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The linear 2-dim irreducible representations of the dihedral groups �Dn� are interpreted as classical linear op-
erators of geometrical optics. It is shown that the 2-dim irreducible representation of D4 is simply the refrac-
tive group described by Campbell [Optom. Vision Sci. 74, 381 (1997)]. The dihedral Fourier-inverse mechanism
is introduced and shown to provide a systematic connection between the standard refractive data and their
vector space representation, as proposed by Thibos et al. [Vision Sci. Appl. 2, 14 (1994)]. © 2005 Optical So-
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. INTRODUCTION
ymmetry can be utilized in optical systems by using the
lgebraic techniques of group theory.1,2 The fundamental
elationship of linear optics is that for a ray passing
hrough any optical system, in such a way that if �0 is the
ncident vector and � is the emergent vector, then the two
re related by a ray-transfer matrix that encapsulates all
inear optical characteristics of the system. This linear-

atrix-transfer approach has been extended to the non-
inear regime.3,4 In the linear approximation, the ray-
ransfer matrix is a symplectic matrix.5,6 In fact, one can
ven extend the analysis to show that the evolution of a
ight wave along an optical system can be described in
erms of a group of operators acting as canonical
ransformations.7 This group has a matrix representation
ealized by the symplectic group Sp�4�. Moreover,8 Fou-
ier transforms are elements of the so-called metaplectic
roup Mp�2�, which is isomorphic to Sp�2�. Therefore, the
roup of functional operators used in Fourier optics can
e represented by a group of symplectic matrices of order
or 4. In this paper we utilize dihedral symmetries to

ystematically unify many theoretical, computational,
nd data analytical aspects present in linear geometrical
ptics.

Applications of group-theoretic principles in statistics
nd probability have a long history and tradition of their
wn.9–15 The present paper introduces these principles in
he context of the analysis of data from geometric optics
sing the techniques of symmetry studies for structured
ata introduced by one of the authors.16,17 Briefly, struc-
ured data �x� are data that are indexed by a set V of in-
ices or labels �s� upon which certain symmetry relations
1084-7529/05/112483-7/$15.00 © 2
an be consistently defined with the purpose of simplify-
ng the structure and the analysis of the underlying data.
xamples of simple structures are the set V=CL of all
appings s :L→C, where L and C are finite sets; the set

roduct V=L�C, and its version V=L�� in polar coor-
inates. Data from biological sequences are typically in-
exed by the set CL and data from elementary experimen-
al designs are often indexed by L�C, whereas corneal
urface curvature data and Shack–Hartmann wave-front
ensor data may be indexed by a structure V of the type
��. The labels in L�� are at the intersection of con-

entric rings and equally spaced semimeridians, and pro-
ide the index for a surface curvature or for a point-
pread function value. In particular applications, the data
re indexed by an algebraic structure, such as a group �G�
f symmetries. In this case, V=G. The refractive group18

o be discussed below is an example of a structure for re-
ractive data.

Symmetry studies take advantage of symmetries that
re consistent with the set of labels to facilitate the clas-
ification, interpretation, and statistical analysis of the
ata x= �x�s� , s�V� indexed by these labels. These sym-
etries ��� when consistently applied to the labels in V

in the sense of a group action) reduce the set as a disjoint
nion V=O1� . . . �On of similarity orbits �O�. The action
f G on V, in turn, leads to a linear representation ��� in
he data vector space �V�. The resulting factorization V
V1 � . . . � Vh of V is the consequence of defining a set of
lgebraically orthogonal projections �P� that are linear
ombinations of these linear representations with real or
omplex scalar coefficients (the characters of the irreduc-
ble representations of G). More specifically, if G has h ir-
005 Optical Society of America
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educible representations, then there are h projections,
nd the identity operator I in (each of the orbit-defined
ubspaces of) V reduces according to a sum

I = P1 + P2 + ¯ + Ph �1�

f these orthogonal projection matrices. Moreover, PiPj
0 for i� j and Pi

2=Pi, i=1, . . . ,h. These (canonical) de-
ompositions are well known in the elementary theory of
inear representations19 and are routinely used in quan-
um chemistry, for example, in the determination of mo-
ecular bonding.20 The connection with the data analyti-
al component of any symmetry study follows from the
bservation that the basic decomposition

�x�2 = �x�x� = �x�P1x� + �x�P2x� + ¯ + �x�Phx� �2�

or the sum of squares of the components of the data vec-
or x for a particular inner product (·�·) of interest (e.g.,
uclidean, Hermitian, symplectic) can then always be ob-

ained.
The canonical decomposition, we remark, establishes

he systematic and unifying connection among the sym-
etries consistent with the labels, the structured data,

nd statistical inference. In fact, the statistical (Fisher–
ochran) theory of quadratic forms21 can be readily ap-
lied to obtain new forms of analysis of variance, within
hich symmetry-related hypotheses can be identified and
ssessed.
In several experiments, however, the data are naturally

ndexed by a group of symmetries (the case V=G men-
ioned above). For example, in many symmetry perception
tudies22,23 the data are naturally indexed by rotational
nd axial symmetries. Similar experiments are poten-
ially useful to describe and suggest interpretations to the
rotational, axial), symmetries present in human visual
eld data or in two-dimensional wave-front aberration
ata from the Shack–Hartmann wave-front sensor.24 In
his case, there is a one-to-one correspondence between
he experimental data �x��� ,��G� and the Fourier trans-
orms

x̂��� = �
��G

x�������, �3�

ver the irreducible representations ��� of G. When the di-
ension of � is 2, for example, any 2�2 linear operator
ith real or complex coefficients can be uniquely decom-
osed in the form ���Gx�������, with respect to the family
���� ;��G� of elementary operators. One such family is
recisely the so-called refractive group.18

Section 2 is a brief review of the symmetry operations
efined by the dihedral group �Dn�. These are the symme-
ries induced by the rotations and axial reflections of an
-sided regular polygon. The dihedral group is the basis
f the applications discussed in this paper. In Section 3 we
erive the canonical decomposition [Eq. (1)] and corre-
ponding analysis of variance [Eq. (2)] for data that are
ndexed by the dihedral group D4. In Section 4 we illus-
rate the application of the dihedral Fourier analysis [Eq.
3)] in the context of statistical geometric optics. It is our
urpose to show, as previously suggested by one of the au-
hors et al.,25 that group theoretical analyses may allow
ewer methods of analysis of data consistent with certain
ymmetries of a given problem.

. DIHEDRAL SYMMETRIES
n the present paper we consider the group �Dn� of sym-
etries of the n-sided regular polygon. These 2n symme-

ries are simply the n planar rotations by 2� /n deg and
he n axial dihedral reflections leaving the polygon fixed.
he potential significance of Dn in optics is that it can be
epresented in two-dimensional space with arbitrarily
any levels of resolution. For example, for n	4 even,

here are �n /2�−1 irreducible representations realized as
lanar rotations,

�j�
k� = �cos�wjk� − sin�wjk�

sin�wjk� cos�wjk�	 , �3a�

nd planar axial reflections

�j�
k�� = �cos�wjk� sin�wjk�

sin�wjk� − cos�wjk�	 , �3b�

here wjk=2�jk /n, j=1, . . . , �n /2�−1 and k=0, . . .n−1.
here are, in addition, n irreducible representations.26

The single 2-dim representation of D4 has four planar
otations,

��1� = �1 0

0 1	, ��
� = �0 − 1

1 0	 ,

��
2� = �− 1 0

0 − 1	, ��
3� = � 0 1

− 1 0	 , �4�

espectively, the 0, 90, 180, 270 deg (clockwise) rotations,
nd four planar axial symmetries,

���� = �1 0

0 − 1	, ��
�� = �0 1

1 0	 ,

��
2�� = �− 1 0

0 1	, ��
3�� = � 0 − 1

− 1 0	 , �5�

orresponding to the horizontal, 45 deg line, vertical, and
35 deg axis, respectively. The table of irreducible charac-
ers (defined by the trace of the irreducible representa-
ions) of D4 is



� 1 
 
2 
3 � 
� 
2� 
3�

�1 1 1 1 1 1 1 1 1

�2 1 1 1 1 − 1 − 1 − 1 − 1

�3 1 − 1 1 − 1 1 − 1 1 − 1

�4 1 − 1 1 − 1 − 1 1 − 1 1

�5 2 0 − 2 0 0 0 0 0

� . �6�

or example, the character �5 evaluates as the trace of
he 2-dim irreducible representation � for D4 described
bove.
We observe the following: The so-called refractive

roup18 that appears in visual optics is exactly the 2-dim
rreducible representation of D . The 2-dim irreducible
4
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epresentation of Dn in the linear space is unitarily
quivalent to the representation

�̃j�
k� = ��kj 0

0 �̄kj	, �̃j�
k�� = �0 �kj

�̄k 0 	 ,

=0, . . .n−1, j=1, . . . , �n /2�−1, in rotation space, where
=exp�2�i /n�. A family of unitary transformations con-
ecting the two representations is given by X−1�̃���X
����, ��Dn, with X=�� 1 i

1 −i

, up to a unimodular rotation

actor ��C. It is of interest to note that the roots of the
nit or the identity operator can be used to define and

mplement optical transformations that combine Fresnel
iffraction and lens transformations.27 From the unitary
quivalence above, it follows that compensators and rota-
ors of phase � are simply unitarily equivalent 2-dim rep-
esentations of Dn.

We observe that the cyclic group Cn is always a sub-
roup of Dn and that the dihedral group also appears as
he product of the cyclic groups Cn and C2, with a multi-
lication rule defined by

��,���
���,��� = �����,��� when � = 1

����−1,���� when � = �12�� ,

here �� ,�� and ��� ,��� are in Cn�C2. This product ��
�
s called the semidirect product of Cn and C2 and is de-
ned by the group homomorphism 
����=� if �=1, and
����=�−1 if ��1, from C2 to Aut�Cn�.

. DIHEDRAL DATA INVARIANTS AND
ANONICAL ANALYSIS

n this section we will derive the canonical decomposition
Eq. (1)] and corresponding analysis of variance [Eq. (2)]
or data that are indexed by the dihedral group D4. For
implicity of notation, let x�= �u ,r ,R ,� ,h ,d ,v ,D� indicate
he vector of experimental data indexed by the dihedral
roup D4. Here we write x as a column vector in R8 and
enote its transpose by x�. The components u, r, � and R
oint to the data obtained following a 0, 90, 180, 270 deg
clockwise) experimental rotation, respectively, and
,d ,v ,D indicate the resulting data after horizontal, ver-

ical, 45 deg line and 135 deg line experimental axial re-
ections, respectively. The vector x constitutes, conse-
uently, an example of structured data. For the moment,
is a vector in R8 and a sample of size 1 from the dihedral

xperiment. The sampling aspects will be discussed sub-
equently.

The reduction of the data space �R8� and the determi-
ation of their invariants follow from the canonical pro-

ections �P� associated with the left regular representa-
ion of D4 (the group acting on itself). Indicating the
egular representation by �, the canonical projections are
etermined by

Pi =
ni

�G� �
��D4

�̄i�������, j = 1, . . . ,5,
here �1 , . . . ,�h are the distinct irreducible characters of
4 shown in matrix (6), of dimensions n1=n2=n3=n4=1,
5=2, respectively.19 The evaluation of these projections
ive P1=J8 /8, where J8 is the 8�8 matrix of ones,

P2 =
1

8

1 1 1 1 − 1 − 1 − 1 − 1

1 1 1 1 − 1 − 1 − 1 − 1

1 1 1 1 − 1 − 1 − 1 − 1

1 1 1 1 − 1 − 1 − 1 − 1

− 1 − 1 − 1 − 1 1 1 1 1

− 1 − 1 − 1 − 1 1 1 1 1

− 1 − 1 − 1 − 1 1 1 1 1

− 1 − 1 − 1 − 1 1 1 1 1

� ,

P3 =
1

8

1 − 1 1 − 1 1 − 1 1 − 1

− 1 1 − 1 1 − 1 1 − 1 1

1 − 1 1 − 1 1 − 1 1 − 1

− 1 1 − 1 1 − 1 1 − 1 1

1 − 1 1 − 1 1 − 1 1 − 1

− 1 1 − 1 1 − 1 1 − 1 1

1 − 1 1 − 1 1 − 1 1 − 1

− 1 1 − 1 1 − 1 1 − 1 1

� ,

P4 =
1

8

1 − 1 1 − 1 − 1 1 − 1 1

− 1 1 − 1 1 1 − 1 1 − 1

1 − 1 1 − 1 − 1 1 − 1 1

− 1 1 − 1 1 1 − 1 1 − 1

− 1 1 − 1 1 1 − 1 1 − 1

1 − 1 1 − 1 − 1 1 − 1 1

− 1 1 − 1 1 1 − 1 1 − 1

1 − 1 1 − 1 − 1 1 − 1 1

� ,

P5 =
1

2

1 0 − 1 0 0 0 0 0

0 1 0 − 1 0 0 0 0

− 1 0 1 0 0 0 0 0

0 − 1 0 1 0 0 0 0

0 0 0 0 1 0 − 1 0

0 0 0 0 0 1 0 − 1

0 0 0 0 − 1 0 1 0

0 0 0 0 0 − 1 0 1

� .

ote that for i , j=1, . . . ,5 we have I=�iPi, PiPj=0, i� j,
i
2=Pi. The invariants on the data are the quantities
1x , . . . ,P5x. These are the summaries of data that need

o be retained for analysis and interpretation. Each in-
ariant Px reduces according to (isomorphic copies of) the
orresponding irreducible representation. The invariants,
btained by direct evaluation of P x , . . . ,P x, are
1 5
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1. u+r+R+�+h+d+v+D;
2. u+r+R+�−h−d−v−D;
3. u−r+R−�+h−d+v−D;
4. u−r+R−�−h+d−v+D;
5. u−R ,r−� ,h−v ,d−D.

heir dimensions, or degrees of freedom (DF), are, respec-
ively, 1, 1, 1, 1, and 4. The resulting decomposition,

�x�2 = x�P1x + ¯ + x�P5x,

f the sum of squares x�x, relative to the usual Euclidian
orm (and underlying geometry), is summarized in ma-
rix (7):



source x�Px DF

P1 �u + r + R + � + h + d + v + D�2/8 1

P2 �u + r + R + � − h − d − v − D�2/8 1

P3 �− u + r − R + � − h + d − v + D�2/8 1

P4 �− u + r − R + � + h − d + v − D�2/8 1

P5 ��u − R�2 + �r − ��2 + �h − v�2 + �d − D�2
/2 4

total u2 + r2 + R2 + �2 + h2 + d2 + v2 + D2 8

� .

�7�

he following interpretations are relevant:

1. x�P1x is the overall reference constant.
2. x�P2x compares axial and rotational total effects

nd suggests the parametric hypothesis �u+r+R+�

�h+d+v+D for the expected value ��� of the corresponding
ata.
3. x��P3+P4�x= ��u+R−r−��2+ �h+v−d−D�2
 /4, deter-
ined within-rotation and within-reflection differences.
his component is suitable for testing the joint paramet-
ic hypotheses �u+R=�r+� and �h+v=�d+D.

4. x�P5x is a more specific assessment of within-
otation and within-reflection differences. It can be used
o assess the joint parametric hypotheses �u=�R, �r=��,
h=�v, and �d=�D.

ther hypotheses can be formulated by reparameteriza-
ion. For example, if

x�
k�l� = kr + la, k = 0,1,2,3, l = 0,1,

here r and a represent axial and rotational symmetry
ffects, respectively, then the components x�P2x=2a2 and
�P3x=2r2 clearly separate axial symmetry from rota-
ional symmetry effects.

In every case, however, the statistical assessment of
he parametric hypotheses of interest, using the argu-
ent of decomposing the sum of squares (or analysis of

ariance), follows from the well-known theory for the
robability distribution of quadratic forms under the as-
umptions of the Fisher–Cochran theorem.21 Moreover,
hen a sample of size N is obtained at each one of the di-
edral symmetries, the new sum of squares decomposi-
ion x�x for the 8�N data points is then obtained from
he new canonical decomposition
I = I8 � IN = �
i=1

5

Pi � �A + Q�,

here A=JN /N is the averaging projection in RN (JN is
he N�N matrix of ones) and Q=IN−A is its orthogonal
omplement in RN. It is precisely the tensoring of the two
ecompositions, namely,

I8 = P1 + ¯ + P5, IN = A + Q,

hat introduces the error component in the decomposition
f x�x against which the usual F ratios in the analyses of
ariance can be obtained.17 The decomposition of x�x ex-
ends to decompositions of the form x��x to accommodate
potential structure of covariance among the components

f the structured data vector x.

. DIHEDRAL FOURIER ANALYSIS: AN
XAMPLE FROM OPHTHALMIC OPTICS

n ophthalmic optics, the simplest representation of any
stigmatic (i.e., spherocylindrical) surface curvature cor-
esponds to a surface with the direction of the steep
maximum, �s) and flat (minimum, �f) curvatures ori-
nted with a 90 deg angular separation.28 This is simply
he Euler theorem of classical differential geometry. The
esulting refractive profile,

���� = �n − n����s cos2�� − 
� + �f sin2�� − 
�
,

0 � � � 2�, 0 � 
 � �, �8�

an be expressed as ����=s+c cos2��−
�, where s= �n
n���f, c= �n−n����s−�f�, and 
 are, respectively, the
pherical, cylindrical, and axial (or reference angle for the
ks ,kf� orthogonal directions) components of the sphero-
ylindrical corrective element, and n ,n� are refractive in-
ices. The associated refractive power matrix, using the
tandard notation, is given by

F = � s + c sin2�
� − c sin�
�cos�
�

− c sin�
�cos�
� s + c cos2�
� 	
= �S − C+ − Cx

− Cx S + S+
	 . �9�

he right-hand side notation is from Campbell,18,29 in
hich S=s+c /2, C+= �c /2�+cos�2
�, Cx= �c /2�sin�2
�. We

bserve that the scalars �s ,c ,
�, respectively, the sphere,
ylinder, and axis, form the numerical power matrix F.

To decompose F in the form ���Gx�������, with respect
o a family ����� ;��G� of elementary operators we make
se of the irreducible 2-dim representation of D4 de-
cribed in Section 2. The matrices described in Eqs. (4)
nd (5) are precisely those defining the refractive group.18

o determine the coefficients x��� in the decomposition of
relative to these operators we equate the Fourier trans-

orms according to

x̂�
� = �F if 
 = �,

tr F if 
 � �,�
nd determine the coefficients �x��� ;��D4� using the
ourier-inverse formula19
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x��� = �



n


�G�
tr�
��−1�x̂�
�
, � � D4, �10�

here the sum is over the irreducible representations �
�
f D4 ,n
 is the dimension of 
, and �G�=8 is the number of
lements in G=D4. That is, we evaluate the inverse-
ourier formula (10) by assigning x̂�
�=F when 
=�, the

wo-dimensional irreducible representation described in
atrices (4) and (5), and x̂�
�=tr F when 
 is any one of

he other four one-dimensional irreducible representa-
ions.

The resulting data are then indexed by D4. These are
he coefficients in the decomposition of F relative to the
efractive group. Matrix (11) shows the solution to the
ourier-inverse Eq. (10) for the power matrix F shown in
xpression (9).



Rotational Axial

Coefficients Coefficients

j x�
j� x�
j��

0 3�2s + c�/4 − c cos�2
�/4

1 0 − c sin�2
�/4

2 �2s + c�/4 c cos�2
�/4

3 0 c sin�2
�/4

� . �11�

t turns out that the coefficients indexing the refractive
roup, shown in matrix (11), are exactly the coefficients,

0 = c cos�2
�, C45 = c sin�2
�,

M = �s + �s + c�
/2 = s + c/2,

ppearing in Humphrey’s principle of astigmatic
ecomposition.30,31 That is, the solutions

x�1� = 3M/2, x�
2� = M/2, x��� = − C0,

x�
�� = − C45, x�
2�� = C0, x�
3�� = C45,

enerated by the dihedral Fourier-inverse method coin-
ide exactly with Humphrey’s astigmatic decomposition.
he quantity M is easily recognized to be nothing more
han the spherical equivalent of the lens. In particular,
he statement28 that “when expressed in such form, cylin-
ers become additive” follows from the additive properties
f the vector space �R8� defined by the underlying group
lgebra. It is within this vector space that statistical
nalysis should then be carried on. A numerical example
llustrating the evaluation of the dihedral coefficients is
escribed in Appendix A.

. CONCLUSIONS AND DISCUSSION
. In this paper we have introduced the notion of data in-
exed by the dihedral group D4. We have shown that
hese data appear as the coefficients in the Fourier trans-
orms over the irreducible representations of D4. The re-
ractive group of Campbell18 coincides with the only 2-dim
rreducible representation of D4 and the data indexed by
his group are exactly the coefficients appearing in Hum-
rey’s astigmatic decomposition. The correspondence fol-
ows directly from the dihedral Fourier-inverse formula.
he fact that Dn for n even has �n /2�−1 irreducible rep-
esentations of dimension 2 suggests the study of the cor-
espondence between refractive groups and astigmatic de-
ompositions determined by arbitrarily larger dihedral
roups.

2. An immediate application of the methods described
n this paper is to the study of the correspondence be-
ween geometric optics and the vector algebra from the
oint of view of classic Fourier analysis as proposed by
hibos et al.32 Refractive errors in the visual optics are
pecified by a sphere, cylinder, and axis. This formulation
s not easily amenable to statistical analysis (say, for ex-
mple, in a myopia development study). There are two
roblems with this: (i) the astigmatic component is speci-
ed in polar form and (ii) the sphere and cylindrical
ower are not independent of each other. Thibos proposed
representation by a single power vector in a three-

imensional dioptric space. We have shown in detail the
ature of this space and emphasized the fact that optical

ens problems/statistics should be studied in this dioptric
pace. The dihedral Fourier-inverse method proposed in
his paper provides a formal and general connection be-
ween the original data and the data in a linear subspace
f the dioptric space.

3. The arguments described here lead to applications in
large class of data from the psychophysics of human

erception of symmetry. For example, the symmetry in
he human face is quite accurately perceived by
umans.33 Experimental protocols can be designed to
robe the subject’s perception of stimuli realized by the
ction of two-dimensional representations of Dn acting on
ertain planar images of interest. In these experiments,
he data obtained are directly indexed by Dn. The canoni-
al projections and corresponding invariants obtained in
ection 3 show which parametric hypotheses can be for-
ally addressed within the context of the Fisher–Cochran

heorem. Other applications where the analysis of data
ndexed by a group of symmetries can be envisioned in-
lude those related to anatomic symmetry between fellow
yes,34 parallel visual processes in symmetry perception
n normal vision,35 and visual signaling by
symmetry36–38 on hemispherical asymmetry, among oth-
rs.

4. The group-theoretic methods described in this paper
re relevant to the determination of the covariance struc-
ure of astigmatic (corneal) curvature surface data39,40

nd in the presence of symmetrically dependent
bservations.41–44

5. Higher-order dihedral Fourier analyses may be ob-
ained by tensoring. For example, in D4, the tensor repre-
entation � � � is an irreducible representation of the
roduct group G�G and can be used to decompose a 4
4 linear operator with coefficients in the group algebra

f G�G. Similarly, for n=6, the four representations �j
� �k , j ,k=1,2 determined by the two 2-dim irreducible
epresentations of D6 are irreducible. These matrices
orm a new set of elementary 4�4 operators in the expan-
ion of a generic 4�4 operator. These aspects need to be
etter understood for arbitrary values of n and tensoring
actors � � . . . � �.

6. The dihedral decomposition of basic optical instru-
ents can be obtained from the representation described
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n Section 4. These include compensators, rotators, and
olarizers. The dihedral decomposition of coherency ma-
rices also follows from the same principles introduced in
he present paper. These decompositions will appear in a
uture companion paper.

PPENDIX A: NUMERICAL EXAMPLE
igure 1 illustrates the power profiles (in polar coordi-
ates) for s=4.25, c=−1.5, 
=20 deg and s=−2.75, c
1.00, 
=10 deg. We will map the data from the corre-
ponding power operators

�s,c,
� = �4.25,− 1.5,20 deg� → F1 = � 4.0745 0.48207

0.48207 2.9255 	 ,

�s,c,
� = �− 2.75,1.0,10 deg� → F2

= � − 2.7198 − 0.17101

− 0.17101 − 1.7802 	
nto the (refractive) group algebra using the dihedral
ourier-inverse formula (10). The solutions are given, re-
pectively, by

F1:
1

4
 j x�
j� x�
j��

0 21.0 1.1491

1 0 0.96414

2 7.0 − 1.1491

3 0 − 0.96414
� ,

ig. 1. Refractive profile for s=4.25, c=−1.5, 
=20 deg (outer
ontour) and s=−2.75, c=1.00, 
=10 deg (inner contour).
F2:
1

4
 j x�
j� x�
j��

0 − 13.500 − 0.93970

1 0 − 0.34202

2 − 4.5000 0.93970

3 0 0.34202
� .

hese are the coefficients for the elementary operators de-
cribed in matrices (4) and (5) in the decomposition of the
ower operators. The operator F1 decomposes as

F1 =
1

4
�21��1� − 7��
2� + 1.1491���� + 0.69414��
��

− 1.1491��
2�� − 0.69414��
3��
,

hereas

F2 =
1

4
�− 13.5��1� − 4.5��
2� − 0.9397���� − 0.342��
��

+ 0.9397��
2�� + 0.342��
3��
,

ith

��1� = �1 0

0 1	, ��
2� = �− 1 0

0 − 1	 ,

���� = �1 0

0 − 1	, ��
�� = �0 1

1 0	 ,

��
2�� = �− 1 0

0 1	, ��
3�� = � 0 − 1

− 1 0	 .

hese linear combinations are the elements defining the
refractive) group algebra. They have a vector space struc-
ure, allowing for the addition and scalar multiplication of
he (vector of) coefficients obtained above, and a multipli-
ative structure induced by the group multiplication.
ote the correspondence with the notation in Campbell18:
�1�=−��
2�=S is the spherical component, ����=
��
2��=C+ is one of the cross-cylinder components, and
�
��=−��
3��=Cx is the other.

Corresponding author V. Lakshminarayanan may be
eached at College of Optometry and Department of Phys-
cs and Astronomy, One University Boulevard, University
f Missouri, Saint Louis, Missouri 63121; e-mail,
engu@umsl.edu.
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