the (eventually complex) eigenvalues of� � . Then

� � (� � 1) = tr � � � 1 = tr � � 1
� =

X
� � 1

i =
X

� i = tr � � = � � (� ): (2.23)

Also note, since the trace operations is invariant under similarity, that � � (� �� � 1) = � � (� ), for all �; � 2 G.

It is also simple to verify that if � and � are two linear representations ofG with corresponding characters

� � and � � , then � � � � = � � + � � and � � 
 � = � � � � .

Characters and direct products of groups. Recall, from page 24, that if � and � are linear rep-

resentations of groupsG and H with characters � � and � � , respectively, then � �;� = � � 
 � � is a linear

representation of G � H on V � W and � � (�; � ) = � � (� )� � (� ) is its character.

Orthogonality relations for characters. Following Section 2.5.1, we observe that

(f j g) =
1

jGj

X

� 2 G

f (� )g(� ) (2.24)

is a inner product in the vector spaceF (G) of complex-valued functions de�ned in G. In particular, if � 1

and � 2 are characters of a representation ofG, then � 1; � 2 2 F (G), and because� (� � 1) = � (� ), we have

(� 1 j � 2) =
1

jGj

X

� 2 G

� 1(� )� 2(� ) =
1

jGj

X

� 2 G

� 1(� )� 2(� � 1):

From Section 2.5.1 we may assume that the representation� is unitary so that Proposition 2.8 can then be

expressed as
X

� 2 G

� ij (� )� k` (� � 1) =
X

� 2 G

� ij (� )� �
k` (� ) = jGj(� ij j � `k ) = � i` � jk jGj=n: (2.25)

Similarly, Corollary 2.1 becomes

(� ij j � k` ) = 0 ; for all i; j; k; `; (2.26)

where � and � are two nonequivalent irreducible representations ofG.
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Irreducible characters. We often refer to the character of an irreducible representation as an irre-

ducible character and indicate the set of irreducible characters of a groupG by bG. The same notation will

be used to indicate a set of nonequivalent irreducible representations ofG.

Theorem 2.3. (� i j � j ) = � ij for any � i ; � j 2 bG.

Proof. From expression (2.25), we have

(� j � ) =
1

jGj

X

� 2 G

(
nX

i =1

� ii (� ) j
nX

j =1

� j j (� )) =
nX

i =1

(� ii j � ii ) =
nX

i =1

1
n

= 1 ;

whereas, from Expression (2.26), similarly, we obtain (� 1 j � 2) = 0. �

The irreducible characters ofD3. Table (2.27) shows three irreducible characters ofD3, corresponding

to the irreducible representations 1, Sgn , and� discussed earlier on page 27.

� � � � 1 � Sgn � �

1 3 1 1 2

(123) 0 1 1 � 1

(132) 0 1 1 � 1

(12) 1 1 � 1 0

(13) 1 1 � 1 0

(23) 1 1 � 1 0

: (2.27)

It also shows the character� � of the representation � of D3. The reader may want to verify, from Matrix

2.27, that (� 1 j � � ) = ( � � j � � ) = ( � Sgn j � � ) = 1. We will argue, subsequently, that these are all the

irreducible representations ofD3.

A remark on notation. Given a linear representation � , the notation � ' m1� 1 � : : : � mh � h indicates

that there is a basis in V relative to which

� � = Diag ( I m 1 
 � 1(� ); : : : ; I m h 
 � h (� )) ; � 2 G;

where I m is the m� m identity matrix. If � 1; � 2; : : : 2 bG then, from Theorem 2.3, it follows that mi = ( � i j� ).

That is:

Proposition 2.9. If � is a linear representation ofG with character � and � 2 bG, then (� j� ) is the

number of representations in any decomposition of� that are isomorphic to � .

To illustrate, consider the action s� � 1 of S2 = f 1; tg on the position of the symbols in f uu; yy; uy; yug,

giving the representation

� 1 = I 4; � t = Diag (1 ; 1;

"
0 1

1 0

#

);

or, relative to a basis for V indexed by f uu; yy; uy + yu; uy � yug,

� 1 = I 4; � t = Diag (1 ; 1; 1; Sgn );
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that is � ' 1 � 1 � 1 � Sgn . In fact, from the character table

� � � � 1 � Sgn

1 4 1 1

t 2 1 � 1

;

we obtain (� 1 j � � ) = [ � 1(1)� � (1) + � 1(t)� � (t)]=2 = (4 + 2) =2 = 3, which is the multiplicity with which the

symmetric representation appears in� . The alternating representation appears with multiplicit y

(� Sgn j � � ) =
1
2

(1 � 4 + ( � 1) � 2) = 1 :

In correspondence,V decomposes as the direct sum 3V1 � V Sgn of irreducible subspaces.

Similarly, the action �s of S2 on V gives the representation

� 1 = I 4; � t = Diag (

"
0 1

1 0

#

;

"
0 1

1 0

#

) ' Diag (1; Sgn ; 1; Sgn );

so that � ' 1 � 1 � Sgn� Sgn.

Note that the multiplicity of a given irreducible component does not depend on the underlying choice of

basis. Moreover, two representations with the same set of characters are isomorphic, because they contain

each irreducible component with exactly the same multiplicity. These arguments re
ect the importance of

characters in the study of linear representations. It is in that sense that irreducible representations are the

building blocks of generic representations.

In summary, if � is a linear representation ofG on V, we may then restrict our attention to the set

� 1; : : : ; � h of distinct irreducible characters of G, and write

� ' m1� 1 � : : : � mh � h ; � � = m1� 1 + : : : + mh � h ; V = m1V1 � : : : � mh Vh ; (2.28)

where the multiplicities mi are given by the integers (� � j � i ) � 0 and Vi are subspaces ofV in the dimension

equal to the dimension of� i , i = 1 ; : : : ; h. In the previous example, under location symmetry,� � = 3 � 1+ � Sgn.

Moreover, the orthogonality relations among the irreducible components imply that (� � j � � ) =
P h

i =1 m2
i .

The following result is a useful characterization of the irreducible representations.

Theorem 2.4. (� � j � � ) = 1 if and only if � is irreducible.

Proof. We have (� � j � � ) =
P h

i =1 m2
i = 1 if and only if exactly one of the mi 's is equal to 1 and all

the others are equal to 0, in which case� is isomorphic to that irreducible component. �

To illustrate, consider the irreducible representations 1, � and Sgn of D3 (page 27), along with the
representation � 
 � . Table (2.29) shows the corresponding characters, from which it can be veri�ed that
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(� � j � � ) = ( � 1 j � 1) = ( � Sgn j � Sgn ) = 1.

� � � 
 � 1 Sgn

1 2 4 1 1

(123) � 1 1 1 1

(132) � 1 1 1 1

(12) 0 0 1 � 1

(13) 0 0 1 � 1

(23) 0 0 1 � 1

: (2.29)

Since (� � 
 � j � � 
 � ) = 18 =6 = 3, the representation � 
 � must be reducible. On the other hand,

(� � 
 � j � � ) = ( � � 
 � j � 1) = ( � � 
 � j � Sgn ) = 1 ;

so that these representations appear in its decomposition with single multiplicity. That is, � 
 � ' 1� � � Sgn,

with the corresponding character decomposition.

The characters of the regular representation. Of particular interest in the study of structured

data is the regular representation (� ), introduced on page 22. Its dimension is the numberjGj of elements

in the group G.

Since, for all � 2 G, ' (�; � ) = ' (�; � ) if and only if � = � , and ' (�; 1) = � for all � 2 G, it follows that

its character is given by

� � (� ) =

8
<

:

0 if � 6= 1;

jGj if � = 1 :

Consequently, for any irreducible representation� of G with character � � , we have

(� � ; � � ) =
1

jGj

X

� 2 G

� � (� )� � (� � 1) = � � (1) = dim �; (2.30)

that is, from (2.28), every irreducible representation is contained in the regular representation with multi-

plicity ( � � j� � ) equal to its dimension.

Proposition 2.10. The dimensionsn1; : : : ; nh of the distinct irreducible representations of G, satisfy

the relation jGj =
P h

i =1 n2
i .

Proof. From relations (2.28) and (2.30) we have� � (� ) =
P h

i =1 mi � i (� ), with mi = ( � � j� i ) = dim � i =

ni . Taking � = 1, the proposed equality obtains. �

Note that for � 6= 1, the de�ning property of � � implies that
P h

i =1 ni � i (� ) = 0. This equality, together

with Proposition 2.10, proves

Corollary 2.2.
P h

i =1 ni � i (� � 1� ) = jGj� �� .

To illustrate, the irreducible nonequivalent representations 1, � and Sgn of D3 are contained in the

regular representation with multiplicities 1 ; 2; 1, respectively. BecausejD3 j = 6 = 1 2 + 2 2 + 1 2, these must

be all the distinct irreducible nonequivalent representations of D3.
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Irreducible characters and direct product of groups.If � � and � � are irreducible characters of groupsG

and H then � � (�; � ) = � � (� )� � (� ) is an irreducible character of G � H . Indeed, applying Theorem 2.4,

(� � j � � ) =
1

jGjjH j

X

( �;� )2 G� H

� � (�; � )2 = ( � � j � � )( � � j � � ) = 1 :

Moreover, every irreducible character ofG � H is a product of irreducible characters ofG and H . To see

this, note, from Proposition 2.10 on the facing page that
X

�;�

[� � (1)� � (1)]2 =
X

�

� 2
� (1)

X

�

� 2
� (1) = jGjjH j;

where the sum is over all irreducible representations ofG and H . The same argument extends similarly to

the product of more than two groups.

The irreducible characters of Dn . Assume �rst that n is even and refer to the representation� k;d

of Dn shown on page 16. Using its canonical-space realization (page 21), it is simple to verify that � m
k;d , for

m = 1 ; : : : ; n=2 � 1, is also a representations ofDn , in dimension of two. Indicating by � m its character,

then, clearly � m 6= � ` for m 6= `, so that the corresponding representations are non-isomorphic. In addition,

(� m j � ` ) =
1

2n

X

d= � 1

n � 1X

k =0

(1 + d)2 cos(mk� ) cos(̀ k� ) =
2
n

n � 1X

k =0

cos(mk� ) cos(̀ k� ) = � m` ;

for m; ` = 1 ; : : : ; n=2 � 1, so that, from Theorem 2.4, these are non-equivalent irreducible characters. To-

gether, their square dimensions add to 22(n=2 � 1) = 2 n � 4 = jGj � 4. The remaining four dimensions

(Proposition 2.10) are found by assigning four one-dimensional characters as follows:� 1 is the trivial char-

acter; � Sgn (k; d) = d; � � (k; d) = ( � 1)k and �nally � Sgn (k; d)� � (k; d).

When n is odd, the construction above gives, similarly, (n � 1)=2 irreducible representations in dimension

of two, namely, � m
k;d , for m = 1 ; : : : ; (n � 1)=2. They account for 22(n � 1)=2 = 2n � 2 = jGj � 2 dimensions.

The remaining two are the trivial and the alternating characters.

Note that, in either case,

tr � m
k;d =

8
<

:

2 cos(mk� ) for d = 1

0 for d = � 1
:

Class functions. A scalar-valued function x de�ned on G and satisfying x(� �� � 1) = x(� ), for all

�; � 2 G is called a class function.

Clearly, class functions are constant within each conjugacy class ofG. We indicate by C the set of class

functions on G. Note that C is a linear subspace of the vector spaceF (G) of scalar-valued functions de�ned

on G. All characters belong to C. It is not di�cult to verify that C is a stable subspace ofF (G) under the

linear representation �
'
�! ' � , that is, x 2 C implies ' � (� )x = x, for all � 2 G. More precisely, C is the

subspace ofF (G) of functions invariant under this conjugation action. For each class functionx and any

representation � , de�ne the linear mapping

bx(� ) =
X

� 2 G

x � � � : (2.31)
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Note that bx(� ) commutes with � � for all � 2 G. In fact,

� � bx(� )� � � 1 = � �

X

�

x � � � � � � 1 =
X

�

x � � � � � � � � 1 =
X

�

x � � � �� � 1

=
X

�

x � �� � 1 � � �� � 1 =
X

�

x � � � = bx(� ):

Therefore, if � is an irreducible representation, it follows from Schur's Lemma that bx(� ) = �I . To evaluate

� we take the trace in each side of the above equality, to obtain

tr bx(� ) =
X

� 2 G

x � tr � � =
X

� 2 G

x � � � (� ) =
X

� 2 G

x � � � (� � 1) = jGj(x; � � ) = tr �I n = n�;

so that � = jGj(x; � � )=n. This proves

Proposition 2.11. If � is an n-dimensional irreducible representation ofG and x is a class function,

then

bx(� ) =
jGj
n

(xj� � )I n :

Theorem 2.5. The distinct irreducible characters form an orthonormal basis for C.

Proof. E.g., Serre (1977) and Viana (2008b). �

Note that the dimension of the subspaceC of class functions is then the number of distinct irreducible

representations ofG or, equivalently the number of orbits or conjugacy classes of G under the action �� � � 1,

in which the class functions can be arbitrarily de�ned. Consequently, the number of distinct irreducible

representations ofG coincides with the number of its conjugacy classes. IfG = Sn , this number is also equal

to its distinct cycle structures, as discussed earlier on page 13.

Irreducible representations of Cn . If G is a commutative group, then G has jGj conjugacy classes and

hencejGj distinct irreducible representations � 1; � 2; : : :. Moreover, becausejGj =
P

j dim2� j ;, we conclude

that these representations are all one-dimensional. In particular, the irreducible representations of Cn are

given by � j (� k ) = e2�ijk=n , j; k = 0 ; 1; : : : ; n � 1, which clearly coincide with the irreducible characters of

Cn .

Proposition 2.12. If � 1; : : : ; � h are the distinct irreducible characters of groupG and O� = f �� � � 1; � 2

Gg, then

jO � j
jGj

X

i

� i (� )� i (� ) =

8
<

:

1 if � 2 O � ;

0 if � =2 O � :

Proof. De�ne x � (� ) = 1 if � 2 O � and equal to zero otherwise. Thenx � is a class function and, con-

sequently, can be expressed as a linear combination
P

i ci � i of the distinct irreducible characters � 1; : : : ; � h

of G. The reader may verify that, in this case, ci = ( x � j � i ) = jO � j � i (� )=jGj, so that

x � (� ) =
jO � j
jGj

X

i

� i (� )� i (� ) =

8
<

:

1 if � 2 O � ;

0 if � =2 O � ;

from which the result follows. �
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To illustrate, Table (2.32) shows the irreducible characters � 1; � Sgn; � � of D3, along with the characters

� � ; � � 
 � ; � � of the permutation, � 
 � and the regular representation ofD3, respectively.

� � � � 1 � Sgn � � � � 
 � � �

1 3 1 1 2 4 6

(123) 0 1 1 � 1 1 0

(132) 0 1 1 � 1 1 0

(12) 1 1 � 1 0 0 0

(13) 1 1 � 1 0 0 0

(23) 1 1 � 1 0 0 0

: (2.32)

From the conjugacy orbits O1 = f 1g, Ot = f (12); (13); (23)g and Oc = f (123); (132)g of D3 we obtain

� 1(� )� 1(� ) + � Sgn(� )� Sgn (� ) + � � (� )� � (� ) =

8
>>><

>>>:

4 + 1 + 1 = 6 = jGj=jO1j; if � 2 O 1;

0 + 1 + 1 = 2 = jGj=jO t j; if � 2 O t ;

1 + 1 + 1 = 3 = jGj=jOcj; if � 2 O c;

whereasx � (� ) = 0 if � = 1 ; � = (12), � = 1 ; � = (123) or � = (12) ; � = (123).

To decompose, say, the character of� 
 � , we write � � 
 � = c1� 1 + cSgn � Sgn + c� � � , in which the

coe�cients are determined by c1 = ( � � 
 � j � 1) = 6 =6 = 1, cSgn = ( � � 
 � j � Sgn) = 6 =6 = 1 and c� = ( � � 
 � j

� � ) = 6 =6 = 1. In fact, � � 
 � = � 1 + � Sgn + � � .

2.9. The canonical projections

In the previous sections we have emphasized that, for data-analytic purposes, our interest is focused on

permutation representations associated with transitive actions. This was remarked earlier (Chapter 1, on

page 9) in the identi�cation of the classes and multipliciti es of the elementary orbits whereG acts transitively.

The next three examples will explain why such identi�cation is su�cient, although not always necessary,

for data-analytic purposes. These examples also illustrate the argument used in the proof of the canonical

decomposition theorem.

The canonical projections for the Sloan Fonts study. Returning to our starting point in Chapter

1 (page 3), consider again the groupG = f 1; v; h; og and its representation � described in (1.9). Note that

� 1 = � 1 
 � 1, � v = � 1 
 � t , � h = � t 
 � 1 and � o = � t 
 � t , where � is the regular representation ofC2 ' f 1; tg,

with characters f 1; Sgn g. The irreducible characters ofG ' C2 � C2 are given by

� � � 1(� )� 1(� ) � 1(� )� Sgn (� ) � Sgn (� )� 1(� ) � Sgn (� )� Sgn (� )

1 1 1 1 1 1

1 t 1 � 1 1 � 1

t 1 1 1 � 1 � 1

t t 1 � 1 � 1 1

; (2.33)
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whereas the projection matricesP1; : : : ; P4 shown on page 3 were obtained from linear combinations

1
4

X

� 2 G

� � � � ;

of the � � in which the scalar coe�cients are indexed by the irreducible characters� � of G. These matrices

are the canonical projections associated with the representation � = � 
 � of C2 � C2 on R4. There are, in

this case then, four canonical projections, one for each irreducible character ofG.

To understand the role of these projections in decomposing the data spaceV = R4, let f 1; v; h; og indicate
a basis forV indexed by the elements ofG (the double notation should be self-evident) so that

V = < 1 + v + h + o > � < 1 + v � h � o > � < 1 + h � v � o > � < 1 + o � v � h > � V 1 � : : : � V 4 ;

is a direct sum of stable subspaces in dimension of 1. Correspondingly, � reduces isomorphically as the direct

sum � 1 � � 2 � � 3 � � 4 of the irreducible representations ofG.

Observing that � = tr � = � � when � is a representation in dimension of 1, and applying Proposition

2.11 with x = � 2 bG we obtain, in the new basis,

Pi =
1
4

X

� 2 G

� i (� )B� � B � 1 = 4 b� (� ) = Diag (( � i j� 1)I 1; (� i j� 2)I 1; (� i j� 3)I 1; (� i j� 4)I 1);

where

B =

2

6
6
6
6
4

1 1 1 1

1 1 � 1 � 1

1 � 1 1 � 1

1 � 1 � 1 1

3

7
7
7
7
5

is the matrix connecting the two bases. Consequently, from Proposition 2.3,

P1 = Diag (1 ; 0; 0; 0); P2 = Diag (0 ; 1; 0; 0); P3 = Diag (0 ; 0; 1; 0); P4 = Diag (0 ; 0; 0; 1):

Clearly, these are algebraically orthogonal (Pi Pj = Pj Pi = 0, i 6= j ) projection matrices (P 2
i = Pi , i =

1; 2; 3; 4) such that

I 4 = P1 + P2 + P3 + P4;

in correspondence with the decompositionV1 � : : : � V 4 of V. Speci�cally, Pi is a projection from V to Vi ,

for i = 1 ; 2; 3; 4.

Equivalently, the matrices Pi on page 3 are the canonical projectionsB � 1Pi B on the original basis

f 1; v; h; og. These matrices remain a set of algebraically orthogonal projections decomposing the identity

matrix in V. In that sense of equivalence, therefore, we have derived the canonical projections of the given

representation of G.

Canonical invariants. The invariants described on page 4 are preciselyI = Bx wherex is the structured

data vector.

This derivation illustrates the case of an Abelian group acting on itself so that the action was transitive

(single orbit) and in addition all irreducible representat ions were in dimension of 1. In the next derivation

the group action is not transitive.
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The canonical projections for the binary sequences study. Consider the permutation represen-

tations of S2 ' f 1; tg acting on the spaceV = f uu; yy; uy; yug of binary sequences in length of 2, �rst

according to position symmetry and then according to letter symmetry (page 18). In each case the data

space for the structured data isV = R4. Also recall that here bG = f 1; Sgng.

In the position symmetry representation, indicated here by� , the orbits of G suggest the decomposition

V = < uu > � < yy > � < uy; yu >

of V into a direct sum of stable subspaces, in which< uy; yu > further reduces as< uy + yu > � < uy � yu > ,

so that

V = < uu > � < yy > � < uy + yu > � < uy � yu >

is a direct sum decomposition ofV into irreducible subspaces. In< uu > � < yy > � < uy + yu > , �

reduces as three copies of the symmetric representation, whereas in< uy � yu > as a single copy of the

alternating representation, that is,

� ' 1 � 1 � 1 � Sgn :

Clearly, the multiplicities of the symmetric and the sign representations come directly from Proposition 2.9

on page 30. Therefore, without repeating the details of the previous illustration, we obtain the canonical

projections

P1 = Diag (1 ; 1; 1; 0); PSgn = Diag (0 ; 0; 0; 1);

corresponding to the decompositionV1 � V Sgn of V. Speci�cally, P1 is a projection from V onto V1, in
dimension of 3, whereasPSgn is a projection on VSgn , in dimension of 1. Equivalently, the matrices

B � 1P1B = Diag (1 ; 1; A ); B � 1PSgn B = Diag (0 ; 0; Q)

are the canonical projections on the original basisf uu; yy; uy; yug, respectively, andI = Bx are the canonical

invariants on the original data, where

B = Diag (1 ; 1;

"
1 1

1 � 1

#

); A =
1
2

"
1 1

1 1

#

; Q =
1
2

"
1 � 1

� 1 1

#

:

Remark. This example shows an important fact: that the canonical projections are not in correspondence

with the stable subspaces of the representation onV (equivalently, the orbits on V). Here, although < uu >

� < yy > and < uy + yu > � < uy � yu > are stable subspaces, the canonical projections are on

V1 = < uu > � < yy > � < uy + yu > and VSgn = < uy � yu > .

The following is the summary of the results for the symbol symmetry decomposition, where the same

remark clearly applies:

(1) V ' < uu + yy > � < uy + yu > � < uu � yy > � < uy � yu > ;

(2) � ' 1 � 1 � Sgn � Sgn ;

(3) P1 = Diag (1 ; 1; 0; 0); PSgn = Diag (0 ; 0; 1; 1);

(4) B � 1P1B = Diag ( A ; A); B � 1PSgn B = Diag ( Q; Q), I = Bx ,

where

B = Diag (

"
1 1

1 � 1

#

;

"
1 1

1 � 1

#

):
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Theorem 2.6 (Canonical Decomposition). If � is a linear representation ofG on GL(V) then, for each

irreducible representation � of G in dimension of n� and character � � ,

P� =
n�

jGj

X

� 2 G

� � (� )� � ;

is a projection of V onto a subspaceV� , sum ofm� isomorphic copies of irreducible subspaces of� . Moreover:

P� P� 0 = P� 0P� = 0, for any two distinct irreducible representations �; � 0 of G; P2
� = P� and

P
� 2 bG P� = I v ,

where v = dim V =
P

� 2 bG m� n� .

Proof. Indicate by � i the distinct irreducible representations of G, with corresponding characters and

dimensions� i and ni , respectively, i = 1 ; : : : ; h. From Proposition 2.9 we know that � '
P h

j =1 mj � j , where

� 1; : : : ; � h are the distinct irreducible representations ofG. That is, there is a basisB in V relative to which

� = Diag( I m 1 
 � 1; : : : ; I m h 
 � h ):

Therefore,

Pi = BPi B � 1 =
ni

jGj

X

�

Diag (I m 1 
 � i (� )� 1(� ); : : : ; I m h 
 � i (� )� h (� )) :

Applying Proposition 2.11 with x = � i , so that bx(� j ) =
P

� � i (� )� j (� ), we have

X

�

� i (� )� j (� ) =
jGj
ni

(� j j� i )I n i =
jGj
ni

� ij I n i ;

and consequently

Pi = Diag( � i 1I m 1 
 I n 1 ; : : : ; � ih I m h 
 I n h ):

It is then clear that P 2
i = Pi , so that Pi is a projection of V into the subspaceVi direct sum of mi copies

of the irreducible subspaces associated with� i , i = 1 ; : : : ; h. It is also clear that, in addition, Pi Pj = 0 for

j 6= i and that

hX

i =1

Pi = Diag( I m 1 
 I n 1 ; : : : ; I m h 
 I n h ) = I v ;

all of these statements holding true for the original components Pi = B � 1Pi B of the decomposition, con-

cluding the proof. �

Note that tr Pi = ni mi = dim Vi . From now on we will refer to
P

i Pi = I , under the conditions of

Theorem 2.6, simply as the canonical reduction of the identity operator I in the data spaceV.

The canonical projections for the regular representation o f D3. Table (2.34) shows the three
irreducible characters ofD3, corresponding to the irreducible representations 1, Sgn ,and � discussed earlier.
The data spaceV = R6 has a natural basis indexed by the elementsf r 1; r 2; r 3; t1; t2; t3g of D3, in dimension
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of 6.

� � 1 � Sgn � �

r 1 1 1 1 2

r 2 (123) 1 1 � 1

r 3 (132) 1 1 � 1

t1 (12) 1 � 1 0

t2 (13) 1 � 1 0

t3 (23) 1 � 1 0

(2.34)

The regular representation (� ) of D3 follows directly from its (left) multiplicative action � 7! � � � on itself

and can be derived from Table (2.4) on page 13 using Algorithm2 in Viana (2008b, p.221). We reproduce

the multiplication table here,

r 1 r 2 r 3 t1 t2 t3

r 2 r 3 r 1 t3 t1 t2

r 3 r 1 r 2 t2 t3 t1

t1 t2 t3 r 1 r 2 r 3

t2 t3 t1 r 3 r 1 r 2

t3 t1 t2 r 2 r 3 r 1

with the notation introduced above. From (2.30) on page 32, it follows that � ' 1 � Sgn � 2� . It is clear

that the subspace

V1 = < r 1 + r 2 + r 3 + t1 + t2 + t3 >

reduces as the symmetric representation whereas

VSgn = < r 1 + r 2 + r 3 � t1 � t2 � t3 >

reduces as the alternating representation. The reader can verify that the subspace

V� = < r 1 � r 2 � t1 + t2; � r 2 + r 3 � t1 + t3 > � < r 2 � r 3 � t2 + t3; r 1 � r 3 + t1 � t2 >

reduces as two copies of a representation isomorphic to� from page 21. More speci�cally, writing

x0 = ( r 1; r 2; r 3; t1; t2; t3)

and evaluating

X

�

x � � � =

"
r 1 � r 2 � t1 + t2 � r 2 + r 3 � t1 + t3g

r 2 � r 3 � t2 + t3 r 1 � r 3 + t1 � t2

#

=

"
v1 v2

w1 w2

#

=

"
Bv

Bw

#

and using the multiplication table of D3 above, basisBv transforms according to

� � 10
: � !

"
1 0

0 1

#

;

"
0 � 1

1 � 1

#

;

"
� 1 1

� 1 0

#

;

"
� 1 0

� 1 1

#

;

"
1 � 1

0 � 1

#

;

"
0 1

1 0

#

; (2.35)

� = r 1; r 2; r 3; t1; t2; t3, respectively, thus giving a two-dimensional representation of D3. Its character coin-

cides with that of � , so it is irreducible, and hence isomorphic to (the unique two-dimensional) � . In their

unitary versions they are, or course, equal.
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The same results are obtained working with the other basis. The detailed derivations are shown in Viana
(2008b, pp.104-107). Relative to this new basis forV1 � V Sgn � V � , realized by

B =

2

6
6
6
6
6
6
6
6
6
4

1 1 1 1 1 1

1 1 1 � 1 � 1 � 1

1 � 1 0 � 1 1 0

0 � 1 1 � 1 0 1

0 1 � 1 0 � 1 1

1 0 � 1 1 � 1 0

3

7
7
7
7
7
7
7
7
7
5

;

we obtain, for � evaluated at r 1; r 2; r 3; t1; t2; t3, respectively, B�B � 1 = I ,

B

2

6
6
6
6
6
6
6
6
6
4

0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

0 0 0 0 0 1

0 0 0 1 0 0

0 0 0 0 1 0

3

7
7
7
7
7
7
7
7
7
5

B � 1 =

2

6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 � 1 0 0

0 0 1 � 1 0 0

0 0 0 0 0 � 1

0 0 0 0 1 � 1

3

7
7
7
7
7
7
7
7
7
5

;

B

2

6
6
6
6
6
6
6
6
6
4

0 0 1 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 1 0 0

3

7
7
7
7
7
7
7
7
7
5

B � 1 =

2

6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0

0 1 0 0 0 0

0 0 � 1 1 0 0

0 0 � 1 0 0 0

0 0 0 0 � 1 1

0 0 0 0 � 1 0

3

7
7
7
7
7
7
7
7
7
5

;

B

2

6
6
6
6
6
6
6
6
6
4

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

3

7
7
7
7
7
7
7
7
7
5

B � 1 =

2

6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0

0 � 1 0 0 0 0

0 0 � 1 0 0 0

0 0 � 1 1 0 0

0 0 0 0 � 1 0

0 0 0 0 � 1 1

3

7
7
7
7
7
7
7
7
7
5

;

B

2

6
6
6
6
6
6
6
6
6
4

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 1 0 0

0 0 1 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

3

7
7
7
7
7
7
7
7
7
5

B � 1 =

2

6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0

0 � 1 0 0 0 0

0 0 1 � 1 0 0

0 0 0 � 1 0 0

0 0 0 0 1 � 1

0 0 0 0 0 � 1

3

7
7
7
7
7
7
7
7
7
5

;

B

2

6
6
6
6
6
6
6
6
6
4

0 0 0 0 0 1

0 0 0 1 0 0

0 0 0 0 1 0

0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

3

7
7
7
7
7
7
7
7
7
5

B � 1 =

2

6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0

0 � 1 0 0 0 0

0 0 0 1 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0

3

7
7
7
7
7
7
7
7
7
5

;

that is,

� ' Diag(1; Sgn ; I 2 
 � ): (2.36)
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The canonical projections are the linear combinations

P� =
n�

6

X

� 2 G

� � � � ;

indexed by the irreducible characters ofD3, where n� is the dimension of the corresponding irreducible

representation and jD3 j = 6. Therefore, in the new basis

P� =
n�

6

X

�

Diag (� � 1� ; � � Sgn � ; I 2 
 � � � � ):

From Proposition 2.11,
X

�

� � � � =
6

n�
(� � j� )I n � ; � 2 f 1; Sgn; � g = bG;

so that, applying Theorem 2.3, we obtain

P1 = Diag (1 ; 0; 0; 0; 0; 0); PSgn = Diag (0 ; 1; 0; 0; 0; 0); P� = Diag (0 ; 0; I 2 
 I 2):

Direct calculation shows that in the original basis, as expected,

P1 = B � 1P1B = A 2 
 A 3 = 1 =6

2

6
6
6
6
6
6
6
6
6
4

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

3

7
7
7
7
7
7
7
7
7
5

;

PSgn = B � 1PSgn B = I 2 
 Q 3 = 1 =6

2

6
6
6
6
6
6
6
6
6
4

1 1 1 � 1 � 1 � 1

1 1 1 � 1 � 1 � 1

1 1 1 � 1 � 1 � 1

� 1 � 1 � 1 1 1 1

� 1 � 1 � 1 1 1 1

� 1 � 1 � 1 1 1 1

3

7
7
7
7
7
7
7
7
7
5

;

P � = B � 1P� B = Q2 
 A 3 = 1 =3

2

6
6
6
6
6
6
6
6
6
4

2 � 1 � 1 0 0 0

� 1 2 � 1 0 0 0

� 1 � 1 2 0 0 0

0 0 0 2 � 1 � 1

0 0 0 � 1 2 � 1

0 0 0 � 1 � 1 2

3

7
7
7
7
7
7
7
7
7
5

:

2.10. Group algebras and FG-modules

Following with the de�nitions and notation from Section 2.5 .2 on page 23, and given a linear represen-

tation � of G, de�ne,

bx(� ) =
X

� 2 G

x � � � ; (2.37)

where x � are scalars inF.

Proposition 2.13. bx(� ) reduces as� � 1.
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Proof. Assume, without loss of generality that � is in dimension of 2, indicate by

v1 =
X

� 2 G

� � �
11; v2 =

X

� 2 G

� � �
12

the components of the �rst row of bx(� ), and write � �
ij to indicate the ij entry of � � . We want to show that

(v1; v2)� � = ( v1; v2)� � 1; (2.38)

or, equivalently,

(v1; v2)� � � 1 = ( v1; v2)�;

so that the action (v1� � 1; v2� � 1) of G on f v1; v2g as points in the group algebra ofG, recovers � , in the

sense of (2.38). Indeed,

v1� �
11 + v2� �

21 =
X

�

� [� �
11� �

11 + � �
12 � �

21] =
X

�

� � � �
11 =

X




(
� 

11)� � 1 = v1� � 1;

and similarly v1� �
12 + v2� �

22 = v2� � 1, proving the proposed equality and concluding the proof. �

When � 2 bG, we will refer (in the next Chapter) to bx(� ) as the Fourier transform of x evaluated at

� . The study of the di�erent evaluations of a group algebra can be approached from di�erent methods,

essentially equivalent. One approach uses the notion ofFG-modules, e.g., James and Liebeck (1993, p.38),

Serre (1977, Ch. 6), which we now brie
y comment on. We recallthe de�nition of group action on page 17.

FG-modules. When a group action ' of G on a vector spaceV over F is such that

(1) ' � (�s ) = �' � (s),

(2) ' � (f + s) = ' � (f ) + ' � (s),

for all � 2 F, f; s 2 V , and � 2 G, then we say that V together with the resulting group action (or its linear

representation in V) is a FG-module.

For example, if � is a linear representation ofG on V over F then the action ' � (v) = � � v of G on V

endowsV with the structure of a FG-module. Distinct linear representations then give distinct FG modules,

and so do the distinct evaluations

x =
X

� 2 G

x � � 7!
X

� 2 G

x � � � = bx(� )

of x 2 FG.

The distinction between left and right modules is best illustrated in the example in which the vector

space of interest is a group algebraFG (Section 2.5.2 on page 23). Then, it follows that

(�;
X

�

x � � ) 7!
X

�

x � ��;

where the group element� 2 G multiplies on the left of s 2 FG, is a group action and endowsFG with a

structure of a (left) FG-module.

The center of the group algebra. The center of a groupG is the subset ofG whose elements commute

with all points in G. We write Cent. G to indicate the center of G. By linearity, the de�nition is extended

to include the group algebra FG, and clearly Cent. G = Cent. FG. The reader can check that Cent. G is

an associative algebra.FG is also called the enveloping algebra ofG (Weyl, 1953, p.79).
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A basis for the center of the regular FD3-module. The reader can verify (hint: the de�nition of

conjugacy classes) that a basis for the center of the regularFD3-module

X

� 2 D 3

x � � � ;

where � is the (left) regular representation of D3, is given by the identity I , and the matrices

C1 =

2

6
6
6
6
6
6
6
6
6
4

0 1 1 0 0 0

1 0 1 0 0 0

1 1 0 0 0 0

0 0 0 0 1 1

0 0 0 1 0 1

0 0 0 1 1 0

3

7
7
7
7
7
7
7
7
7
5

; C2 =

2

6
6
6
6
6
6
6
6
6
4

0 0 0 1 1 1

0 0 0 1 1 1

0 0 0 1 1 1

1 1 1 0 0 0

1 1 1 0 0 0

1 1 1 0 0 0

3

7
7
7
7
7
7
7
7
7
5

;

so that the matrix elements in the center of the regularFD3-module have the form

C = aI + bC1 + cC2 =

2

6
6
6
6
6
6
6
6
6
4

a b b c c c

b a b c c c

b b a c c c

c c c a b b

c c c b a b

c c c b b a

3

7
7
7
7
7
7
7
7
7
5

:

Similar argument shows that the canonical projectionsP1; PSgn ; P� for the regular representation ofD3 also

form a basis for the center of the regularFD3-module, with the advantage of being (algebraically) orthogonal.

For example, sinceC is in the center of the regular module, we must have

C = `1P1 + `Sgn PSgn + ` � P� ;

so that then

CP1 = `1P1; CPSgn = `Sgn PSgn ; CP� = ` � P� : (2.39)

Taking the trace on both sides, we have

`1 =
tr CP1

tr P1
= a + 2 b+ 3 c; `Sgn =

tr CPSgn

tr PSgn
= a + 2 b� 3c; `� =

tr CP�

tr P�
= a � b: (2.40)

The reader may also verify that the characterization of the matrix elements in the center of the regular

FD3-module can be obtained by taking an arbitrary matrix

H =
X

�

a� � � =

2

6
6
6
6
6
6
6
6
6
4

a b c � � 


c a b 
 � �

b c a � 
 �

� 
 � a c b

� � 
 b a c


 � � c b a

3

7
7
7
7
7
7
7
7
7
5

;
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in that module and centralizing it

C '
X

� 2 G

� � H� 0
�

with the left-regular representation of G = D3.

The matrices C in the center of the regular FD3-module transform according to

BCB � 1 = C = Diag ( `1 ; `Sgn ; ` � I 4): (2.41)



CHAPTER 3

Dihedral Fourier Analysis

3.1. Introduction

Earlier in Section 2.8 (page 29) we introduced the linear transforms

bx(� ) =
X

� 2 G

x � � � ;

de�ned for class functions x and linear representations� . If � is an irreducible representation ofG and x

is any scalar-valued function de�ned onG, the evaluation bx(� ) is called the Fourier transform of x at � . In

analogy to the Fourier transform

bf (r ) =
Z

R
f (t)! rt dt

in the real line we think of each irreducible representationas the spectral frequencies. Similarly, the discrete

Fourier transform of a scalar-valued function x de�ned in Cn = f 1; !; : : : ; ! n � 1g, evaluated at ! j 2 bG, is

bx(j ) =
X

k

xk ! jk ; k; j = 0 ; 1; : : : ; n � 1

Its inverse Fourier transform is

xk =
1
n

X

j

bx(j )! � jk :

By observing that the irreducible representations ofCn have dimensionnj = 1, we may rewrite the above

formula as

xk =
X

j

nj

g
tr [ ! � jk bx(j )];

which suggests the formula for arbitrary �nite groups. This formula will be derived next, starting with the

canonical projections of the regular representation of thegroup.

Theorem 3.1. If x is a data vector indexed by the �nite group G with g elements andbx(� ) =
P

� 2 G x � � �

is its Fourier transform at the irreducible representation � in dimension of n� then, conversely,

x � =
X

� 2 bG

n� tr [ � � � 1 bx(� )]=g;

where the sum is over all irreducible representations (or spectral frequencies) ofG.

Proof. Indicate by � the (left) regular representation of G and by x the vector of observations indexed

by G so that the � -th component of � � x is e0
� � � x = x �� � 1 . Evaluating the canonical projections given by

45
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Theorem 2.6 on page 38 for� , we obtain

ge0
� P� x=n� =

X

� 2 G

� � (� � 1)x �� � 1 =
X

� 2 G

� � (� � 1� )x � =
X

� 2 G

tr [ � � � 1 � ]x �

= tr [
X

� 2 G

� � � 1 � � ]x � = tr [ � � � 1 bx(� )]:

Consequently, summing over the irreducible representations of G, we haveI =
P

� P� , and

e0
� x = e0

�

X

�

P� x =
X

�

n� tr [ � � � 1 bx(� )]=g;

from which the Fourier-inverse formula x � =
P

� 2 bG n� tr [ � � � 1 bx(� )]=g follows. �

An example. It is opportune to consider the following simple example based on the bilateral symmetries,

sayG = f 1; tg acting on f 1; 2g. That is, 1 is the identity and t the transposition. We have two measurements:

x1; x t and y1; yt indexed by G. The available frequencies are the irreducible representations of G, namely

1 : (1; t) 7! (1; 1) and Sgn : (1; t) 7! (1; � 1). Therefore,

bx(1) = 1(1) x1 + 1( t)x t = x1 + x t ; bx(Sgn ) = Sgn (1)x1 + Sgn (t)x t = x1 � x t ;

is the Fourier transform of x at those frequencies. Similarlyby(1) = 1(1) y1 + 1( t)yt = y1 + yt and by(Sgn ) =

Sgn (1)y1 + Sgn (t)yt = y1 � yt , so that

(bxby)(1) = bx(1)by(1) = ( x1 + x t )(y1 + yt ); (bxby)(Sgn ) = ( x1 � x t )(y1 � yt ):

The convolution x � y of these two functions is simply

(x � y)( � ) =
X

�

x � � � 1 y� ;

which evaluates as

(x � y)(1) = x1y1 + x t yt ; (x � y)( t) = x t y1 + x1yt :

Consequently, the evaluation of [x � y(1) and [x � y(t) then shows that

[x � y = bxby:

FD3 analysis. Let x0 = ( r 1; r 2; r 3; t1; t2; t3) indicate the data indexed by D3, so that

bx(� ) = r 1

"
1 0

0 1

#

+ r 2

"
� 1 � 1

1 0

#

+ r 3

"
0 1

� 1 � 1

#

+ t1

"
� 1 � 1

0 1

#

+ t2

"
1 0

� 1 � 1

#

+ t3

"
0 1

1 0

#

;

is the FD3 transform of x evaluated at the two-dimensional irreducible representation � of D3, given by 2.12

on page 21. It gives, as introduced earlier on page 39,

bx(� ) =

"
r 1 � r 2 � t1 + t2 � r 2 + r 3 � t1 + t3

r 2 � r 3 � t2 + t3 r 1 � r 3 + t1 � t2

#

=

"
v1 v2

w1 w2

#

;

where its components are exactly the basesBv = f v1; v2g and Bw = f w1; w2g that appear in the decompo-

sition

V� = < r 1 � r 2 � t1 + t2; � r 2 + r 3 � t1 + t3 > � < r 2 � r 3 � t2 + t3; r 1 � r 3 + t1 � t2 >

of the irreducible subspaceV� .
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Any �ltering of this single-frequency spectra takes the simpler form of bx(� )A, for a given 2� 2 real

matrix A. It returns

x � �
1
n

tr [ � � � 1 bx(� )A]

as the �ltered signal. The reader is invited to evaluate the other two FD3 transforms and give an interpre-

tation to the three transforms.

FD4 analysis. Let x0 = ( r 1; r 2; r 3; r 4; t1; t2; t3; t4) indicate the data indexed by D4. The Fourier trans-
form of x at the two-dimensional irreducible representation

� k; 1 =

"
1 0

0 1

#

;

"
0 � 1

1 0

#

;

"
� 1 0

0 � 1

#

;

"
0 1

� 1 0

#

; k = 1 ; 2; 3; 4;

� k; � 1 =

"
1 0

0 � 1

#

;

"
0 1

1 0

#

;

"
� 1 0

0 1

#

;

"
0 � 1

� 1 0

#

; k = 1 ; 2; 3; 4

of D4, obtained from 2.7 on page 16 forn = 4, evaluates as

bx(� ) =
4X

k =1

(r k � k; 1 + tk �k; � 1) =

"
r 1 � r 3 + t1 � t3 � r 2 + r 4 + t2 � t4

r 2 � r 4 + t2 � t4 r 1 � r 3 � t1 + t3

#

=

"
v1 v2

w1 w2

#

;

where its components are exactly the basesBv = f v1; v2g and Bw = f w1; w2g that appear in the decompo-

sition of the irreducible subspaceV� of D4 (Viana, 2008b, p.108). The reader is invited to the derive the

remaining 4 one-dimensional transforms and interpret the full spectra of D4. You may �rst have to derive

the full set of characters, using the results described on page 33.

The role of rotations and reversals. It is useful to summarize the action of the representation

� k;d :

"
1 0

0 1

# "
0 � 1

1 0

#

;

"
� 1 0

0 � 1

#

;

"
0 1

� 1 0

#

;

"
1 0

0 � 1

#

;

"
0 1

1 0

#

;

"
� 1 0

0 1

#

;

"
0 � 1

� 1 0

#

;

(3.1)

D4 on the standard basis f e1; e2g for the plane. The reader will observe, from Table (3.2), that both

rotations and reversals complete a four-fold rotation of the basis in the counterclockwise direction. Their

phase, however, is not equal, but complementary (in 2� ). This e�ect appears in the construction of the

semi-direct product, earlier on page 15.

d 1 1 1 1 � 1 � 1 � 1 � 1

k 0 1 2 3 0 1 2 3

e1 e1 e2 � e1 � e2 e1 e2 � e1 � e2

e2 e2 � e1 � e2 e1 � e2 e1 e2 � e1

(3.2)

In the planar interpretation, it is observed that the leadin g rotating ( d = 1) vector ( e1) becomes the trailing

vector under reversals (d = � 1). If one is allowed to lift the plane and inspect if from the other side, then a

reversal in the direction of circular motion would be veri�ed. Indeed, after embeddinge1; e2 in R3, it follows

that

(� k;d e1 � � k;d e2) � e3 = d; k = 0 ; 1; 2; 3:
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3.2. The dihedral indexing and its Fourier analysis

Generic derivations of the Fourier transform for data indexed by D3 and D4 appeared on page 46.

Similarly, in optics, the one-to-one correspondence between a coherency matrixJ and the Stokes coe�cients

S0; : : : ; S3 that appear in its resolution J = S0� 0 + S1 � 1 + S2� 2 + S3� 3 in terms of the Pauli matrices

� 0; : : : ; � 3, is intrinsic to the de�nition

Sj =
1
2

tr J� j (3.3)

of the Stokes coe�cients (O'Neill, 1963, p. 152). The uniqueness follows from the fact that tr � i � j = 2 � ij ,

so that the resolution

M =

2

4
a b

c d

3

5 =
3X

j =0

Sj � j = S0

2

4
1 0

0 1

3

5 + S1

2

4
0 1

1 0

3

5 + S2

2

4
0 � i

i 0

3

5 + S3

2

4
1 0

0 � 1

3

5

of an arbitrary real or complex matrix M is obtained with S0 = ( a + d)=2, S1 = ( b+ c)=2, S2 = i (b � c)=2

and S3 = ( a � d)=2.

The dihedral indexing. Given any 2� 2 real matrix M = ( mij ), let M indicate its conjugate XMX � 1

in canonical space. Speci�cally,

M =

2

4
f + f �

f � f +

3

5 ; with f d =
1
2

[m11 + dm22 + i (m21 � dm12)]; d = � 1:

The dihedral indexing (associated withM ) is de�ned as

xk;d =
1
n

tr [ � � k;d M ]: (3.4)

The FDn coe�cients. The reader is invited to verify, applying Theorem 3.1, that conversely then

M =
P

k;d xk;d � k;d . That is,

M =
X

k;d

xk;d � k;d () xk;d =
1
n

tr [ � � k;d M ]; k = 1 ; : : : ; n; d = � 1: (3.5)

Moreover, xk;d = 2 < f d! � k =n = 2[cos(k� )< f d +sin( k� )= f d]=n, where< and = indicate the real and complex

parts of a complex number, respectively. In summary, then,

M =
X

k;d

xk;d � k;d () xk;d =
2
n

[cos(k� )< f d + sin( k� )= f d ]; d = � 1; k = 1 ; : : : ; n: (3.6)

In view of (3.5), we often refer to the dihedral indexing as the FDn coe�cients.

Phase correlations. Direct evaluation shows that, for d = � 1, xd =
P

k xk;d =n = 0 and

< x d; 
 ` xd > =
1
n

X

k

xk;d xk � `;d = 2[( < f d)2 + ( = f d)2] cos(̀ � ); ` = 0 ; : : : ; n � 1: (3.7)

In particular, jj 
 ` xd jj 2 = < x d; xd > = 2[( < f d)2 + ( = f d)2] for ` = 0 ; : : : n � 1, so that

< x d; 
 ` xd >
< x d; xd >< 
 ` xd; 
 ` xd >

= cos(`� ); d = � 1;

is the phase correlation betweenxd and its lag ` companion vector 
 ` xd.



3.3. THE DIHEDRAL INDEXING IN APPLICATIONS 49

3.3. The dihedral indexing in applications

Refractive pro�les. The refractive power matrix of a spherocylindrical lens is given by

F =

2

4
s + csin2 (� ) � csin (2� ) =2

� csin (2� ) =2 s + ccos2 (� )

3

5 =

2

4
S � C+ � Cx

� Cx S + C+

3

5 ;

where the scalars (s; c; � ) indicate, respectively, the sphere, cylinder, and axis. The RHS notation is from

Campbell (1997) and Campbell (1994), in whichS = s + c=2, C+ = ( c=2) + cos(2� ), Cx = ( c=2) sin(2� ).

The observable data are the scalars (s; c; � ), respectively the sphere, cylinder, and axis.

The matrix F is expressed as

XF X � 1 =

2

4
M C 0 + iC 45

C0 � iC 45 M

3

5 (3.8)

in canonical space, thus identifying the coe�cients M = s+ c=2, C0 = � ccos(2� )=2 and C45 = � csin(2� )=2

appearing in W.E. Humphrey's principle of astigmatic decomposition (Humphrey, 1976). See also Thibos et

al. (1994). It then follows that

F =
2
n

X

k

f M cos(k� )� k; + + [ C0 cos(k� ) + C45 sin(k� )]� k; � g (3.9)

is the resolution of F . Its rotation-reversal signature is de�ned by the ensembleof n points

k 7! (M cos(k� ); C0 cos(k� ) + C45 sin(k� )) � R2; k = 1 ; : : : n; (3.10)

parameterized by Humphrey's coe�cients. Consequently, in analogy with the results described on page 48,

we have shown that the classic components

f s + csin(� )2; � csin(2� )=2g = f S � C+ ; � CX g (3.11)

of linear optics are precisely the canonical invariants relative to the data indexed by the dihedral rotations

and reversals, that is, the coe�cients of � k;d in (3.9). It is interesting to observe, from (3.8), that the m atrix

F in canonical space is precisely thematrix vector associated with (M; C 0; C45), e.g., Cartan (1966).

Rotators. For the (counterclockwise) rotator R(� ), it follows that f + = ei� and f � = 0, and hence

xk; + = 2 cos(� � k� )=n, xk; � = 0. Consequently, in canonical space,

R(� ) =
2
n

X

k

cos(� � k� )� k; + :

Since rotators in canonical space have the form of� + , only those components appear in the decomposition.

Polarizers. For the polarizer P(� ), the results are: f + = 1 =2, f � = e2i� =2, xk; + = cos(k� )=n, xk; � =

cos(2� � k� )=n so that P(� ) resolves in canonical space as

P(� ) =
1
n

X

k

[cos(k� )� k; + + cos(2� � k� )� k; � ]:
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Its rotation-reversal signature is de�ned by the ensemble of n points pk (� )0 = (cos(k� ); cos(2� � k� )) in

R2. If uk is observed with uncertain, then � may be numerically estimated as the value that minimizes, for

example,
P

k jj pk (� ) � uk jj 2. The reader may want to evaluate that

r 2

2
[1 + cos(2(� � � ))]

is the square intensity h0P(� )h for an analyzer h0 = r (cos(� ); sin(theta)).

A Hamiltonian. Consider the Hamiltonian

H =

2

4
a2

1 2a1a2ei�

2a1a2e� i� a2
2

3

5 =

2

4
a2

1 0

0 a2
2

3

5 + 2 a1a2

2

4
0 ei�

e� i� 0

3

5

of a monochromatic plane wave represented as the superposition of linearly polarized basis states with

real amplitudes a1; a2, and a relative phase� . Transforming the �rst component to canonical space gives

f + = ( a2
1 + a2

2)=2 and f � = ( a2
1 � a2

2)=2. The second component givesf + = 0 and f � = 2 a1a2ei� . Combining

the like coe�cients gives

xk; + =
1
n

(a2
1 + a2

2) cos(k� ); xk; � =
1
n

(a2
1 � a2

2) cos(k� ) + 2 a1a2 cos(k� � � );

in which a2
1 + a2

2 is the total light intensity, 2 a1a2 cos(� ) is the angular orientation of the elliptical motion

traced out by the electric vector of the light wave, 2a1a2 sin(� ) is the handedness or sense of circulation

of the electric vector, and a2
1 � a2

2 is the eccentricity of the elliptical motion (Silverman, 1995, p. 181).

The orientation and the handedness appear out of the term cos(k� � � ) and the componentsx1 = a2
1 � a2

2,

x2 = i (a2
1 + a2

2), x3 = � 2a1a2 de�ne an isotropic vector (Cartan, 1966, p. 51).

3.4. Phase-space and ABCD systems

In the Hamiltonian formulation of geometrical optics, ligh t rays are described as points in a four-

dimensional geometrical-optical phase-spaceV, while evolving along the optics (z) axis of the system. At

every z = constant plane, the phase-space pointsv = ( q; p) 2 V specify the positionsq 2 R2 and optical

cosinesp 2 R2 of the ray with respect to the coordinate system used inV. The rays propagation may be

seen as a continuous sequence of linear transformations

M =

"
A B

C D

#

in V satisfying the symplectic relations
"

AB 0 � BA 0 AD 0 � BC 0

CB 0 � DA 0 CD0 � DC 0

#

=

"
0 I

� I 0

#

= 
 :

These transformations map points inV to points in V as the ray proceeds along thez direction and preserve

the Poisson brackets

f f; g g =
@f0

@v



@g
@v

between scalar functionsf; g de�ned in V. Equivalently, then, M 0
 M = 
, and the collective of such

transformations with det M = 1 gives rise to the symplectic groupSp(2; F) over the real or complex scalar

�eld F.
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First order optics which arises due to the quadratic form

dv(z)
dz

= f H; v(z)g

of the optical Hamiltonian in the description of the evoluti on of rays along the optical axis. The symplectic

matrices reduce, in the case of stigmatic systems, to a one-dimensional representation (instead of a two-

dimensional Hamiltonian model of ray propagation and a four-dimension phase space), resulting in a two

dimensional optical phase space and hence a 2� 2 matrix.

FDn coe�cients in phase space. The Fourier and Fourier-inverse relations described by Theorem

3.1, on page 45, and applied to the dihedral indexing de�ned on page 48, extend to the bivariate dihedral

indexing

xT
�;� =

1
n2

tr [( � � � 1 
 � � � 1 )T] (3.12)

of T 2 F4� 4, indexed byDn � Dn and induced by the irreducible representations (�; � ) 7! � � 
 � � of Dn � Dn ,

so that, conversely,

T =
X

�;�

xT
�;� (� � 
 � � ): (3.13)

The generalized lens equation (2.14) extends accordingly.In fact, writing W =

"
0 1

� 1 0

#

, so that 
 = W 
 I ,

and using the unitary property of the representations � � , we have

(� 0
� 
 � 0

� )
( � � 
 � � ) = ( � 0
� 
 � 0

� )(W 
 I )( � � 
 � � ) = ( � 0
� W � � ) 
 (� 0

� � � ) = dW 
 I = d
 ; (3.14)

with d = 1 for rotations, and d = � 1 for reversals.

Writing v = ( q; p) 2 V as v = qx (e1 
 e1) + qy (e1 
 e2) + px (e2 
 e1) + py (e2 
 e2), then

Tv =
X

�;�

xT
�;� [qx (� � e1 
 � � e1) + qy (� � e1 
 � � e2) + px (� � e2 
 � � e1) + py (� � e2 
 � � e2)]:

Proposition 3.1. xT
�;� = 1

n

P
� 2 D n

� � (� )xT ��
� , where � � (� ) = tr � (� ) is the character of � evaluated at

� .

Proof.

xT
�;� =

1
n2

tr [( � � � 1 
 � � � 1 )T] =
1

n2
tr [( � � � 1 
 � � � 1 )

X


 2 D n

T
 
 � 
 ] =
1
n2

X




tr [( � � � 1 T
 ) 
 � � � 1 
 ]

=
1
n2

X




� � (� � 1
 )tr [( � � � 1 T
 )] =
1
n

X




� � (� � 1
 )
1
n

tr [( � � � 1 T
 )] =
1
n

X




� � (� � 1
 )xT 

�

=
1
n

X

� 2 D n

� � (� )xT ��
� ;

where the last equality follows from making the change of variables � = � � 1
 in Dn . �

The following result can be veri�ed directly from the de�nit ion of xA
� .

Proposition 3.2. For all �; � 2 Dn :

(1) xE 
 F
�;� = xF

� xF
� ;
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(2) x �A
� = �x A

� , for all scalars � ;

(3) xA + B
� = xA

� + xB
� , for all A; B 2 F2� 2.

In the next section, we derive the univariate dihedral Fourier coe�cients for ABCD systems.

FDn analysis of ABCD-systems. Indicate by xA
� = tr [ � � � 1 A]=n, for � 2 Dn , the FDn coe�cients

of a given matrix A 2 F2� 2, so that, by linearity, we write

T =

"
A B

C D

#

=
X

� 2 D n

"
xA

� xB
�

xC
� xD

�

#


 � � =
X

�

(T� 
 � � ); � 2 Dn ;

where A; B; C; D 2 F2� 2.
The matrices

� k;d :

"
1 0

0 1

# "
0 � 1

1 0

#

;

"
� 1 0

0 � 1

#

;

"
0 1

� 1 0

#

;

"
1 0

0 � 1

#

;

"
0 1

1 0

#

;

"
� 1 0

0 1

#

;

"
0 � 1

� 1 0

#

;

in this irreducible representation of D4 are indicated here, respectively, by� 0+ ; : : : ; � 3+ (rotations), and

� 0� ; : : : ; � 3� (reversals). The FD4 coe�cients tr [ � � 1
k;d A]=4 of a scalar matrix A =

"
a b

c d

#

, displayed in a

two-column table, are simply

xA =
1
4

2

6
6
6
6
4

a + d a � d

c � b c+ b

� a � d � a + d

� c + b � c � b

3

7
7
7
7
5

; (3.15)

where the rotation f x0+ ; : : : ; x3+ g and reversal f x0� ; : : : ; x3� g coe�cients appear in the �rst and second

columns, respectively, andf a; b; c; dg are real or complex scalars. The scalarsxk;d give an example of data

indexed by a �nite group, or structured data, amenable for data-analytic symmetry studies (Viana, 2008b).

The Fourier-inverse formula states that, conversely,

A =
X

k;d

xk;d � k;d ; k = 0 ; : : : ; 3; d = � 1:

Indicating the entries of the component matricesA; : : : ; D in T by

A =

"
a1 a2

a3 a4

#

; : : : ; D =

"
d1 d2

d3 d4

#

;

direct evaluation of (3.1) leads to the following result:

Proposition 3.3. The rotation-rotation FD4 coe�cients xk;k 0;1;1 are given by the corresponding (k; k0)

entries of the matrix

y++ =
1
16

"
1 � 1

� 1 1

#




"
a1 + a4 + d1 + d4 a3 � a2 + d3 � d2

c1 + c4 � b1 � b4 c3 � c2 � b3 + b2

#

;

whereas the entries (k; k0) of

y+ � =
1
16

"
1 � 1

� 1 1

#




"
a1 � a4 + d1 � d4 a3 + a2 + d3 + d2

c1 � c4 � b1 + b4 c3 + c2 � b3 � b2

#
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give the rotation-reversal FD4 coe�cients xk;k 0;1;� 1; the entries of

y� + =
1
16

"
1 � 1

� 1 1

#




"
a1 + a4 � d1 � d4 a3 � a2 � d3 + d2

c1 + c4 + b1 + b4 c3 � c2 + b3 � b2

#

give the reversal-rotation FD4 coe�cients xk;k 0;� 1;1, and the entries of

y�� =
1
16

"
1 � 1

� 1 1

#




"
a1 � a4 � d1 + d4 a3 + a2 � d3 � d2

c1 � c4 + b1 � b4 c3 + c2 + b3 + b2

#

give the reversal-reversal FD4 coe�cients xk;k 0;� 1;� 1.

No more than 16 distinct parameters account for an arbitrary ABCD-system and index their content

into the group algebra of D4 � D4.

3.5. Bivariate FDn analysis in applications

In each one of the following cases we specify the matrix components f A; B; C; D g of T and the corre-

sponding FD4 coe�cients, with the notation introduced abov e.

Separable fractional Fourier transforms. With

A = D =

"
cos� x 0

0 cos� y

#

; B = � C =

"
sin � x 0

0 sin� y

#

; (3.16)

the separable fractional Fourier transforms can be expressed asI 
 A + ! 
 B , where I is the identity matrix

in dimension of 2 and! =

"
0 1

� 1 0

#

. Applying Proposition 3.2, then,

xT
�;� = x I

� xA
� + x !

� xB
� :

From Proposition 3.3, or from (3.15), we have

y+ d0 =
1
8

"
1 � 1

� 1 1

#




"
cos� x + d0cos� y 0

� sin � x � d0sin � y 0

#

; d0 = 1 ; � 1;

and y� + = y�� = 0, so that in the FD4 decomposition of separable fractionalFourier transforms the only

non-null coe�cients are associated with rotation-rotatio n and rotation-reversals.

Rotators. For rotators, we have

A = D =

"
cos� sin �

� sin � cos�

#

; B = C = 0 ; (3.17)

so that T = I 
 A. From Proposition 3.3, then,

y++ =
1
4

"
1 � 1

� 1 1

#




"
cos� � sin �

0 0

#

;

with y+ � = y� + = y�� = 0, so that in the FD4 decomposition of rotators the only non-null coe�cients are

associated with rotation-rotations.
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Gyrators. Gyrators, similar to fractional Fourier transforms, can be written as T = I 
 A + ! 
 B ,

with

A = D =

"
cos� 0

0 cos�

#

; B = � C =

"
0 sin�

sin � 0

#

:

From Proposition 3.3, we obtain,

y++ =
1
4

"
1 � 1

� 1 1

#




"
cos� 0

0 0

#

; y+ � =
1
4

"
1 � 1

� 1 1

#




"
0 0

0 � sin �

#

;

with y� + = y�� = 0.

Shearing operations. With

A =

"
1 u

0 1

#

; D =

"
1 0

� u 1

#

; B = C = 0 ;

Proposition 3.3 gives

y++ =
1
4

"
1 � 1

� 1 1

#




"
1 � u=2

0 0

#

; y�� =
1
8

"
1 � 1

� 1 1

#




"
0 u

0 0

#

;

with y� + = y+ � = 0, so that the only non-null FD4 coe�cients are associated with rotation-rotation and

reversal-reversal dihedral transformations.

3.6. Phase-space orbits and protocols

The set of images (� � 
 � � )v 2 V of a given point v = ( q; p) 2 V when �; � vary in Dn � Dn de�nes the

orbit of v. To illustrate its construction, consider the case in which the ray is at q = e1 = (1 ; 0) pointing in

the direction of p = e2 = (0 ; 1), so that

v = e1
 e1 + e2
 e2;

and the orbit is spanned by � k;d 
 � o;1, k = 0 ; 1; 2; 3, d = � 1, that is, by the rotations � k; + 
 I , and reversals

� k; � 
 I , of D4. The evaluation of

(� k; + 
 I )v = ( � k; + e1)
 e1 + ( � k; + e2)
 e2; k = 0 ; 1; 2; 3;

which follow from Table (3.2), leads to LHS-orbit displayed on Figure 3.1. Similarly, the evaluation of the

reversals

(� k; � 
 I )v = ( � k; � e1)
 e1 + ( � k; � e2)
 e2; k = 0 ; 1; 2; 3;

leads to the RHS-orbit displayed on Figure 3.1. Together, these orbits clearly indicate the role and interpre-

tation of rotations and reversals.

D4 � D4 orbits. Figure 3.2 shows the orbits

Od;d 0 = f (� k;d 
 � k 0;d0)v; k; k0 = 0 ; 1; 2; 3g; d; d0 = � 1;

generated byD4 � D4 acting on v = ( q; p) when q0 = (1 ; 0) and p0 = (1 ; 1). The variations in k and k0 are

displayed in colors blue and red, respectively. Figure 3.3 shows the corresponding orbits forq0 = (1 ; 2) and

p0 = (2 ; 1).
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Figure 3.1. Rotation (LHS) and reversals (RHS) orbits of (e1; e2) under � � 
 I .

Figure 3.2. D4 � D4 orbits O+ ;+ ; O+ ;� ; O� ;+ ; O� ;� on q = (1 ; 0), p = (1 ; 1).

Operators acting on the dihedral orbits. If T is a linear operator on V then its phase-space

properties may be investigated through its action

f T(� � 
 � � )v : �; � 2 Dn g (3.18)

on a given dihedral orbit f (� � 
 � � )v : �; � 2 Dn g. In general, T and � � 
 � � do not commute, so it is also of

interest the study of the dihedral orbits

f (� � 
 � � )Tv : �; � 2 Dn g (3.19)

in the transformed �eld under T. To illustrate, Figures 3.4 and 3.5 show the fractional Fourier-transformed

orbits (3.18) corresponding to Figures 3.2 and 3.3, respectively. In this example, from (3.16), we have selected

� x = � y = �= 3.
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Figure 3.3. D4 � D4 orbits O+ ;+ ; O+ ;� ; O� ;+ ; O� ;� on q = (1 ; 2), p = (2 ; 1).

Figure 3.4. Fractional Fourier-transformed (with � x = � y = �= 3) orbits (( T(� 
 � )) from

Figure 3.2.

Similarly, Figures 3.6 and 3.7 show the dihedral orbits (3.19) for the rotation-rotation and reversal-

reversal orbits of the rotated �elds Tv of Figures 3.2 and 3.3. In this example the rotator de�ned in (3.17)

was applied with � = �= 4. Additional FDn orbits are summarized in this chapter's Appendix A.
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Figure 3.5. Fractional Fourier-transformed (with � x = � y = �= 3) orbits (( T(� 
 � )) from

Figure 3.3.

Figure 3.6. Dihedral orbits f (� 
 � )Tvg of the 45 deg-rotated �eld of Figure 3.2.

3.7. Spatial �lters over �nite groups

The basic theoretical framework, borrowed from earlier developments in �lter theory, describes the

intensity of an elementary image, e.g., O'Neill (1963), as alinear superposition, or convolution,

I (x) =
Z

S(x � � )O(� )d�;



58 3. DIHEDRAL FOURIER ANALYSIS

Figure 3.7. Dihedral orbits f � 
 � )Tvg of the 45 deg-rotated �eld of Figure 3.3.

over the object plane (R2), of a spread function or impulse responseS(x) and the source imageO(x) in the

object plane (R2). This is conveniently arranged so that, in turn,

bI = bS bO (3.20)

is the corresponding spectral distribution Î of I (its Fourier transform), where

Ŝ(! ) =
Z

S(x) exp[� i < !; x > ]dx

is the optical transfer function or frequence response.

Relation (3.20) has the corresponding analog for Fourier transforms over a �nite group G. To see this,

de�ne

I � =
X

� 2 G

S�� � 1 O� ; � 2 G;

as the convolution of S and O, and let � 2 bG be an irreducible representation ofG, so that
X

�

I � � � =
X

� 2 G

[
X

�

S�� � 1 � � ]O� ; � 2 G:

Making the change of variables�� � 1 = � it then follows that

bI (� ) = bS(� )
X

�

O� � � = bS(� ) bO(� ); � 2 bG;

or, bI = bS bO.

It is not di�cult to verify that if x is a scalar function indexed along aDn � Dn orbit of a point in

phase-space, then an ABCD matrixT acting as the �lter

bx(� 
 � )T =
X

�;�

x �;� (� � 
 � � )T;
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returns (via regular indexing) the scalar function

x0
�;� =

X

�;�

x � �;�� xT
� � 1 ;� � 1 :

In particular, for the single-dihedral FDn, we have

x0
� =

X

�

x � � xT
� � 1 ;

which can be expressed in matrix form.

3.8. Dihedral Fourier analysis of elementary algebraic sur faces

Given a scalar function f de�ned in the plane, we are interested in describing the data

x � = f (� � (q + p)) � f (� � q); � 2 D4 (3.21)

obtained along the dihedral orbit f � � q; � � pg in phase-space, where� � are the planar rotations and reversals.

These orbits are the special case (I 
 � � )v of the phase-space dihedral orbits de�ned earlier. In the examples

discussed below, theD4 orbit was constructed with q = (1 ; 1); p = (1 ; � 1), shown in Figure 3.8

Figure 3.8. The FD4 orbit at q = (1 ; 1); p = (1 ; � 1).

We will summarize the data by evaluating its full spectral frequencies

bx =

2

6
6
6
6
6
6
6
4

bx(1)

bx(Sgn )

bx(� 1)

bx(� 2)

bx(� )

3

7
7
7
7
7
7
7
5
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in correspondence to the irreducible characters

r 1 r 2 r 3 r 4 t1 t2 t3 t4

1 1 1 1 1 1 1 1 1

Sgn 1 1 1 1 � 1 � 1 � 1 � 1

� 1 1 � 1 1 � 1 1 � 1 1 � 1

� 2 1 � 1 1 � 1 � 1 1 � 1 1

� 2 0 � 2 0 0 0 0 0

of D4, and by evaluation the canonical decomposition

x0Px =

2

6
6
6
6
6
6
6
4

x0P1x

x0PSgn x

x0P� 1 x

x0P� 2 x

x0P� x

3

7
7
7
7
7
7
7
5

of x0x, given by the corresponding canonical projectionsP1 = A (similar to equation 2.9 on page 41),

P Sgn = 1 =8

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 1 1 1 � 1 � 1 � 1 � 1

1 1 1 1 � 1 � 1 � 1 � 1

1 1 1 1 � 1 � 1 � 1 � 1

1 1 1 1 � 1 � 1 � 1 � 1

� 1 � 1 � 1 � 1 1 1 1 1

� 1 � 1 � 1 � 1 1 1 1 1

� 1 � 1 � 1 � 1 1 1 1 1

� 1 � 1 � 1 � 1 1 1 1 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

; P eta 1 = 1 =8

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 � 1 1 � 1 1 � 1 1 � 1

� 1 1 � 1 1 � 1 1 � 1 1

1 � 1 1 � 1 1 � 1 1 � 1

� 1 1 � 1 1 � 1 1 � 1 1

1 � 1 1 � 1 1 � 1 1 � 1

� 1 1 � 1 1 � 1 1 � 1 1

1 � 1 1 � 1 1 � 1 1 � 1

� 1 1 � 1 1 � 1 1 � 1 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

;

P � 2 = 1 =8

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 � 1 1 � 1 � 1 1 � 1 1

� 1 1 � 1 1 1 � 1 1 � 1

1 � 1 1 � 1 � 1 1 � 1 1

� 1 1 � 1 1 1 � 1 1 � 1

� 1 1 � 1 1 1 � 1 1 � 1

1 � 1 1 � 1 � 1 1 � 1 1

� 1 1 � 1 1 1 � 1 1 � 1

1 � 1 1 � 1 � 1 1 � 1 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

; P � = 1 =4

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

2 0 � 2 0 0 0 0 0

0 2 0 � 2 0 0 0 0

� 2 0 2 0 0 0 0 0

0 � 2 0 2 0 0 0 0

0 0 0 0 2 0 � 2 0

0 0 0 0 0 2 0 � 2

0 0 0 0 � 2 0 2 0

0 0 0 0 0 � 2 0 2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

Selected symbolic logic computer codes used in the derivations shown in the following examples are listed in

this chapter's Appendix B.

Ellipsoids. Let

f (x; y) = c

 

1 �
(x � 1)2

a2
�

(y � 1)2

b2

!

:



3.8. DIHEDRAL FOURIER ANALYSIS OF ELEMENTARY ALGEBRAIC SUR FACES 61

Table 3.22 shows the evaluation off (q + p) � f (q) along the Dn4 dihedral orbit for q = (1 ; 1); p = (1 ; � 1)

under rotations d = 1 and reversals d = � 1.

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

qx qy px py f (q + p) � f (q) d

1 1 1 � 1 c
�
1 � 1a� 2 � b� 2

�
� c 1

� 1 1 1 1 c
�
1 � a� 2 � b� 2

�
� c

�
1 � 4a� 2

�
1

� 1 � 1 � 1 1 c
�
1 � 9a� 2 � b� 2

�
� c

�
1 � 4a� 2 � 4b� 2

�
1

1 � 1 � 1 � 1 c
�
1 � a� 2 � 9b� 2

�
� c

�
1 � 4b� 2

�
1

1 � 1 1 1 c
�
1 � a� 2 � b� 2

�
� c

�
1 � 4b� 2

�
� 1

1 1 � 1 1 c
�
1 � a� 2 � b� 2

�
� 1c � 1

� 1 1 � 1 � 1 c
�
1 � 9a� 2 � b� 2

�
� c

�
1 � 4a� 2

�
� 1

� 1 � 1 1 � 1 c
�
1 � a� 2 � 9b� 2

�
� c

�
1 � 4a� 2 � 4b� 2

�
� 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(3.22)

It then follows that

bx =

2

6
6
6
6
6
6
6
6
6
6
4

� 8
c(b2 + a2 )

a2 b2

0

� 16
c(b2 � a2 )

a2 b2

0

8

"
� c

b2
c
b2

c
a2 � c

a2

#

3

7
7
7
7
7
7
7
7
7
7
5

; x0Px =

2

6
6
6
6
6
6
6
6
4

8
c2 (b2 + a2 )2

a4 b4

0

32
c2 (b2 � a2 )2

a4 b4

0

32
c2 (b4 + a4 )

a4 b4

3

7
7
7
7
7
7
7
7
5

:

We observe that P� 1 tests for a = b (sphericity) whereas large values ofx0P� x imply c > a = b (prolate

spheroid).

Figure 3.9. The elliptic contours for ( c; a; b) = (1 ; :5; 1) and (c; a; b) = (1 ; 1; :5).

Hyperbolic paraboloid.

f (x; y) = c

 
(x � 1)2

a2
�

(y � 1)2

b2

!
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bx = 8

2

6
6
6
6
6
6
6
6
6
6
4

c(b2 � a2 )
a2 b2

0

2
c(b2 + a2 )

a2 b2

0
"

� c
b2

c
b2

� c
a2

c
a2

#

3

7
7
7
7
7
7
7
7
7
7
5

; x0Px = 8

2

6
6
6
6
6
6
6
6
4

c2 (b2 � a2 )2

a4 b4

0

4
c2 (b2 + a2 )2

a4 b4

0

4
c2 (b4 + a4 )

a4 b4

3

7
7
7
7
7
7
7
7
5

Baker's corneal surface model. Let

f (x; y) = y2 � 2R (x � a) + (1 + Q) (x � a)2 ;

wherea is the x-o�set, R the curvature parameter and Q the shape parameter. The surface will be evaluated

again at the D4 framework with q = (1 ; 1); p = (1 ; � 1). It gives,

bx = 8

2

6
6
6
6
6
6
6
6
6
4

(2 + Q)

0

2Q

0
"

0 0

� (R + (1 + Q)a (R + (1 + Q)a

#

3

7
7
7
7
7
7
7
7
7
5

; x0Px = 8

2

6
6
6
6
6
6
6
4

(4 + Q2 + 4 Q)

0

4Q2

0

4 (R + a(Q + 1)) 2

3

7
7
7
7
7
7
7
5

:

The condition x0P5x = 0 tests for R + a(Q + 1) = 0, or equivalently, for the degenerate surface

f (x; y) = y2 + (1 + Q)(x � a)(x + a);

which reduces tof (x; y) = y2 + (1 + Q)x2 when a = 0. The condition x0P3x = 0 tests for Q = 0.

Figure 3.10. Corneal curvatures for R = 0 :008,a = 1, and Q = � 0:5; 0; +0 :5 respectively.

Refraction pro�les. The refractive pro�le

(� � � 0)[� s cos2(� � � ) + � f sin2(� � � )]; (3.23)
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along a single aperture is de�ned for 0� � � 2� and 0 � � � � , where �; � 0 are refractive indices and� is

the axial or reference angle for thef ks; kf g orthogonal directions pointing to the steep (maximum, � s) and


at (minimum, � f ) curvatures. This is simply Euler Theorem of classical di�erential geometry.

In canonical space, the pro�les can be written asw0
�;� D �;� w�;� , with

D �;� = ( � � � 0)

"
� s 0

0 � f

#

; w0
�;� = (cos(� � � ); sin(� � � )) :

Let ! � = ei� and

X =

"
1 i

1 � i

#

:

The components of the pro�le transform in canonical space according to Xw 0
�;� = ( ! � � � ; ! � � + � ) � ! �;� ,

and

XD �;� X � 1 =
� � � 0

2

"
� s + � f � s � � f

� s � � f � s + � f

#

=
1
2

"
2s + c c

c 2s + c

#

� � s;c ;

where s and c are the spherical and cylindrical parameters. Consequently, in canonical space, the refraction

pro�le are given by � � :s;c;� = ! 0
�;� � s;c ! �;� , or equivalently, by

� � :s;c;� = (2 s + c) cos(2(� � � )) + c: (3.24)

In rectangular coordinates, the original pro�les given by (3.23) can be expressed as

f (x; y) = 1 =2 [(2s + c)
�
x2 + y2

�
+ c

��
x2 � y2

�
cos (2� ) + 2 xy sin (2 � )

�
]; � 1 � x; y � 1: (3.25)

Figure 3.11 shows two refractive contours, one for (s; c; � ) = (1 ; 1; �= 4) and the other for (s; c; � ) = (1 ; 0; �= 4).

It then follows that, evaluated again at the D4 framework with q = (1 ; 1); p = (1 ; � 1), it gives

bx = 8

2

6
6
6
6
6
6
6
6
6
4

(2 s + c)

0:0

2ccos (2� )

� csin (2 � )"
0:0 0:0

0:0 0:0

#

3

7
7
7
7
7
7
7
7
7
5

; x0Px = 8

2

6
6
6
6
6
6
6
6
4

(2s + c)2

0:0

4c2 (cos (2� ))2

c2(sin(2 � ))2

0:0

3

7
7
7
7
7
7
7
7
5

:

The dihedral invariants for the refractive pro�les, from (3 .11) on page 49, are given by

f 2s + c; ccos (2� )g ' f M; C 0g; f 2s + c; csin (2 � )g ' f M; C 45g:

The projection P� 1 + P� 2 tests for c = 0, whereas P1 tests for s = 0 given that c = 0.

3.8.1. Corneal topography data. Table (3.29), in Appendix C, page 88, shows the curvature (in

diopters) data along two rings on fellow eyes, summarized inFigure 3.12. Table (3.29) also identi�es the

steep and 
at curvature values.
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Figure 3.11. Refractive contours for (s; c; � ) = (1 ; 1; �= 4) and (s; c; � ) = (1 ; 0; �= 4), re-

spectively.

Figure 3.12. 10 deg� separation corneal curvature pro�les for two apertures (red color for

ring 2 -closest to the apex- and color blue for ring 10- away from the apex), respectively

from left (L) and right-eye (R) corneas.

The Dn4 framework shown in Figure 3.8 on page 59, and Table 3.22 on page 61, suggests the study

of any two 36-point (or 10 deg between-semimeridian separation) discrete curvature pro�les f and f 0, by

evaluating f (q + p) � f 0(q), with
2

6
6
4

r 1 r 2 r 3 r 4 t1 t2 t3 t4

2�q 1 10 19 28 28 1 10 19

2� (q + p) 28 1 10 19 1 10 19 28

3

7
7
5 : (3.26)

Direct evaluation of the canonical decomposition of the pro�les (3.23) based on a single-ring (f = f 0) gives

x0P4x = 8 c2 cos(2� );

with the remaining projections equal to zero, whereas the non-null components of a two-ring decomposition

are

x0P1x = 2[( � s + � f ) � (� 0
s + � 0

f )]2 = 2( M � M 0)2;

and, writing again c = � s � � f ,

x0P4x = c2(1 + cos(4� )) + c02(1 + cos(4� 0)) + 2 cc0[cos(2(� + � 0)) + cos(2( � � � 0))] :
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When � = � 0 we obtain

x0P4x = ( c + c0)2(1 + cos(4� )) :

Furthermore, if � = 0 or � = �= 2, then x0P4x = 2( c + c0)2, which coincides with x0P4x = 8 c2 when c = c0

as in the single-ring case.

Numerical evaluations. Table (3.27) shows the curvature evaluations along the dihedral orbit (3.26),

within left and right rings, L 2; L 10, and R2; R10, respectively, and between fellow eyes.

� L 2 L 10 R2 R10 L 10; L 2 R10; R2

r 1 3:0 1:0 4:8 1:7 1:6 2:3

r 2 � 0:1 0:6 2:0 0:2 0:5 2:6

r 3 0:3 0:4 � 2:0 0:6 0:2 0:4

r 4 � 3:2 � 2:0 � 4:8 � 2:5 � 3:4 � 5:0

t1 � 3:0 � 1:0 � 4:8 � 1:7 � 2:4 � 4:2

t2 0:1 � 0:6 � 2:0 � 0:2 0:0 0:4

t3 � 0:3 � 0:4 2:0 � 0:6 � 0:5 1:8

t4 3:2 2:0 4:8 2:5 1:8 2:3

: (3.27)

The corresponding FDn's for single-ring cases
2

6
6
6
6
6
6
6
6
6
4

0:0

0:0

0:0

13:2
"

0:0 � 5:40

0:0 � 6:20

#

3

7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
4

0:0

0:0

0:0

5:60
"

0:0 � 1:20

0:0 � 5:20

#

3

7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
4

0:0

0:0

0:0

11:2
"

0:0 � 13:6

0:0 � 13:6

#

3

7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
4

0:0

0:0

0:0

9:20
"

0:0 � 2:20

0:0 � 5:40

#

3

7
7
7
7
7
7
7
7
7
5

;

and between-ring cases
2

6
6
6
6
6
6
6
6
6
4

� 2:20

0:0

0:0

9:40"
� 2:10 � 3:30

� 0:500 � 5:70

#

3

7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
4

0:600

0:0

0:0

10:2"
� 5:70 � 7:90

� 4:10 � 9:50

#

3

7
7
7
7
7
7
7
7
7
5

;

and respective decomposition of sums of squares
2

6
6
6
6
6
6
6
4

0:0

0:0

0:0

21:8

16:9

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

0:0

0:0

0:0

3:92

7:12

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

0:0

0:0

0:0

15:7

92:4

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

0:0

0:0

0:0

10:6

8:50

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

0:605

0:0

0:0

11:1

12:0

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

0:046

0:0

0:0

12:9

50:5

3

7
7
7
7
7
7
7
5

;

clearly show that the dihedral orbits (3.26) do not distinguish rotations from reversals when realized along

the single-ring data, a fact that is consistent with x0Px = 0 for all components but x0P4x = 8 c2 cos(2� ),
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as shown earlier. The componentx0P4x, we recall, assesses the sum of within-rotation and within-reversals

(equal in these cases) variations.

To illustrate the elements involved in �tting and estimatin g the refractive parameters from a single-ring

case, we observe �rst that the steep (� s) and 
at ( � f ) refractive parameters in 3.23 on page 62 can be

estimated (in a �rst pass) by the raw max and min curvature val ues, shown in Table (3.28).

L 2 L 10 R2 R10

min 42:722 43:325 41:411 44:350

max 47:669 45:670 49:779 47:071

range 4:948 2:345 8:368 2:722

(3.28)

With these estimates in place, then may then estimate the remaining parameter � as one of the values min-

imizing x0P4x, which then only depends on� . There are two pairs of complementary ( mod 2� ) solutions.

For example, when �tting L 2, we obtain

� 2 f� 2:19; 2:19; � :954; :954; � 2:19; 2:19; � :954; :954g;

whereas when �tting L 10,

� 2 f� 2:21; 2:21; � :933; :933g:

The estimated pro�les, after choosing the most likely orientation, and substituting the estimated steep, 
at,

and orientation parameters back into (3.23), are shown in Figures 3.13 and 3.14. The maximum absolute-

Figure 3.13. Fitted left pro�les.

Figure 3.14. Fitted right pro�les.
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value errors (in Diopters) were 4:900; 1:800; 7:500; 1:900, respectively forL 2; L 10; R2; R10. The mean absolute-

value errors were, 1:564; 0:814; 3:014; 0:850, with corresponding standard deviations 1:350; 0:549; 2:087; 0:569.

Clearly, the relatively poor �tting performance in the pro� les closest to the apex were determined by the

poor or unstable centering of those contours. We also remarkthat, of course, these estimates would be

naturally improved when based on a larger sample of pro�les.Other data-analytic aspects of these data are

described in Viana (2003).

Gaussian quadratic form. Let

f (x; y) = ( x � � x ; y � � y )

"
� x

2 � � x � y

� � x � y � y
2

# "
x � � x

y � � y

#

:

Then,

bx = 8

2

6
6
6
6
6
6
6
6
6
4

(� x
2 + � y

2)

0

2 (� x
2 � � y

2)

� 2 � � x � y

� 2
y [� x � (� x =� y ) + � y ]

"
1 � 1

� 1 1

#

3

7
7
7
7
7
7
7
7
7
5

;

whereas

x0Px = 8

2

6
6
6
6
6
6
6
4

(� 2
x + � 2

y )2

0

4 (� 2
x � � 2

y )2

4� 2� x
2� y

2

4 (2� x � � x � y
3� y + 2 � x � x

3� y � � y + � y
2� y

4 + � x
2� x

4 + � x
2� 2� x

2� y
2 + � y

2� 2� x
2� y

2)

3

7
7
7
7
7
7
7
5

:

When � x = � y = � , the component corresponding toP� factors as

x0P� x = 32� 2[�� x � y (� x + � y )2 + � 4
x + � 4

y ];

which is suitable for assessingH : � = 0. It further reduces to x0P� x = (8 �� 2)2 when � = 0 and � x = � y = � .

3.9. Correlation analysis in dihedral space

With the decompositions for quadratic forms on page 67 in mind, we want to study the e�ect of intro-

ducing a dihedral lens or instrument (� )

s � N (0; I ) ! T ! N (0; �) ! � � ! N (0; � � � � 0
� )

in the modulated Gaussian distribution N (0; �) of (the real or complex parts of) a stationary purely

monochromatic plane wave (s). To illustrate, we consider the case in which the covariance structure

�( � ) = TT0 =

"
1 �

� 1 + � 2

#
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in the modulated signal is obtained from a translation operator

T =

"
1 0

� 1

#

with translation parameter � . The squared correlation in the modulated sourceTs, alone, is

0 �
� 2

1 + � 2 < 1:

The correlation in the outgoing �eld follows from the result ing covariance matrix

� � (� ) = � � �( � )� 0
� ;

where � � are the dihedral rotation-reversals introduced earlier onpage 16.

Clearly, due to the unitary nature of the representation � , we have � � (0) = I for all � 2 Dn , so that

the outgoing �eld remains uncorrelated. This is in contrast with the (degenerate) modulation by a polarizer

P(� ) =

2

4
(cos (� ))2 sin (� ) cos (� )

sin (� ) cos (� ) (sin ( � ))2

3

5 ;

in which case

�( � ) = P P0 = P 2 = P

projects the density to a one-dimensional subspace and unitcorrelation.

The correlation r � in

� � (� ) = � � �( � )� 0
� ;

is indexed by � 2 Dn and is given by

r � = d
� 2 � 2 sin (2 � ) + 4 � cos (2� )

p
� 8 � 3 sin (4 � ) + 16 � 2 � 4 cos (4� ) + 2 � 4 + 8 � 2 + 8 � 2 cos (4� )

;

where � is the dihedral angle in � � � � k;d .

Figure 3.15 displays the correlation coe�cient in the outgoing �eld as a function of the modulating

dihedral angle, in the range (0; � ), and for values of the translation parameter � equal to 0:1 (the least

saturated, 
at graph), 0 :5; 1; 2, and 4 (most saturated, steep graph), andd = 1.

Similarly, these results apply to a refraction operator

T =

"
1 � A

0 1

#

;

in which case

�( A) = TT0 =

"
1 + A2 � A

� A 1

#

:
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Figure 3.15. Correlation coe�cient as a function of the modulating dihed ral angle, in

the range (0; � ), for values of the translation parameter � equal to 0:1 (the least saturated

curve), 0:5; 1; 2, and 4 (most saturated curve), andd = 1.
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Appendix A

In the study of the following FDn orbits it should be helpful t o recall the general relationship

(� � 
 � � )

"
q

p

#

=

"
� 11� � q + � 12� � p

� 21� � q + � 22� � p

#

between the input and the modulated output points in the phase-space.

FD4 orbit at q = (1 ; 0) with p = (0 ; 2). In the following table, v = v(d; d0) = 7 ; 3; 5; 1, for, respectively,
(d; d0) = (1 ; 1); (1; � 1); (� 1; 1); (� 1; � 1).

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

qx qy px py v

1:0 0:0 0:0 2:0 7

0:0 1:0 � 2:0 0:0 7

� 1:0 0:0 0:0 � 2:0 7

0:0 � 1:0 2:0 0:0 7

0:0 � 2:0 1:0 0:0 7

2:0 0:0 0:0 1:0 7

0:0 2:0 � 1:0 0:0 7

� 2:0 0:0 0:0 � 1:0 7

� 1:0 0:0 0:0 � 2:0 7

0:0 � 1:0 2:0 0:0 7

1:0 0:0 0:0 2:0 7

0:0 1:0 � 2:0 0:0 7

0:0 2:0 � 1:0 0:0 7

� 2:0 0:0 0:0 � 1:0 7

0:0 � 2:0 1:0 0:0 7

2:0 0:0 0:0 1:0 7

1:0 0:0 0:0 � 2:0 3

0:0 1:0 2:0 0:0 3

� 1:0 0:0 0:0 2:0 3

0:0 � 1:0 � 2:0 0:0 3

0:0 2:0 1:0 0:0 3

� 2:0 0:0 0:0 1:0 3

0:0 � 2:0 � 1:0 0:0 3

2:0 0:0 0:0 � 1:0 3

� 1:0 0:0 0:0 2:0 3

0:0 � 1:0 � 2:0 0:0 3

1:0 0:0 0:0 � 2:0 3

0:0 1:0 2:0 0:0 3

0:0 � 2:0 � 1:0 0:0 3

2:0 0:0 0:0 � 1:0 3

0:0 2:0 1:0 0:0 3

� 2:0 0:0 0:0 1:0 3

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

;

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

qx qy px py v

1:0 0:0 0:0 � 2:0 5

0:0 1:0 2:0 0:0 5

� 1:0 0:0 0:0 2:0 5

0:0 � 1:0 � 2:0 0:0 5

0:0 2:0 1:0 0:0 5

� 2:0 0:0 0:0 1:0 5

0:0 � 2:0 � 1:0 0:0 5

2:0 0:0 0:0 � 1:0 5

� 1:0 0:0 0:0 2:0 5

0:0 � 1:0 � 2:0 0:0 5

1:0 0:0 0:0 � 2:0 5

0:0 1:0 2:0 0:0 5

0:0 � 2:0 � 1:0 0:0 5

2:0 0:0 0:0 � 1:0 5

0:0 2:0 1:0 0:0 5

� 2:0 0:0 0:0 1:0 5

1:0 0:0 0:0 2:0 1

0:0 1:0 � 2:0 0:0 1

� 1:0 0:0 0:0 � 2:0 1

0:0 � 1:0 2:0 0:0 1

0:0 � 2:0 1:0 0:0 1

2:0 0:0 0:0 1:0 1

0:0 2:0 � 1:0 0:0 1

� 2:0 0:0 0:0 � 1:0 1

� 1:0 0:0 0:0 � 2:0 1

0:0 � 1:0 2:0 0:0 1

1:0 0:0 0:0 2:0 1

0:0 1:0 � 2:0 0:0 1

0:0 2:0 � 1:0 0:0 1

� 2:0 0:0 0:0 � 1:0 1

0:0 � 2:0 1:0 0:0 1

2:0 0:0 0:0 1:0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5
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Figure 3.16. (1; 1) and (� 1; � 1) FD4 orbits at q = (1 ; 0) with p = (0 ; 2).

Figure 3.17. (1; � 1) and (� 1; 1) FD4 orbits at q = (1 ; 0) with p = (0 ; 2).
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FD4 orbit at q = (2 ; 0) with p = (1 ; 0). In the following table, v = v(d; d0) = 7 ; 3; 5; 1, for, respectively,
(d; d0) = (1 ; 1); (1; � 1); (� 1; 1); (� 1; � 1).

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

qx qy px py v

2:0 0:0 1:0 0:0 7

0:0 2:0 0:0 1:0 7

� 2:0 0:0 � 1:0 0:0 7

0:0 � 2:0 0:0 � 1:0 7

� 1:0 0:0 2:0 0:0 7

0:0 � 1:0 0:0 2:0 7

1:0 0:0 � 2:0 0:0 7

0:0 1:0 0:0 � 2:0 7

� 2:0 0:0 � 1:0 0:0 7

0:0 � 2:0 0:0 � 1:0 7

2:0 0:0 1:0 0:0 7

0:0 2:0 0:0 1:0 7

1:0 0:0 � 2:0 0:0 7

0:0 1:0 0:0 � 2:0 7

� 1:0 0:0 2:0 0:0 7

0:0 � 1:0 0:0 2:0 7

2:0 0:0 1:0 0:0 3

0:0 2:0 0:0 1:0 3

� 2:0 0:0 � 1:0 0:0 3

0:0 � 2:0 0:0 � 1:0 3

� 1:0 0:0 2:0 0:0 3

0:0 � 1:0 0:0 2:0 3

1:0 0:0 � 2:0 0:0 3

0:0 1:0 0:0 � 2:0 3

� 2:0 0:0 � 1:0 0:0 3

0:0 � 2:0 0:0 � 1:0 3

2:0 0:0 1:0 0:0 3

0:0 2:0 0:0 1:0 3

1:0 0:0 � 2:0 0:0 3

0:0 1:0 0:0 � 2:0 3

� 1:0 0:0 2:0 0:0 3

0:0 � 1:0 0:0 2:0 3

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
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;
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6
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4

qx qy px py v

2:0 0:0 � 1:0 0:0 5

0:0 2:0 0:0 � 1:0 5

� 2:0 0:0 1:0 0:0 5

0:0 � 2:0 0:0 1:0 5

1:0 0:0 2:0 0:0 5

0:0 1:0 0:0 2:0 5

� 1:0 0:0 � 2:0 0:0 5

0:0 � 1:0 0:0 � 2:0 5

� 2:0 0:0 1:0 0:0 5

0:0 � 2:0 0:0 1:0 5

2:0 0:0 � 1:0 0:0 5

0:0 2:0 0:0 � 1:0 5

� 1:0 0:0 � 2:0 0:0 5

0:0 � 1:0 0:0 � 2:0 5

1:0 0:0 2:0 0:0 5

0:0 1:0 0:0 2:0 5

2:0 0:0 � 1:0 0:0 1

0:0 2:0 0:0 � 1:0 1

� 2:0 0:0 1:0 0:0 1

0:0 � 2:0 0:0 1:0 1

1:0 0:0 2:0 0:0 1

0:0 1:0 0:0 2:0 1

� 1:0 0:0 � 2:0 0:0 1

0:0 � 1:0 0:0 � 2:0 1

� 2:0 0:0 1:0 0:0 1

0:0 � 2:0 0:0 1:0 1

2:0 0:0 � 1:0 0:0 1

0:0 2:0 0:0 � 1:0 1

� 1:0 0:0 � 2:0 0:0 1

0:0 � 1:0 0:0 � 2:0 1

1:0 0:0 2:0 0:0 1

0:0 1:0 0:0 2:0 1
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Figure 3.18. (1; 1) and (1; � 1) FD4 orbits at q = (2 ; 0) with p = (1 ; 0).

Figure 3.19. (� 1; 1) and (� 1; � 1) FD4 orbits at q = (1 ; 0) with p = (0 ; 2).
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FD4 orbit at q = (1 ; 1) with p = (1 ; 0). In the following table, v = v(d; d0) = 7 ; 3; 5; 1, for, respectively,
(d; d0) = (1 ; 1); (1; � 1); (� 1; 1); (� 1; � 1).

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
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6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

qx qy px py v

1:0 1:0 1:0 0:0 7

� 1:0 1:0 0:0 1:0 7

� 1:0 � 1:0 � 1:0 0:0 7

1:0 � 1:0 0:0 � 1:0 7

� 1:0 0:0 1:0 1:0 7

0:0 � 1:0 � 1:0 1:0 7

1:0 0:0 � 1:0 � 1:0 7

0:0 1:0 1:0 � 1:0 7

� 1:0 � 1:0 � 1:0 0:0 7

1:0 � 1:0 0:0 � 1:0 7

1:0 1:0 1:0 0:0 7

� 1:0 1:0 0:0 1:0 7

1:0 0:0 � 1:0 � 1:0 7

0:0 1:0 1:0 � 1:0 7

� 1:0 0:0 1:0 1:0 7

0:0 � 1:0 � 1:0 1:0 7

1:0 � 1:0 1:0 0:0 3

1:0 1:0 0:0 1:0 3

� 1:0 1:0 � 1:0 0:0 3

� 1:0 � 1:0 0:0 � 1:0 3

� 1:0 0:0 1:0 � 1:0 3

0:0 � 1:0 1:0 1:0 3

1:0 0:0 � 1:0 1:0 3

0:0 1:0 � 1:0 � 1:0 3

� 1:0 1:0 � 1:0 0:0 3

� 1:0 � 1:0 0:0 � 1:0 3

1:0 � 1:0 1:0 0:0 3

1:0 1:0 0:0 1:0 3

1:0 0:0 � 1:0 1:0 3

0:0 1:0 � 1:0 � 1:0 3

� 1:0 0:0 1:0 � 1:0 3

0:0 � 1:0 1:0 1:0 3
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;
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6
6
6
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6
6
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4

qx qy px py v

1:0 1:0 � 1:0 0:0 5

� 1:0 1:0 0:0 � 1:0 5

� 1:0 � 1:0 1:0 0:0 5

1:0 � 1:0 0:0 1:0 5

1:0 0:0 1:0 1:0 5

0:0 1:0 � 1:0 1:0 5

� 1:0 0:0 � 1:0 � 1:0 5

0:0 � 1:0 1:0 � 1:0 5

� 1:0 � 1:0 1:0 0:0 5

1:0 � 1:0 0:0 1:0 5

1:0 1:0 � 1:0 0:0 5

� 1:0 1:0 0:0 � 1:0 5

� 1:0 0:0 � 1:0 � 1:0 5

0:0 � 1:0 1:0 � 1:0 5

1:0 0:0 1:0 1:0 5

0:0 1:0 � 1:0 1:0 5

1:0 � 1:0 � 1:0 0:0 1

1:0 1:0 0:0 � 1:0 1

� 1:0 1:0 1:0 0:0 1

� 1:0 � 1:0 0:0 1:0 1

1:0 0:0 1:0 � 1:0 1

0:0 1:0 1:0 1:0 1

� 1:0 0:0 � 1:0 1:0 1

0:0 � 1:0 � 1:0 � 1:0 1

� 1:0 1:0 1:0 0:0 1

� 1:0 � 1:0 0:0 1:0 1

1:0 � 1:0 � 1:0 0:0 1

1:0 1:0 0:0 � 1:0 1

� 1:0 0:0 � 1:0 1:0 1

0:0 � 1:0 � 1:0 � 1:0 1

1:0 0:0 1:0 � 1:0 1

0:0 1:0 1:0 1:0 1
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Figure 3.20. (1; 1) FD4 orbits at q = (1 ; 1) with p = (1 ; 0).

Figure 3.21. (1; � 1) FD4 orbits at q = (1 ; 1) with p = (1 ; 0).
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Figure 3.22. (� 1; 1) FD4 orbits at q = (1 ; 1) with p = (1 ; 0).

Figure 3.23. (� 1; � 1) FD4 orbits at q = (1 ; 1) with p = (1 ; 0).
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Selected FDn orbits at q = (1 ; 1) with p = (1 ; 0). The following orbits were generated atq = (1 ; 1)

with p = (1 ; 0).

Figure 3.24. FD5 orbits at q = (1 ; 1) with p = (1 ; 0).

Figure 3.25. FD6 orbits at q = (1 ; 1) with p = (1 ; 0).
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Figure 3.26. FD7 orbits at q = (1 ; 1) with p = (1 ; 0).

Figure 3.27. FD8 orbits at q = (1 ; 1) with p = (1 ; 0).
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Selected FDn orbits at q = (0 ; 0) with p = (1 ; 1). The following orbits were generated atq = (0 ; 0)

with p = (1 ; 1).

Figure 3.28. FD4 orbits at q = (0 ; 0) with p = (1 ; 1).

Figure 3.29. FD5 orbits at q = (0 ; 0) with p = (1 ; 1).

Figure 3.30. FD6 orbits at q = (0 ; 0) with p = (1 ; 1).

Selected FDn orbits at q = (1 ; 1) with p = (0 ; 0). The FD4 orbit is given by Figure 3.28.
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Figure 3.31. FD7 orbits at q = (0 ; 0) with p = (1 ; 1).

Figure 3.32. FD8 orbits at q = (0 ; 0) with p = (1 ; 1).

Figure 3.33. FD9 orbits at q = (0 ; 0) with p = (1 ; 1).



APPENDIX A 81

Figure 3.34. FD10 orbits at q = (0 ; 0) with p = (1 ; 1).

Figure 3.35. D5F orbits at q = (1 ; 1) with p = (0 ; 0).

Figure 3.36. FD6 orbits at q = (1 ; 1) with p = (0 ; 0).
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Figure 3.37. FD7 orbits at q = (1 ; 1) with p = (0 ; 0).

Figure 3.38. FD8 orbits at q = (1 ; 1) with p = (0 ; 0).

Figure 3.39. FD9 orbits at q = (1 ; 1) with p = (0 ; 0).



APPENDIX A 83

Selected FDn orbits at q = (1 ; 0) with p = (0 ; 1). The following orbits were evaluated at q = (1 ; 0)

with p = (0 ; 1).

Figure 3.40. FD4 orbits at q = (1 ; 0) with p = (0 ; 1).

Figure 3.41. FD5 orbits at q = (1 ; 0) with p = (0 ; 1).

Figure 3.42. FD6 orbits at q = (1 ; 0) with p = (0 ; 1).
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Appendix B

The following is a compilation of c
 Maple commands used in calculating the results shown in Section

3.8.

> restart:with(linalg):with(plots):with(group):Digit s:=3:

#### this code evaluates a

function over the dihedral single-phase orbits, the underl ying orbit

framework, and the canonical projections for D4.

> ### canonical projections

> t:=[[],[[1,2,3,4 ]],[[1,3],[2,4]],[[1,4,3,2 ]],

[[1,4],[2,3 ]],mulperms([[1,4],[2,3 ]], [[1,2,3,4]]),

mulperms([[1,4],[2,3 ]], [[1,3],[2,4]]),

mulperms([[1,4],[2,3 ]], [[1,4,3,2]]) ]:

> ut:=[1,2,3,4,5,6,7,8]:

> m:=(i,j)->mulperms(op(i,t),op(j,t)):

> M:=matrix(8,8,m):

> CD4:=subs(op(1,t)=op(1,ut),op(2,t)=op(2,ut),

op(3,t)=op(3,ut),op(4,t)=op(4,ut),

op(5,t)=op(5,ut),op(6,t)=op(6,ut),op(7,t)=op(7,ut),

op(8,t)=op(8,ut),evalm(M)):

> delta:=(i,j)->floor(2^(-abs(i-j))):

> f:=(i,j,k)->floor(2^(-abs(CD4[k,i]-CD4[1,j]))):

> c1:=matrix(8,1,[1,1,1,1,1,1,1,1]):

> c2:=matrix(8,1,[1,1,1,1,-1,-1,-1,-1]):

> c3:=matrix(8,1,[1,-1,1,-1,1,-1,1,-1]):

> c4:=matrix(8,1,[1,-1,1,-1,-1,1,-1,1]):

> c5:=matrix(8,1,[2,0,-2,0,0,0,0,0]):

> P1:=matrix(8,8,(i,j)->sum(c1[k,1]*f(i,j,k),k=1..8) /8):

> P2:=matrix(8,8,(i,j)->sum(c2[k,1]*f(i,j,k),k=1..8) /8):

> P3:=matrix(8,8,(i,j)->sum(c3[k,1]*f(i,j,k),k=1..8) /8):

> P4:=matrix(8,8,(i,j)->sum(c4[k,1]*f(i,j,k),k=1..8) /8):

> P5:=matrix(8,8,(i,j)->sum(c5[k,1]*f(i,j,k),k=1..8) /4):

> ###latex(P2);latex(P3);latex(P4);latex(P5);

> #############################################

> beta:=(k,d,n)->matrix(2,2,[cos(2*Pi*k/n),-d*sin(2* Pi*k/n),

sin(2*Pi*k/n),d*cos(2*Pi*k/n)]):

> P:=(k1,d1,rx,ry,px,py,n)->evalf(transpose(evalm(kr onprod(beta(0,1,n),

beta(k1,d1,n))&*matrix(4,1,[rx,ry,px,py])))): ### for ces d=1 k=0 on the LHS beta

> ff:=(k1,d1,rx,ry,px,py,n)->(P(k1,d1,rx,ry,px,py,n) [1,1],P(k1,d1,rx,ry,px,py,n)[1,2],
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P(k1,d1,rx,ry,px,py,n)[1,3],P(k1,d1,rx,ry,px,py,n)[ 1,4]) :

> frame:=(d1,q1,q2,p1,p2,n)->matrix(n,4,[(seq(ff(i,d 1,q1,q2,p1,p2,n),i=0..n-1))]):

> framep:=(d1,q1,q2,p1,p2,n)->matrix(n,1,4+1+2*d1): # ## index for d1

> #####################------->>>>>>> enter the analyti c form of F(x,y)

> ###F:=(x,y)->(x-a)/(y-b);

> ##F:=(x,y)->((y)^2-2*R*(x-a)+(1+Q)*(x-a)^2); ### Bak er's model with x offset

> ##F:=(x,y)->c*(x^2/a^2+y^2/b^2); ### eliptic parabolo id

> ##F:=(x,y)->c*((x-1)^2/a^2-(y-1)^2/b^2); ### hyperbo lic paraboloid

> ##F:=(x,y)->c*(1-(x-1)^2/a^2-(y-1)^2/b^2): ### ellip soid

> ###F:=(x,y)->mu*(combine(ks*subs(sin(theta)=y,cos( theta)=

x,expand((cos(theta-alpha))^2))+kf*subs(sin(theta)= y,cos(theta)=

x,expand((sin(theta-alpha))^2)))); ### refractive prof ile

> ###F(x,y);

> F:=(x,y)->((2*s+c)*(x^2+y^2)+c*((x^2-y^2)*cos(2*al pha)+2*x*y*sin(2*alpha)))/2:

### simplified refraction profile

> ##latex(F(x,y));

> ################################

>

> E:=(d1,q1,q2,p1,p2,n)->matrix(n,1,[seq((F(frame(d1 ,q1,q2,p1,p2,n)[j,1]+

frame(d1,q1,q2,p1,p2,n)[j,3],frame(d1,q1,q2,p1,p2,n )[j,2]+

frame(d1,q1,q2,p1,p2,n)[j,4])-F(frame(d1,q1,q2,p1,p 2,n)[j,1],

frame(d1,q1,q2,p1,p2,n)[j,2])),j=1..n) ]): ### generat es the

grad (F) =(F(q+p)-F(q)) output table

> ### /((p1^2+p2^2)^(1)):

> x:=(q1,q2,p1,p2)->blockmatrix(2,2,[frame(1,q1,q2,p 1,p2,4),

framep(1,q1,q2,p1,p2,4),

frame(-1,q1,q2,p1,p2,4),framep(-1,q1,q2,p1,p2,4)]):

### use this to obtain the frame alone

> ##x(1,0,1,1,5);

> Fx:=(q1,q2,p1,p2)->blockmatrix(2,3,[frame(1,q1,q2, p1,p2,4),

E(1,q1,q2,p1,p2,4),

framep(1,q1,q2,p1,p2,4),frame(-1,q1,q2,p1,p2,4),

E(-1,q1,q2,p1,p2,4),framep(-1,q1,q2,p1,p2,4)]): ###

use this to obtain the frame (q,p) + grad(F) + frame index

> #### writedata(terminal,Fx(1,0,1,0,2),float);

> f:=Fx(1,1,1,-1):

> ###latex(f);
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>

> F1:=simplify(sum (f[j,5],j=1..8)):

> F2:=simplify(sum (f[j,5],j=1..4)-sum (f[j,5],j=5..8) ):

> F3:=simplify(sum ((-1)^(j+1)*f[j,5],j=1..4)+

sum ((-1)^(j+1)*f[j,5],j=5..8)):

> F4:=simplify(sum ((-1)^(j+1)*f[j,5],j=1..4)-

sum ((-1)^(j+1)*f[j,5],j=5..8)):

> Fb:=simplify(evalm(sum(f[j,5]*beta(j,1,4),j=1..4)+

sum(f[j,5]*beta(j,-1,4),j=5..8))):

> D_n:=matrix(5,1,[F1,F2,F3,F4,evalm(Fb)]):

> ### latex(D_n);

> x:=matrix(8,1,[seq(f[j,5],j=1..8)]):

> #### x:=matrix(8,1,[r1,r2,r3,r4,t1,t2,t3,t4]):

> V:=combine(matrix(5,1,[simplify(evalm(transpose(x) &*P1&*x)[1,1]),

simplify(evalm(transpose(x)&*P2&*x)[1,1]),

simplify(evalm(transpose(x)&*P3&*x)[1,1]),

simplify(evalm(transpose(x)&*P4&*x)[1,1]),

simplify(evalm(transpose(x)&*P5&*x)[1,1]) ])):

> ###latex(V);

> ################ plots################

> S1:=(c,a,b)->plot3d(c*(1-(x-1)^2/a^2-(y-1)^2/b^2),

x=-1..3, y=-1..3,style=patchcontour, orientation=[-90 ,0],

shading=ZGRAYSCALE): ### try style=contour or

patchnogrid or patchcontour ### ellipsoid

> S1i:=(c,a,b)->implicitplot3d((z/c)^2+(x-1)^2/a^2+( y-1)^2/b^2=1,

x=-10..10, y=-10..10, z=-10..10): ### try style=contour

or patchnogrid or patchcontour ### ellipsoid

> S2:=(c,a,b)->plot3d(c*((x-1)^2/a^2-(y-1)^2/b^2),

x=-1..3, y=-1..3,style=patchnogrid, orientation=[-90, 0],

shading=ZGRAYSCALE): ### try style=contour or

patchnogrid ### hyperbolic paraboloid

> S3:=(a,Q,R)->plot3d(((y)^2-2*R*(x-a)+(1+Q)*(x-a)^2 ),

x=-1..3, y=-1..3,style=patchcontour, orientation=[-90 ,0],

shading=ZGRAYSCALE): ### try style=contour or

patchnogrid ### Baker's model with offset

>

> S4:=(s,c,alpha)->plot3d(((2*s+c)*(x^2+y^2)+
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c*((x^2-y^2)*cos(2*alpha)+

2*x*y*sin(2*alpha)))/2,x=-1..1,y=-1..1,

style=patchcontour, orientation=[-90,0],

shading=ZGRAYSCALE):

> ###S4(1,1,Pi/4);S4(1,0,Pi/4);
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Appendix C

meridian L 2 L 10 R2 R10

1 44:00260712 44:58388274 44:82071588 45:42395798

2 43:88816612 44:29133925 44:58388274 45:48517473

3 43:32477557 44:3495393 44:23328898 45:30201458

4 43:49226676 44:23328898 44:11764651 45:24128663

5 42:88437165 44:17539344 42:55990004 45:66982491

6 43:32477557 44:23328898 42:34629973 45:36290288

7 42:72151847 44:40789529 42:77566612 45:66982491

8 42:93893057 44:11764651 41:41104488 45:48517473

9 43:5483871 43:88816612 42:77566612 45:73170661

10 44:11764651 44:00260712 42:77566612 45:24128663

11 44:29133925 43:83116992 42:72151847 45:12032074

12 44:23328898 43:71761777 43:94531348 44:3495393

13 43:94531348 43:71761777 43:88816612 44:82071588

14 44:23328898 43:49226676 42:88437165 44:58388274

15 44:46640227 43:5483871 45:48517473 44:70198563

16 43:66106069 43:32477557 44:0600531 44:64285748

17 43:1034487 43:38046156 44:52506641 44:82071588

18 43:60465245 43:38046156 44:17539344 44:46640227

19 43:83116992 43:60465245 44:82071588 44:58388274

20 44:23328898 43:60465245 44:52506641 44:94007852

21 44:52506641 44:11764651 45:98092547 45:36290288

22 45:24128663 44:58388274 46:169631 45:60810752

23 45:98092547 44:82071588 47:94034117 45:98092547

24 46:6804978 45:18072416 48:3524354 46:35988877

25 47:20279657 45:42395798 49:27007368 46:48760184

26 47:66949204 45:42395798 49:34210416 46:94019434

27 47:13687251 45:66982491 49:77875952 46:74515371

28 47:00557215 45:60810752 49:63235155 47:07112921

29 45:91836794 45:48517473 48:98403578 46:61602357

30 45 45:60810752 48:49137904 46:80998588

31 44:46640227 45:54655964 46:48760184 46:80998588

32 44:88031926 45:30201458 46:1065563 46:35988877

33 45:24128663 45:06008148 45:98092547 46:169631

34 44:76127344 44:82071588 46:04365669 46:1065563

35 44:46640227 44:76127344 45:85597743 45:85597743

36 44:46640227 44:58388274 45 45:85597743

(3.29)



Glossary of Selected Symbols, Notations, and Terms

The following is a list of selected symbols and their de�nitions. Any exceptions are noted in the text.

� < z and =z: the real and complex parts of a complex numberz;

� I m : the m � m identity matrix;

� < v 1; v2; v3 > : the subspace spanned by the vectorsv1; v2; v3;

� < (123); (13) > : the (permutation) group generated by (123); (13);

� V : a �nite set of labels or indices, a structure;

� �; �; �; : : : : group elements;

� G: a �nite group (typically) with g elements;

� S` : the group of permutations on f 1; 2; : : :; `g;

� SV : the group of permutations on V;

� C` : the cyclic group of order `;

� O s : a symmetry orbit containing s;

� � � or � (� ): a linear representation � evaluated at � 2 G;

� x � or x(� ): a scalar function x evaluated at � 2 G;

� A n = ee0=n and Qn = I n � A n , where e0 = (1 ; : : :1) with n components;

� j X j: the number of elements in a setX ;

� CL : the set of mappings de�ned in L with values in C;

� Diag (a; b; : : :): a diagonal matrix with diagonal entries a; b; : : :;

� V , W: linear subspaces;

� GL(V): the general linear group of invertible linear transformations of the vector spaceV;

� F (X ): the vector space of scalar-valued functions de�ned onX ;

� bG: the set of all nonequivalent irreducible representations(or characters) of G;

� A 
 B : the Kronecker product of matrices A and B;

� A � indicates the conjugate-transpose, or Hermitian transpose of matrix A;

� bx(� ): the (group) Fourier transform of x 2 F (G) evaluated at � 2 bG;

� � ' m � � : : : � n 
 indicates the existence of a basis inV relative to which

� � = Diag ( I m 
 � � ; : : : ; I n 
 
 � ); � 2 G;

� Regular projections: the canonical projection for a regular representation;

� FG: the group algebra over the scalar �eldF.
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