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1. INTRODUCTION

Symmetry can be utilized in optical systems by using the
algebraic techniques of group theory.? The fundamental
relationship of linear optics is that for a ray passing
through any optical system, in such a way that if &; is the
incident vector and ¢ is the emergent vector, then the two
are related by a ray-transfer matrix that encapsulates all
linear optical characteristics of the system. This linear-
matrix-transfer approach has been extended to the non-
linear reg‘ime.?”4 In the linear approximation, the ray-
transfer matrix is a symplectic matrix.>® In fact, one can
even extend the analysis to show that the evolution of a
light wave along an optical system can be described in
terms of a group of operators acting as canonical
transformations.” This group has a matrix representation
realized by the symplectic group S,(4). Moreover,® Fou-
rier transforms are elements of the so-called metaplectic
group M,(2), which is isomorphic to S,(2). Therefore, the
group of functional operators used in Fourier optics can
be represented by a group of symplectic matrices of order
2 or 4. In this paper we utilize dihedral symmetries to
systematically unify many theoretical, computational,
and data analytical aspects present in linear geometrical
optics.

Applications of group-theoretic principles in statistics
and probability have a long history and tradition of their
own.”® The present paper introduces these principles in
the context of the analysis of data from geometric optics
using the techniques of symmetry studies for structured
data introduced by one of the authors.'®” Briefly, struc-
tured data (x) are data that are indexed by a set V of in-
dices or labels (s) upon which certain symmetry relations
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can be consistently defined with the purpose of simplify-
ing the structure and the analysis of the underlying data.
Examples of simple structures are the set V=CL of all
mappings s:L—C, where L and C are finite sets; the set
product V=L X C, and its version V=L X () in polar coor-
dinates. Data from biological sequences are typically in-
dexed by the set CF and data from elementary experimen-
tal designs are often indexed by L X C, whereas corneal
surface curvature data and Shack—-Hartmann wave-front
sensor data may be indexed by a structure V of the type
L x Q). The labels in L X () are at the intersection of con-
centric rings and equally spaced semimeridians, and pro-
vide the index for a surface curvature or for a point-
spread function value. In particular applications, the data
are indexed by an algebraic structure, such as a group (G)
of symmetries. In this case, V=G. The refractive group
to be discussed below is an example of a structure for re-
fractive data.

Symmetry studies take advantage of symmetries that
are consistent with the set of labels to facilitate the clas-
sification, interpretation, and statistical analysis of the
data x={x(s), s € V} indexed by these labels. These sym-
metries (o) when consistently applied to the labels in V
(in the sense of a group action) reduce the set as a disjoint
union V=0, U... UQO, of similarity orbits (O). The action
of G on V, in turn, leads to a linear representation (p) in
the data vector space (V). The resulting factorization V
=V1®...0V, of Vis the consequence of defining a set of
algebraically orthogonal projections (P) that are linear
combinations of these linear representations with real or
complex scalar coefficients (the characters of the irreduc-
ible representations of G). More specifically, if G has h ir-
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reducible representations, then there are h projections,
and the identity operator I in (each of the orbit-defined
subspaces of) V reduces according to a sum

I=P1+P2+"'+Ph (1)

of these orthogonal projection matrices. Moreover, P;P;
=0 for i #j and P?:’Pi, i=1,...,h. These (canonical) de-
compositions are well known in the elementary theory of
linear representations19 and are routinely used in quan-
tum chemistry, for example, in the determination of mo-
lecular bonding.?’ The connection with the data analyti-
cal component of any symmetry study follows from the
observation that the basic decomposition

Il = (x|x) = (x[P1x) + (x|Ppx) + -+ + (x[Px)  (2)

for the sum of squares of the components of the data vec-
tor x for a particular inner product (-|-) of interest (e.g.,
Euclidean, Hermitian, symplectic) can then always be ob-
tained.

The canonical decomposition, we remark, establishes
the systematic and unifying connection among the sym-
metries consistent with the labels, the structured data,
and statistical inference. In fact, the statistical (Fisher—
Cochran) theory of quadratic forms?! can be readily ap-
plied to obtain new forms of analysis of variance, within
which symmetry-related hypotheses can be identified and
assessed.

In several experiments, however, the data are naturally
indexed by a group of symmetries (the case V=G men-
tioned above). For example, in many symmetry perception
studies?®?? the data are naturally indexed by rotational
and axial symmetries. Similar experiments are poten-
tially useful to describe and suggest interpretations to the
(rotational, axial), symmetries present in human visual
field data or in two-dimensional wave-front aberration
data from the Shack-Hartmann wave-front sensor.?* In
this case, there is a one-to-one correspondence between
the experimental data {x(7),7e G} and the Fourier trans-
forms

£(B)= X x(DB(7), (3)

7eG

over the irreducible representations (8) of G. When the di-
mension of B is 2, for example, any 2 X 2 linear operator
with real or complex coefficients can be uniquely decom-
posed in the form =, _qx(7)B(7), with respect to the family
{B(7); 7 G} of elementary operators. One such family is
precisely the so-called refractive group.'®

Section 2 is a brief review of the symmetry operations
defined by the dihedral group (D,,). These are the symme-
tries induced by the rotations and axial reflections of an
n-sided regular polygon. The dihedral group is the basis
of the applications discussed in this paper. In Section 3 we
derive the canonical decomposition [Eq. (1)] and corre-
sponding analysis of variance [Eq. (2)] for data that are
indexed by the dihedral group D,. In Section 4 we illus-
trate the application of the dihedral Fourier analysis [Eq.
(3)] in the context of statistical geometric optics. It is our
purpose to show, as previously suggested by one of the au-
thors et al.,?® that group theoretical analyses may allow
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newer methods of analysis of data consistent with certain
symmetries of a given problem.

2. DIHEDRAL SYMMETRIES

In the present paper we consider the group (D,) of sym-
metries of the n-sided regular polygon. These 2n symme-
tries are simply the n planar rotations by 27/n deg and
the n axial dihedral reflections leaving the polygon fixed.
The potential significance of D,, in optics is that it can be
represented in two-dimensional space with arbitrarily
many levels of resolution. For example, for n=4 even,
there are (n/2)-1 irreducible representations realized as
planar rotations,

B = {

cos(wj,) - sin(wjk)]

sin(wjk) COS(w]'k) (33-)
and planar axial reflections
cos(wj;)  sin(wj;)
Brl7)= Lin(wjk) —cos(wy,) |’ (8b)

where wj,=2mjk/n, j=1,...,(n/2)-1 and k=0,...n-1.
There are, in addition, n irreducible representations.26
The single 2-dim representation of D4 has four planar

rotations,
10 0 -1
B(1) = o1l B(n) = 1 ol

-1 0 01
— 3) =
ﬁ("]z)—|: 0 _1:|) ,3(77)— |:_ 1 0:|7 (4)

respectively, the 0, 90, 180, 270 deg (clockwise) rotations,
and four planar axial symmetries,

1 0 01
Ba=ly | Ba=|, |

-10 0 -1
,3(7727)={ 0 1}, ﬁ(n37)={_1 0]’ (5)

corresponding to the horizontal, 45 deg line, vertical, and
135 deg axis, respectively. The table of irreducible charac-
ters (defined by the trace of the irreducible representa-
tions) of Dy is

X|1 w7 7 v g ot
it 11 1 1 1 1 1
w1 11 1-1-1-1-1] (@
5|1 -1 1 -1 1-1 1-1
xall -1 1 -1-1 1-1 1
5|2 0-2 0 0 0 0 0

For example, the character ys evaluates as the trace of
the 2-dim irreducible representation B for D, described
above.

We observe the following: The so-called refractive
group'® that appears in visual optics is exactly the 2-dim
irreducible representation of D,. The 2-dim irreducible
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representation of D, in the linear space is unitarily
equivalent to the representation

- o 0 - 0 b
IBJ(”k)=|:O (I)kj:|, IBJ(ﬂkT)=|:a)k 0 :|:

k=0,...n-1, j=1,...,(n/2)-1, in rotation space, where
w=exp(2mi/n). A family of unitary transformations con-
necting the two representations is given by X18(0)X
=p(0), ceD,, withX=¢ ll_Li , up to a unimodular rotation
factor £eC. It is of interest to note that the roots of the
unit or the identity operator can be used to define and
implement optical transformations that combine Fresnel
diffraction and lens transformations.?” From the unitary
equivalence above, it follows that compensators and rota-
tors of phase w are simply unitarily equivalent 2-dim rep-
resentations of D,,.

We observe that the cyclic group C,, is always a sub-
group of D, and that the dihedral group also appears as
the product of the cyclic groups C,, and Cy, with a multi-
plication rule defined by

(od’,7) when 7=1

(oo’ 77) when 7=(12) ’

(o, )X (0,7 ={

where (o,7) and (¢’,7') are in C,, X Cq. This product (X,)
is called the semidirect product of C,, and Cy and is de-
fined by the group homomorphism «/o)=0c if 7=1, and
a o)=0"1if 7#1, from Cy to Aut(C,,).

3. DIHEDRAL DATA INVARIANTS AND
CANONICAL ANALYSIS

In this section we will derive the canonical decomposition
[Eq. (1)] and corresponding analysis of variance [Eq. (2)]
for data that are indexed by the dihedral group D,. For
simplicity of notation, let x'=(u,r,R,p,h,d,v,D) indicate
the vector of experimental data indexed by the dihedral
group D,. Here we write x as a column vector in R® and
denote its transpose by x’. The components u, r, p and R
point to the data obtained following a 0, 90, 180, 270 deg
(clockwise) experimental rotation, respectively, and
h,d,v,D indicate the resulting data after horizontal, ver-
tical, 45 deg line and 135 deg line experimental axial re-
flections, respectively. The vector x constitutes, conse-
quently, an example of structured data. For the moment,
x is a vector in R® and a sample of size 1 from the dihedral
experiment. The sampling aspects will be discussed sub-
sequently.

The reduction of the data space (R8) and the determi-
nation of their invariants follow from the canonical pro-
jections (P) associated with the left regular representa-
tion of D, (the group acting on itself). Indicating the
regular representation by ¢, the canonical projections are
determined by

n;

_i(T) (T)’ .=17°”757
G 2 xi(ne J

TeDy

pi=
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where x1,...,x, are the distinct irreducible characters of
D, shown in matrix (6), of dimensions ny=ng=nz=ny=1,
ns=2, respectively.!’ The evaluation of these projections
give P1=Jg/8, where Jg is the 8 X 8 matrix of ones,

1 1 1 1-1-1-1-1
1 1 1 1-1-1-1-1
1 1 1 1-1-1-1-1
il 1 1 1 1-1-1-1-1

P=elo1 2121210101 01 1)
“1-1-1-1 1 1 1 1
“1-1-1-1 1 1 1 1
“1-1-1-1 1 1 1 1

-1 1-1 1-1 1-1 1

P3=_

-1 1-1 1-1 1-1 1

-1 1-1 1-1 1-1 1

1-1 1-1-1 1-1 1
-1 1-1 1 1-1 1-1

-1 1 -1 1 1 -1 1 -1

Pa¥glor 12101 01 -1 1 -1
1-1 1-1-1 1-1 1
1 1-1 1 1-1 1-1
1-1 1-1-1 1-1 1
1 0-1 0 0 0 0 0
0 1 0-1 0 0 0 0
1.0 1 0 0 0 0 0

11 0-1 0 1 0 0 0 0

P5=5l 0 0 0 0 1 0-1 of
00 0 0 0 1 0-1
00 0 0-1 0 1 0
O 0 0 0 0-1 0 1

Note that for i,j=1,...,5 we have I=3;P;, P;P;=0, i #J,
P?=P;. The invariants on the data are the quantities
P1X,...,Psx. These are the summaries of data that need
to be retained for analysis and interpretation. Each in-
variant Px reduces according to (isomorphic copies of) the
corresponding irreducible representation. The invariants,
obtained by direct evaluation of P;x,...,Psx, are
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u+r+R+p+h+d+v+D;
u+r+R+p-h-d-v-D,
u-r+R-p+h-d+v-D,;
u-r+R-p-h+d-v+D;
u-R,r-p,h-v,d-D.

G

Their dimensions, or degrees of freedom (DF), are, respec-
tively, 1, 1, 1, 1, and 4. The resulting decomposition,

[xI%=x"P;x + - +x'P5x,
of the sum of squares x'x, relative to the usual Euclidian

norm (and underlying geometry), is summarized in ma-
trix (7):

-source x'Px DF-
Py (w+r+R+p+h+d+v+D)%8 1
Po (wu+r+R+p-h-d-v-D)*8 1
Py (~u+r-R+p-h+d-v+D)¥8 1
Py (~u+r-R+p+h-d+v-D)%8 1
Ps [w-RZ+@r-p%+*h-v)2+d-D)?)/2 4
total W+r+R2+ p2+ h?2+ d? +v? + D? 8

(7)
The following interpretations are relevant:

1. x'P;x is the overall reference constant.

2. xX'Pox compares axial and rotational total effects
and suggests the parametric hypothesis w,.rip4)p
= Uy +q+v+p fOr the expected value (u) of the corresponding
data.

3. X' (P3+Pyx=[(u+R-r-p)?+(h+v-d-D)?]/4, deter-
mined within-rotation and within-reflection differences.
This component is suitable for testing the joint paramet-
ric hypotheses uy,r=Hrs, and wp4y=pasp-

4. x'Psx is a more specific assessment of within-
rotation and within-reflection differences. It can be used
to assess the joint parametric hypotheses u,=pug, u.=u,,
M=y, and pg=pp.

Other hypotheses can be formulated by reparameteriza-

tion. For example, if
x(fd)=kr+la, %k=0,1,2,3, 1=0,1,

where r and a represent axial and rotational symmetry

effects, respectively, then the components x'Pyx=2a? and

x'Psx=2r2 clearly separate axial symmetry from rota-

tional symmetry effects.

In every case, however, the statistical assessment of
the parametric hypotheses of interest, using the argu-
ment of decomposing the sum of squares (or analysis of
variance), follows from the well-known theory for the
probability distribution of quadratic forms under the as-
sumptions of the Fisher—Cochran theorem.? Moreover,
when a sample of size N is obtained at each one of the di-
hedral symmetries, the new sum of squares decomposi-
tion x’'x for the 8 X N data points is then obtained from
the new canonical decomposition
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5

I=IS®IN=EPi®(A+ Q)7

i=1

where A=Jy/N is the averaging projection in RV (Jy is
the N XN matrix of ones) and Q=Iy-A is its orthogonal
complement in RY. It is precisely the tensoring of the two
decompositions, namely,

18=P1+"'+P5, IN=A+Q,

that introduces the error component in the decomposition
of x’x against which the usual F ratios in the analyses of
variance can be obtained.!” The decomposition of X'x ex-
tends to decompositions of the form x’3x to accommodate
a potential structure of covariance among the components
of the structured data vector x.

4. DIHEDRAL FOURIER ANALYSIS: AN
EXAMPLE FROM OPHTHALMIC OPTICS

In ophthalmic optics, the simplest representation of any
astigmatic (i.e., spherocylindrical) surface curvature cor-
responds to a surface with the direction of the steep
(maximum, «,) and flat (minimum, «p) curvatures ori-
ented with a 90 deg angular separation.?® This is simply
the Euler theorem of classical differential geometry. The
resulting refractive profile,

() = (n —n')[k, cos?(0 - a) + KfsinQ(G— a)l,
0<0<2m, O<asw (8

can be expressed as m(0)=s+c cos?(f-a), where s=(n
-n')kp, c=(n-n')(k;—«p), and « are, respectively, the
spherical, cylindrical, and axial (or reference angle for the
{ks, kg orthogonal directions) components of the sphero-
cylindrical corrective element, and n,n’ are refractive in-
dices. The associated refractive power matrix, using the
standard notation, is given by

s+csin®(a)  -c sin(a)cos(a)
Tl-c sin(a)cos(a) s +c cos(a)
S-C, -C,
| -c, s+S.| ©

The right-hand side notation is from Campbell,lg’29 in
which S=s+c¢/2, C.=(c/2)+cos(2a), C,=(c/2)sin(2a). We
observe that the scalars (s,c, @), respectively, the sphere,
cylinder, and axis, form the numerical power matrix F.

To decompose F in the form =, _qx(0)B(0), with respect
to a family {B(0); o € G} of elementary operators we make
use of the irreducible 2-dim representation of D, de-
scribed in Section 2. The matrices described in Eqgs. (4)
and (5) are precisely those defining the refractive group.18
To determine the coefficients x(o) in the decomposition of
F relative to these operators we equate the Fourier trans-
forms according to

. F ifp=p,
M=\ yp it g2 p,

and determine the coefficients {x(7);7eD,} using the
Fourier-inverse formula'®
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2= S Ll i),

Te Dy, (10)
, |Gl

where the sum is over the irreducible representations (7)
of Dy,n,is the dimension of 7, and |G|=8 is the number of
elements in G=D,. That is, we evaluate the inverse-
Fourier formula (10) by assigning x(7)=F when =g, the
two-dimensional irreducible representation described in
matrices (4) and (5), and %X(#)=tr F when 7 is any one of
the other four one-dimensional irreducible representa-
tions.

The resulting data are then indexed by D,. These are
the coefficients in the decomposition of F' relative to the
refractive group. Matrix (11) shows the solution to the
Fourier-inverse Eq. (10) for the power matrix F' shown in
expression (9).

Rotational Axial ]
Coefficients Coefficients
J o x() x(n'7)
0 3(2s+c)/d —ccos(2a)/4 . (11)
1 0 -csin(2a)/4
2 (2s+c¢)/4  ccos(2a)/4
3 0 csin(2a)/4

It turns out that the coefficients indexing the refractive
group, shown in matrix (11), are exactly the coefficients,

Cy5=csin(2a),

M=[s+(s+c)]/2=s+¢/2,

Cy=ccos(2a),

appearing in Humphrey’s principle of astigmatic
decomposii:ion.30’31 That is, the solutions

x(1)=3M/2, x(A)=M/2, x(7)=-C,,

x(npr)==Cy5, x(7*1)=Cy, x(7’7)=Cys,

generated by the dihedral Fourier-inverse method coin-
cide exactly with Humphrey’s astigmatic decomposition.
The quantity M is easily recognized to be nothing more
than the spherical equivalent of the lens. In particular,
the statement®® that “when expressed in such form, cylin-
ders become additive” follows from the additive properties
of the vector space (R8) defined by the underlying group
algebra. It is within this vector space that statistical
analysis should then be carried on. A numerical example
illustrating the evaluation of the dihedral coefficients is
described in Appendix A.

5. CONCLUSIONS AND DISCUSSION

1. In this paper we have introduced the notion of data in-
dexed by the dihedral group D,. We have shown that
these data appear as the coefficients in the Fourier trans-
forms over the irreducible representations of D4. The re-
fractive group of Campbell'® coincides with the only 2-dim
irreducible representation of D, and the data indexed by
this group are exactly the coefficients appearing in Hum-
prey’s astigmatic decomposition. The correspondence fol-
lows directly from the dihedral Fourier-inverse formula.
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The fact that D,, for n even has (n/2)-1 irreducible rep-
resentations of dimension 2 suggests the study of the cor-
respondence between refractive groups and astigmatic de-
compositions determined by arbitrarily larger dihedral
groups.

2. An immediate application of the methods described
in this paper is to the study of the correspondence be-
tween geometric optics and the vector algebra from the
point of view of classic Fourier analysis as proposed by
Thibos et al.?? Refractive errors in the visual optics are
specified by a sphere, cylinder, and axis. This formulation
is not easily amenable to statistical analysis (say, for ex-
ample, in a myopia development study). There are two
problems with this: (i) the astigmatic component is speci-
fied in polar form and (ii) the sphere and cylindrical
power are not independent of each other. Thibos proposed
a representation by a single power vector in a three-
dimensional dioptric space. We have shown in detail the
nature of this space and emphasized the fact that optical
lens problems/statistics should be studied in this dioptric
space. The dihedral Fourier-inverse method proposed in
this paper provides a formal and general connection be-
tween the original data and the data in a linear subspace
of the dioptric space.

3. The arguments described here lead to applications in
a large class of data from the psychophysics of human
perception of symmetry. For example, the symmetry in
the human face is quite accurately perceived by
humans.®3 Experimental protocols can be designed to
probe the subject’s perception of stimuli realized by the
action of two-dimensional representations of D,, acting on
certain planar images of interest. In these experiments,
the data obtained are directly indexed by D,,. The canoni-
cal projections and corresponding invariants obtained in
Section 3 show which parametric hypotheses can be for-
mally addressed within the context of the Fisher—Cochran
theorem. Other applications where the analysis of data
indexed by a group of symmetries can be envisioned in-
clude those related to anatomic symmetry between fellow
eyes,? parallel visual processes in symmetry perception
in normal vision,®® and visual signaling by
alsymmetry%*38 on hemispherical asymmetry, among oth-
ers.

4. The group-theoretic methods described in this paper
are relevant to the determination of the covariance struc-
ture of astigmatic (corneal) curvature surface data®>*°
and in the presence of symmetrically dependent
observations.*1 ™

5. Higher-order dihedral Fourier analyses may be ob-
tained by tensoring. For example, in D4, the tensor repre-
sentation B® B is an irreducible representation of the
product group G X G and can be used to decompose a 4
X 4 linear operator with coefficients in the group algebra
of GXG@G. Similarly, for n=6, the four representations g;
® B, j,k=1,2 determined by the two 2-dim irreducible
representations of Dg are irreducible. These matrices
form a new set of elementary 4 X 4 operators in the expan-
sion of a generic 4 X 4 operator. These aspects need to be
better understood for arbitrary values of n and tensoring
factors B® ... ® 6.

6. The dihedral decomposition of basic optical instru-
ments can be obtained from the representation described
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in Section 4. These include compensators, rotators, and
polarizers. The dihedral decomposition of coherency ma-
trices also follows from the same principles introduced in
the present paper. These decompositions will appear in a
future companion paper.

APPENDIX A: NUMERICAL EXAMPLE

Figure 1 illustrates the power profiles (in polar coordi-
nates) for s=4.25, ¢=-1.5, «=20deg and s=-2.75, ¢
=1.00, a=10 deg. We will map the data from the corre-
sponding power operators

(s,c,) = (4.25,-1.5,20 deg) — F; =

4.0745 0.48207
0.48207 2.9255 |’

(s,c,a) = (- 2.75,1.0,10 deg) — F

-2.7198 -0.17101
“1-0.17101 -1.7802

into the (refractive) group algebra using the dihedral
Fourier-inverse formula (10). The solutions are given, re-
spectively, by

J | x(7) x(7/'7)
1lol210 11491
Fugl1] o 096414
2] 70 -1.1491
3| 0 -0.96414

3 -nﬂz\ g1 0 01 2

Fig. 1. Refractive profile for s=4.25, c=-1.5, =20 deg (outer
contour) and s=-2.75, ¢=1.00, «=10 deg (inner contour).
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J x(77) x(7/7)

1/ 0]-13.500 -0.93970
B! 0 -0.34202 |-

2|-4.5000 0.93970

3 0 0.34202

These are the coefficients for the elementary operators de-
scribed in matrices (4) and (5) in the decomposition of the
power operators. The operator F'; decomposes as

1
Fi= 1[213(1) —7B(7) + 1.14918(7) + 0.694148(77)

- 1.14918(7%7) - 0.694148(7° D],

whereas
1
Fy= Z[_ 13.58(1) — 4.58(7%) — 0.93978(7) — 0.3428(77)

+0.93978(7°7 + 0.3428(7° D],

with
[1 0 , |-1 0
=g 4| BD=| o
[1 o0 01
,5‘(7)=_0 1l A=l o)
[—1 0 5 0 -1
porn=| oy Bl

These linear combinations are the elements defining the
(refractive) group algebra. They have a vector space struc-
ture, allowing for the addition and scalar multiplication of
the (vector of) coefficients obtained above, and a multipli-
cative structure induced by the group multiplication.
Note the correspondence with the notation in Campbell®®:
B1)=-B(7»)=S is the spherical component, B(7)=
-B(7*7)=C, is one of the cross-cylinder components, and
B(nn=-B(*D=C, is the other.

Corresponding author V. Lakshminarayanan may be
reached at College of Optometry and Department of Phys-
ics and Astronomy, One University Boulevard, University
of Missouri, Saint Louis, Missouri 63121; e-mail,
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REFERENCES

1. V. Guillemin and S. Sternberg, Symplectic Techniques in
Physics (Cambridge U. Press, Cambridge, UK, 1984).

2. V. Lakshminarayanan, A. K. Ghatak, and K. Thyagarajan,
Lagrangian Optics (Kluwer, 2001).

3. V. Lakshminarayanan and S. Varadharajan, “Calculation of
aberration coefficients: a matrix approach method,” in
Basic and Clinical Applications of Vision Science, V.
Lakshminarayanan, ed. (Kluwer, 1997), pp. 111-114.

4. V. Lakshminarayanan and S. Varadharajan, “Expressions
for aberration coefficients using nonlinear transforms,”
Optom. Vision Sci. 74, 676-686 (1997).



V. Lakshminarayanan and M. Viana

5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

E. C. G. Sudarshan, N. Mukunda, and R. Simon,
“Realization of first-order optical systems using thin
lenses,” Opt. Acta 32, 855-872 (1985).

A. B. Dutta, N. Mukunda, and R. Simon, “The real and
symplectic groups in quantum mechanics and optics,”
Pramana J. Phys. 45, 471-497 (1995).

M. Kauderer, “Fourier-optics approach to the symplectic
group,” J. Opt. Soc. Am. A 7, 231-239 (1990).

H. Bacry and M. Cadilhac, “Metaplectic groups and Fourier
optics,” Phys. Rev. A 23, 2533-2536 (1981).

A. T. James, “The relationship algebra of an experimental
design,” Ann. Math. Stat. 28, 993-1002 (1957).

L. Nachbin, The Haar Integral (Van Nostrand, 1965).

E. J. Hannan, “Group representations and applied
probability,” J. Appl. Probab. 2, 1-68 (1965).

P. Diaconis, Group Representation in Probability and
Statistics (Institute of Mathematical Statistics, Hayward,
California, 1988).

M. L. Eaton, Group Invariance Applications in Statistics
(Institute of Mathematical Statistics—American Statistical
Association, Hayward, California, 1989).

R. A. Wijsman, Invariant Measures on Groups and Their
Use in Statistics, Vol. 14 (Institute of Mathematical
Statistics, Hayward, California, 1990).

S. Andersson, Normal Statistical Models Given by Group
Symmetry (Deutsche Mathematiker—Vereinigung Seminar
Lecture Notes, Giinzburg, Germany, 1992).

M. Viana, Symmetry Studies—An Introduction (IMPA
Institute for Pure and Applied Mathematics, Rio de
Janeiro, Brazil, 2003).

M. Viana, Lecture Notes on Symmetry Studies
(EURANDOM, Technische Universiteit Eindhoven,
Eindhoven, The Netherlands, 2005).

C. Campbell, “The refractive group,” Optom. Vision Sci. 74,
381-387 (1997).

J.-P. Serre, Linear Representations of Finite Groups
(Springer-Verlag, 1977).

K. F. Riley, M. P. Hobson, and S. J. Bence, Mathematical
Methods for Physics and Engineering, 2nd ed. (Cambridge
U. Press, New York, 2002).

C. R. Rao, Linear Statistical Inference and Its Applications
(Wiley, 1973).

J. P. Szlyk, W. Seiple, and W. Xie, “Symmetry
discrimination in patients with retinitis pigmentosa,”
Vision Res. 35, 16331640 (1995).

dJ. Szlyk, I. Rock, and C. Fisher, “Level of processing in the
perception of symmetrical forms viewed from different
angles,” Spatial Vis. 9, 139-150 (1995).

T. O. Salmon, L. N. Thibos, and A. Bradley, “Comparison of
the eye’s wave-front aberration measured psychophysically
and with the Shack—-Hartmann wave-front sensor,” J. Opt.
Soc. Am. A 15, 24572464 (1998).

V. Lakshminarayanan, R. Sridhar, and R. Jagannathan,
“Lie algebraic treatment of dioptric power and optical
aberrations,” J. Opt. Soc. Am. A 15, 2497-2503 (1998).

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Vol. 22, No. 11/November 2005/J. Opt. Soc. Am. A 2489

G. James and M. Liebeck, Representations and Characters
of Groups (Cambridge U. Press, 1993).

M. E. Marhic, “Roots of the identity operator and optics,” dJ.
Opt. Soc. Am. A 12, 1448-1459 (1995).

A. G. Bennett and R. B. Rabbetts, Clinical Visual Optics
(Butterworth-Heinemann, 1984).

C. Campbell, “Ray vector fields,” J. Opt. Soc. Am. A 11,
618-622 (1994).

W. E. Humphrey, “A remote subjective refractor employing
continuously variable sphere-cylinder corrections,” Opt.
Eng. 15, 286-291 (1976).

H. Saunders, “The Algebra of Sphero-Cylinders,”
Ophthalmic Physiol. Opt. 5, 157-163 (1985).

L. N. Thibos, W. Wheeler, and D. Horner, “A vector method
for the analysis of astigmatic refractive error,” in Vision
Science and Its Applications, Vol. 2 of 1994 OSA Technical
Digest Series (Optical Society of America, 1994), pp. 14-17.
A. Raghuram, N. Kim, M. Kharhoff, and V.
Lakshminarayanan, “The role of symmetry in perception of
human faces: preliminary results,” Optom. Vision Sci. 80,
194 (2003).

D. Pauleikhoff, R. Wormald, L. Wright, A. Wessing, and A.
Bird, “Macular disease in an elderly population,” Ger. J.
Ophthalmol. 1, 12-15 (1992).

J. Wagemans, “Parallel visual processes in symmetry
perception: Normality and pathology,” Doc. Ophthalmol.
95, 359-370 (1999).

J. P. Swaddle, “Visual signalling by asymmetry: a review of
perceptual processes,” Philos. Trans. R. Soc. London, Ser. B
354, 1383-1393 (1999).

C. W. Tyler, Human Symmetry Perception and Its
Computational Analysis [Lawrence Erlbaum (Reprint),
2002].

J. B. Hellige, Hemispheric Asymmetry (Harvard U. Press,
1993).

M. Viana, “Invariance conditions for random curvature
models,” Methodol. Comput. Appl. Probab. 5, 439-453
(2003).

M. A. G. Viana, I. Olkin, and T. McMahon, “Multivariate
assessment of computer analyzed corneal topographers,” J.
Opt. Soc. Am. A 10, 1826-1834 (1993).

H. Lee and M. Viana, “The joint covariance structure of
ordered symmetrically dependent observations and their
concomitants of order statistics,” Stat. Probab. Lett. 43,
411-414 (1999).

M. Viana and I. Olkin, “Symmetrically dependent models
arising in visual assessment data,” Technical Report 1998-
11 (Stanford University, 1998).

M. Viana and I. Olkin, “Symmetrically dependent models
arising in visual assessment data,” Biometrics 56,
1188-1191 (2000).

H. Lee, “The covariance structure of concomitants of
ordered symmetrically dependent observations,” Ph.D.
thesis (The University of Illinois at Chicago, 1998).



